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PREFACE 

"If you have knowledge Jet the others candle at it" 

This book is specially designed by keeping in mind the demand of securing top 
class marks as well as the difficulties of an average student in understanding of Text 
Book. A significant feauture of this book is 

• All important definitions . 

• formulas in the begening of every exercise. 

• Complete and comprehensive notes of every chapter. 

• Easy approach towards every solution. 

• The questions are supported with comprehensive diagrams. 

• Each and every important question is highlighted. 

• This book is a complete replacement of text book, students need not bother 
about text book when they have it. 

Each chapter is provided with the important questions at its end. This book is 
a tremendous equalizer with its main focus to save students from any kind of 
perplexity and preparing them for the examenitions of all the boards of punjab and 
Federal. Underlying ail the aspects, this book will prove to be a great asset, not just 
for students but for all knowledge seekers. 

A special care has been made to avoid mistakes of every kind; therefore this 
note book has been read repeatedly so that before printing, all sorts of mistakes or 
shortcomings can be overcome. In this regard, I am highly indebted to Prof. Rafique 
Bioach, Prof. Nadeem Iqbal, Prof. Farooq Khan, Prof. M. Farooq, Prof. Babar Zabeer, 
Dr. Zafar Iqbal, Prof, lanveer Iqbal , Prof. Shafiq-ur-Rehman for exhaustive proof 
reading and giving their very valuable directions to keep the book according to the 
level of the students. 
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I am highly obliged to my Worthy principle Prof. Shaukat Ali for his 
motivation and encouragment to write this book. 


It is hoped that this book will serve the purpose well for which it has been 
compiled, I am a staunch believer of the fact that the students will certainly find a 
great boosting difference by comparing it with the other books. 



This book is dedicated to the sacred one Almighty who bestowed knowledge 
upon me, and endowed me with honour and esteem, and rendered me capacity and 
ability to toil and labour, no doubt I was ignorant and nameless. 


To the Professors 


This book will also be beneficial to our worthy teachers as this will make a 
speedy and quick overview to the lecture. 

Moreover this will be helpful in pointing out and highlighting all the important 
definitions and questions. 

The questions at the end of the chapter are of M.C Qs, short and tong questions 
type. Studying the Concepts reviews the content of the chapter and requires that 
students write out their answers. "Testing your skills" of the questions. 

All the convincing comments and patronizingly forwarded Suggestions will be 
thankfully entertained for making this Book more effective, 


Farukh Mahmood 


Tahir Kamran Ranjha 
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COLLEGE MATHEMATICS-11 



Functions and Limits 


FUNCTIONS AND LIMITS 



Defini 

tions: 

3 Function- 



A function is a rule that assigns to each element x in X a unique element y In Y. 
Example: A = x ! {A is a function of x) 



In a function f: x — > y the set X is called the domain of f. 


Range: 


In a function f: x — » y the set of corresponding elements y in Y is called the range of f. 


Independent and dependent Variables 


In y = f (x) , the variable x is called independent variable and y is called dependent 
variable of f. 


5 Real valued Function: 


If variables used in function are real numbers then function is called real valued function. 


Algebraic Functions: 


♦unctions which are defined by algebraic expressions. 


7 Polynomial Function 


A function of the form P(x) = a n x n + a n _ 1 x , '“ 1 + + ajx+a 0 where a ni a,,-!, a 0 

are real numbers and exponent are non-negative integers is called polynomial function, 

Sargodha 2011 

If degree of polynomial function is one then it is called linear function. 

Example: f(x) = 3x + 4 
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COLLEGE MATHEMATICS-! I 

m 


Identity Function: 


FUNCTIONS AND LIMITS 


Sargodha 2011 

Fof any set X, a function f : X— ►X of the form I {x) = x is called identity function 
Example : f(x) = x 


10. Constant Function 


A function C : X Y defined by C (x) = a is called constant functions. 
Example : c (x) - 2 


1. Rational Function 


P(x) 

A function of the form where P (x) and Q (x) are polynomial functions and 

Q(x) * 0 is called rational function. 

IS 


Exponential Function: 


A Function in which the variable appears as exponent is called exponential function. 
Example: y = e* , y = 2* 


m 


Logarithmic Function: 


If X = a' then y - !og,x (a>0a * i) is called logarithmic function. If a = 10 then y = 
logujx is called common log. If a = e then y = fog*x = Inx is called natural log. 

Sargodha 2008 

If y is easily expressed in term of independent variable x then y is called explicit 
function. 

Example: y = x 2 + 2x - 1 


mSmSEBSM Sargodha 2008 

If y is not easily expressed In term of independent variable x then y is called implicit 

function. 

Example: x 2 -txy + y’=-l 
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\ 





FUNCTIONS AND LIMITS 


Important Formulas 


1. Sin hx = 


3. Tan hx = 


g J - a J 

2 

g r -g * 


e +c 

5. Odd Function f (-x) = — f(x> 

7, Area of Square - 
9. Circumference of Circle = 2 /rr 

11. fog (x) = f (g(x)) 

IV 


13. lim 


V. n) 


- e 


15. litn log, u — In a 

■ * u x 


2. Cos hx = 


e' + e~ 


4. Even Function f (— x) = f(x) 

6. Perimeter of Square = 4x 
8. Area of Circle = Jt r 2 
10. Volume of cube = V=x ;l 

r" - n n 

12. lim - — — = mT' 

Ma x-a 

14. lim (1 + x) = e 

JT-F+0 


16. A function f is continuous at c if satisfy three conditions 
i. f (c) is defined 


: % . V, <- 


ii. lira fix) exists 

iii. lim/(jf) =/(<?) 

17. Discontinuous if one or more above three conditions are not satisfied. 

18. Limit Exist if L H, Limit = R H. Limit 








www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATiCS-li 


FUNCTIONS AND LIMITS 


Exercise 1.1 


Q.l Given that (a) f(x) = x 3 -x (b) f(x)= V.v +■ 4 , 

Find (i) f(-2), (ii)f(O), (iri)f(x-l), (iv),f(x 3 +4) 

1. (a) f(x) = x 2 -x 1 

(i) Find f (-2) 

Put x = -2 in I 

f(-2) = <-Z) 2 -(-2) 

* 

- 4 + 2 = 6 
(it) Find f (0) 

put x = 0 in I 

f(0) = (0] 3 -(0) 

= 0 - 0=0 

(iii) Find f(x-l) 
replace x by x -1 in I 

f(x-l) = (x -l) 3 - (x -1) = x 2 - 2x + 1 - x + 1 
= x 7 -3x + 2 

(iv) Find f(x 2 + 4) Sargodha 2009 
replace x by (x‘+4) in i 

f (x ! +4) = (x 3 + 4) 3 -{x 3 + 4) 

= x* + 8x 3 +16-x J — 4 
= x* + 7x 3 + 12 

(b) f M-^fx+1 n 

(I) Find f (-2) 

put x = -2 in II 

f(-2)= V-2+4=V2 
(ii) Find f (0) 

put x = 0 in [I 

f(0)= V0 + 4=V4=2 
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COLLEGE MATHEMATICS— 11 
(Nt) Findf(x-l) 

replace x by x - 1 in II 

f(x-l) = Vjt-I + 4 
= -Jx + 3 

(iv) Find f(x J + 4) 

replace x by x 2 + 4 

i (x ? + 4) = y[x z +4 + 4 
= ij. r 1 + 8 



FUNCTIONS AND LIMITS 


(Sargodha 2009) 


f(a + h)-f(a) 

Q.2 Find /, and simplify where (I) f(x) = 6x-9, (ii) f(x) = sin x , 

(iii) f(x)= x 3 +2x 2 -l, (iv) f(x) = Cosx 
2. (i) f (x) * 6x - 9 


J (a + h)~ /(a) (6(a + /i)-9) -(6a -9) 

h h 

&f+0-X-6d+A 6 V 


^ . — ■ — - 

h 

X 

f (x) = Sin x 


f(a+h)-f(a) Sin(a + h )- 

h 

h 

- f a + h + a \ 

U+h-A 

2 cos — \Sin 

l 2 ) 

l 2 j 


h 


(iii) 


2 

= —cos 

h 


2a +h 


I Sin 


2 f h) h 

h { 2 J 2 

f (x) = x 3 + 2x 2 - 1 

f(a + h) = (a + h) 3 + 2 (a + h) 1 - 1 


/ 

I 

(Sargodha 2009) 
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COLLEGE MATHEMATICS-11 Ht 1 ' 1 ' 

= a 5 + h 3 + 3a 2 h + 3ah 2 + 2a : + 2h 2 + 4ah - l 
f(a}'= a 2 + 2 a - ' - 1 
/(o + A)-/(a) 


FUNCTIONS AND LIMITS 


(/+h J + 3 a 2 h + 3 ah 2 + Vr + 2/r + Aah-A-tf"- 


QB. 


fi(h 2 +3 a 1 +3ah+2h+4a) 

~1P~ 

= h 2 +3a 2 +3ah+2h + 4a 

(iv) f (x) = Cos x (Sargodha 2010) 

/ (a + h)-f (a) _ Cos (a + h) - Cos a 
k ~ Ji 

, =l Sin ^Sl»* 

h 2 2 

-2 0 . ( A\„. h 

- —Sin r/+— Sm — 
h { 2J 2 

Express the following (a) The perimeter P of square as a function of its area A. 

■* . ^ 

(b) The area A of a circle as a function of its circumference C. 


(c) The volume V of a cube as a function of the area A of its base, 
(a) Let each side of square be x then (Lahore 2010) 

Perimeter = P = 4x I 

And Area = A = x. x = x 2 II 

From li A = x 2 _/?= V A s J A 
Put in 1 P = 4 J~A 

f b) Let r be the radius of circle then 

Area = A= tp- 2 1 
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FUNCTIONS AND LIMITS 


(c) 


Circumference = C = 2 nr 


From 11 C = 2 nr => r = 

c 

2n 

Put in 1 



c 2 ) 

l^J 

Let each side of cube be x then 

Volume = V = x. x. x = 

x s 

Area of Base = A = x. x. = 

x 4 

From II A = x 2 => x - 

v; 


II 


=> A = 

4tt 


Put 


in I V - (-JaJ => V = ^A- 


I V 3 

=> V = A* 


Q4. Find domain and range and sketch the graph. 
4.(1) g(x) = 2x — 5 

Domain - Set of real numbers 
Range = Set of real numbers 
For Graph 


X 

-2 

-l 

0 

1 

2 

g(x) 

r-9 

-7 

-5 

-3 

-1 



(ii) 


g (x) = 4x^4 
••main = H - (-2, 2) 

f 

Range - [•,«•] 

We cannot put (-2, 2) because g (x) become imaginary in this interval. 


Graph: 

e (x) 

3.46 

2.23 

0 

0 

- 

X 

^4 

-3 

-2 

2 


2.23 

3 


3.46 

4.58 

4 

5 


M 



www.iqbalkalmati.blog3pot.com 

COLLEGE MATH EM AT fCS^ll 


0*0 bW = y/x + 1 

Domain = [-1, oo] 
Range = [0, t»] 

Graph 


FUNCTIONS AND LIMITS 



X 

-1 

0 

1 

g(*) 

0 

1 

1.41 



<iv) g(x)=|jr-i| 

Domain 

Range 


Set of real number 

10 , »] 


X 

0 

1 

2 

3 

4 

.5 

y 

3 

2 

1 

0 

' m 1 

1 

2 




FUNCTIONS AND LIMITS 
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Domain = (-«?,- 5) u(10, + oo) 
Range = (-eo,co) 


X 

-5 

—4 

-3 

-2 

-1 

1 ° 

1 

2 

y 

-23 

' -17 

-11 

-5 

7 

1 4 

1 

-2 
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FUNCTIONS AND LIMITS 


(vi) 


g(*) = 



x <3 
3£x 


Domain = (-«,») 

Range - (-so,2)u[7,x) 


X 

5 

4 

3 

2 

1 

0 

-1 

gM 

11 

9 

7 

1 

0 

-1 

-2 



.... , . x 1 + 3x + 2 

(vu) g(x)= — — -/ 

x + 1 

Domain = R - {-1} 

Range = R-{1} 

x 2 +3x + 2 x 2 + x + 2x + 2 x(x + l) + 2(x + 1) 


Because g(x) 

g (x) 

at 


x + 1 x+I 

s ^0f* + 2) _ 2 

x+1' 

X = -l , g (x) = 1 


x + 1 
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COLLEGE MATHEMATICS-II 


(vtii) 


, , x 2 -16 
g(x)= — ,x*4 

x-4 

(,v^(.y + 4) 


gW = 


= .y + 4 


When x = 4 then g (x) = 8 
Domain = R-{4} 

Range = R-{8} 



FUNCTIONS AND LIMITS 



X 

-1 

0 

2 

3 

4 

s 

gM 

3 

4 

6 

7 


FT 



Q.5 If f{2)=-^-3 and f(-l)=0 Find the value of a and b 
Given f (x) = x 3 -ax 3 + bx + 1 

if f (2) = — 3 and f (-1) = 0 
Now f (2) = (2) 3 — a (2)' + b (2) + 1 
-3 = 8 - 4a + 2b F 1 
or -4a + 2b + 12 - 0 

4- by 2 -2a +b + 6 = 0 
Also f (-1) = {-l} 1 - a (-1) 3 +b [-11 + 1 
0 ' = a - b +4 
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■ ,' OLLEGE MATHEMATICS-11 

or -a - b = 0 
I + 11 

-2a + i + 6 = 0 

- a -.6 = o 



-3a + S =0 => 3a = 6 => a=2 

Put value of a in II 

-2-b = 0=>b = -2 


FUNCTIONS AND LIMITS 


Q-6 

(0 

00 

(I) 

(a) 


(b) 

(e) 


(if). 


Q7. 

01 

Sol 


A Stone fall from a height of 60m on the ground , the height h after x second is 
approximately given by h(x) = 40 - I0x 2 . 

What is the height of the stone when. (a)x = lsec-(b) x=1.5 sec (c) x=1.7 sec 
When does the stone strike the ground? 

h (x) = 40 - 10x 2 
x * 1 sec 

h (1) =40 — 10 (1) J 

= 40 -10 = 30m 


x = l, 5 sec 

h (1.5) = 40-10 (1,5) 2 

= 40-10 (2.25) = 40-22.5=17.5 m 
x=1.7 sec 


h(1.7) = 40-10 (1.7) 2 

=40-10(2.89) = 40-28, 9=ll.lm 

When does stone strikes the ground then h (x) = 0 


So 


h (x) 
0 

10x 2 

x 

X 


= 40-10 x 2 
= 40 - 10x 7 
= 40 
= ± 2 

= 2 sec (neglect -2) 


x 2 = 4 


Show that the parametric equations : 
x = at 2 , y = Zat represent the equation of parabola y 2 =4ax 
x = at 2 -> I , y = 2ai -> II 


From IT 
I become 
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COLLEGE MATHEMATICS— II 


FUNCTIONS AND LIMITS 


(ii) x-acosC , y = b sin 6 represent the equation of ellipse — — = / 

a 2 b 7 

x = a Cos 6 — > I 


x 

- = Cos 0 
a 


~ = Cos 1 B 
a 


Adding 


x 

~ 

a “ 


Y = bSin# II 

v 

— = Sin 0 
A 

y 2 

TV = sin 2 0 
/> 


” Cos 2 0 + Sirs' 2 1 ? = i 2 — - i 

-2 i 2 A 

a, b~ 


(Hi) x=a sec 0 , y =b tan Q represent the equation of hyperbola — — -l 

„ a 1 b' 

x = a Sec 0 , y = b Tan 0 
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FUNCTIONS AND LIMITS 


Q9. 

(D 


(e 1 ' + e ~ 2j + 2g , **V(c fa ~2e x .e r ) 


(e* +•-)■ 

9 * + &*+2-f'-W* s + 2 _ 4 

(e '+e'*)’ ( e<+Cf " T ) J 

* =scc h 2 x=L.H,S 


■4— T 

ye' +e J J 




cosh 7 A* 


(iit) Cosec h*x = Coth*x-i 
R.H.S = Cot h 3 x-1 

(<■' +<?-)’ (e ,T +g~ J )~ t 

" (e'-e”) ! (e'-e ") 2 

(c'-f-y 

( s'* + C- 1 ’ + 2^./ ) - ( f 1 ' + e -2 ’ - 2/ ^ ) 

(*■-*")’ 

(••-«-* J* 

4 / 2 


y -<;■*> 


— = Cos cc Ir x = L.H S 


1 


y s3n ^' 

J 


Di termine whether the given function f is even or odd. 
f(x} = x 3 + x 
Replace x by -x 
f(-x) = (-*) 3 ♦ (-X) 

= -x J -x 
= -(x 3 + x) =-”f (x) 
f (x) is odd function 


Note: 



Even 

f(rx) 

= f(x| 

Odd 

, f t-x) 

= -f(x) 
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FUNCTIONS AND LIMITS 


<ii) 


(IB) 


(iv) f{x) 


f (x) = {x + 2) 1 
Replace x by -x 
F (-x) = (-x + 2)** f(x) 

Neither Even nor Odd 

f(x) = x \/* J + 5 
Replace x by-x 

f{-x) - -x V<-*) 3 +5 

- -(x V*" +5} = -f(x) 
f (x) is odd function 

x-1 


X+J 

Replace x by -x 

f(-x) = 

-x+1 \-x 

Neither Even nor Odd 


* f(x} 


(V) 


2 

f (x) = x 3 +6 

Replace x by -x 

2 , 

f(-x} = (-Jt> 3 +6 

=K~xff + 6 

= (x 2 ) l/3 + 6 = x in + 6= f(x) 
f[x) is Even function 


(vi) f(x) = 


x 2 + l 


(Sargodha 2007) 


Replace x by -x 

f(- x) » ( 7 )3 t ( ~~ y) - 


- X + ,T 

.v 1 + 1 


[x 2 +l 

f (x) is odd function 


= ~f(x) 
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FUNCTIONS AND LIMITS 


Q.1 

(0 

(a) 


<b) 


(c) 


(d) 


(ii» 

(a) 

<b) 

(c) 


Exercise 1.2 


The real valued functions f and g are defined below. Find (a) fog(x) (b)gof(x) 
(c) fof(x) (d) gog(x) 


f(x) = 2x+l,g{x) = 


x-i 


, X * 1 


fog (x) * f(g (x)) 


‘ 2 (^|) +I= ^T + ’ 

6+jf-l 5 -ky 
x-1 .r-1 

gof(x) =g(f(x)J = g{2x+l) 

_ 3, _ 

= 2 x+/-y 2x 

fof(xJ = f(f(x))=f(2x +1) 

= 2(2x +1) +1 = 4x +2 +1 
= 4x + 3 


(Sargodha 2012) 


gog(x) = g(g(x)) 

3 




j J_ = 3(y-D 

3 3-y + I 4 — .y 4-x 

*-i x-i x - r 


f(x) - V.v + l,jp(.v) = -^- 

X 

fog (x) = f (g(x)) = 


■i 


^ +1 = 


1 + x 2 Vl+;r J 


M x 2 x 

gof (k) = g (f (x)) 

■ 6|(VTTT, ^W = -1 

fof (x) * f(f{x)) = f(-Jx + ~l ) = yfJx+7^J 

m 
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(iii) ***** 4x~l * 

(a) fog(x) =f{g(xj] = f{(x I + l) 1 } 

, l I 

+ 1)‘ — 1 1 /v 7 +2.r J + I-f 

(b) gof (x) = g(f(x)) 



(<*) gog(x} 



= S tefx)) = g((x 2 +l}*) 

= !((** + l)Y+l] 2 =((x J +l} 4 +l ) 2 


[iv> f(x) = 3x 4 -2x 3 , g (x) = , x 0 

vx 


(a) fog (x) = f(g(x)) = f 


(b) 




^*-2x 2 yfx^ZT) ‘ vV3t : 


FUNCTIONS AND LIMITS 


J 

+ 2.v J 
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(c) 


FIIMCTIONS and limits 


fof (x) = f (f(x» 

= f(3x"-2x*) 

= a(3x 4 -2x* L }' 1 - 2(3x*-2x 2 ) 2 


(d) 


gog (x) = g(g(x)) = g I ■ ^ 


2_ = 2 = V2^ x(a:) .4 = x k 


_2_ j/2__ v2 

\Tx J7x 

For the real valued function f defined below, find (a) r‘{x) 

verify f(r J (x))= r l tf(x»=x 

[i ) f {x) = -2x + 3 5a rgod ha 2008 

Let f(x) = y => x =rMv) 1 

Then y --2x + 8 =* Y' 8 = _2x 

_ _ 8 -y 

— — y + 8 = 2x — P X ~ 


Replace y by x 


put x = -1 


r 1 w = 


2 

S-x 


verification f (f* (x)) - f 


, , 8 — (— 1) 8 + 1 l > 
r l (-i}= ^- S "V = 2 

8-x' 

2 


(ii) 


= -/ i-£j-,-8=-X + x+X =.x 

= Again f 1 (f(x)) = f i l-2x + 8) 

8 -(-2.x + 8) $ + 2-V ~X _ X- Y _ v 

2 2 ' i 

Hence ftr 1 (x)) = f 1 (f(x)) =x 
f(x> = 3x* + 7 

Take f(x) = y => x = f 1 (y) ) 1 

Then y = 3x* + 7 => y - 7 = 3x 


v-7 j 

= .Y => .X 

3 

Compare 1 and 11 


-M 


,(b)r l (-l)and 
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fMy) 

Replace y by x 


FUNCTIONS AND LIMITS 




r 1 (x) - 


^ ,v - 7 ^ 


^ / 


1/3 


put x = -l 
Verification: 


-1-7%; f-8f 

HtJ 


f(F 1 {x)) = f 


r*- 7 f 

= 3 ( 

'jc-7> 

1 3 J 

\ 

w. 3 > 

L j 




+ 7 




V X / 

And r 1 (%)) =r 1 (Sx 1 + 7) 


,;3 V„3 V' 


/ J 


3*1 

- .V J =.v 


Hence f (r 3 (x)) - t 1 (f(x)) = x 


(HI). f(x) = (-x + 9) 3 (Lahore 2010) 

Let f (xj = y => x = T 1 (y) 1 

Then y = (-x +9) 5 => y 1 ' 3 = -X + 9 

^x = 9=y V3 ' H 

Compare 1 and II 

r 1 (y) = 9 - y 1/3 r 1 (x)=9-x 1/3 {Replace y by x) 

put x = -i , r l [~i) = s - H) I/3 

Verification: 

nr^x)) - f (9-x 1/3 ) 

= H(9-x 1/3 )+9) 3 

. 5 a 

= (-y+x U3 +/) J = x.t 3 -x 

Also r^fix)) - r'K-x +9} J ) 

= 9“l(-x + 9f ] ,/3 = 9 - (-x+9) 

a $ +X- / “ X 

Hence f(r*(x)) - F^fM) * x 
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,. i ... Zc+1 
(iv> f(x) = 


FUNCTIONS 


(Sargodha 2011} 

x-1 

Let f(x) = y => x = r 1 (y) | 

, 2.V+1 

Then y = — — — => y(x-l) = 2x + 1 
_ I * 

yx^y = 2x + 1 => yjt — 2x = y +1 
x(y-2) = y + 1 =>x=' k + 1 


jy-2 

Compare I and II 

1 y + 1 

(y) = — Replace y by x 


II 


r 1 (x) = 


y-2 

jr+i 

x-2 


Put x = — 1 
Verification; 

f{f 


r l (-u= =° 

-] -2 -3 


2f£±11 + | 2x+X + .r-/ 

- U-2j ,t -2 

£ll_i /+1-J + 2 


x-2 
3x 

1~ 


x-2 


=x 


Now f 1 (f(x)) = r 1 ^£±1 j 

l X+/+X-1 


I 




Jf-1 


+ * 2 P ^+ l -^^+2 

x-1 

- 

~ X 

Hence ffr^x)) = r 1 (f(x)) = x 


= JC 
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FUNCTIONS AND LIMITS 


3. without finding the inverse, state the domain and range of r 1 


(i) f{x) = Jx + 2 

Domain of f(x) - [-2 , » } 
Range off(x) = [0, 00 } 
Domain of T 1 (x) - [0 , go) 
Range of f ^x} = [-2, go) 

(ii) x*4 

x — 4 

Domain of f(x) = R-{4) 
Range Of f(x) = R-{1) 
Domain of T 1 <x) = R - {1} 
Range of f -1 (x) = R - {4} 

(iii) f(x)= - 1 -, a:* -3 

jr+3 

Domain of f(x) = R - {-3} 
Range of f(x) = R - {0} 
Domain of f 1 {x> - R - {0} 
Range off 1 (x) = R-{-3) 

(iv) f(x) = {x-5}* 

Domain of f(x) = [5, go] 
Range of f(x) = [0, oc ] 
Domain of r : (x) = t 0, ] 

Range of f"'(x) = [5, »] 


Theorem : Prove that lini — — ° " -l 


= /!«"-' ,ne/ 

x ~ ru x — a 
Proof : case I {when n is +ve) 

We know that x" - a" = (x—a) (x n 1 + ax "' 1 +aV v " 3 + +a n-1 ) 


x”-a" + ax *- 1 a H ') 

Then Itm = am— -p 

*-** x-a * -*« 

= iim (x" -1 + ax" -2 + aV" 3 + +a n 1 ) 


= a 11-1 + a.a" -2 +a 3 . a"" 3 + + a" -1 

= a" -1 + n time)=na"' 5 


Thus Vim 


xT-(t 


- tia 


n-1 


1 


*** x—a 

Case II Take n-ve So n = -m 
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FUNCTIONS AND LIMITS 


x"-«" ,. jT"W" 1 

Then lim = lim = lim 


1 I_ 

T4u x-u *-+* x-a (x — a) \_ x m a m _ 


I 


= lim 

(x - a) J_ x a 


a m - x- 


,. -1( x m -a m ) 

= nm 

■ 1 x” a m (,.v - a) 


= lim 


-1 


x*.a m 


-1 


*lim 


x mu m 1 {usel)~ 


x -a" 
x — a 


a m .a m 


-ma 


a 


2m 


- — ma =— ma 


^ lim = na^ 1 (replace - m by n) *1! 

*-« x — a 

By I and II we can calculate that 


* -a 

= urn = na 


*-** x-a 

SinO « 
Prove t hat 1 1 in — - — = 1 

S-.D Q 


Theorem : 

Proof : Draw a unit circle (radius l) in which 





Are« of triangle OAB Z Area of sector OAB/C Area of triangle OAD 


Now Area of triangle OAB 


= — {base){perpendwtiur ) 
2 


= -^-[0ZJ[|/1C| where 


AC 


= ^(D(siafl) 

= -Sin 0^1/ 

2 


OA 

AC\ =\OA\SitiO 
AC\=(l)Sin& 


= SinO 
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Radius a |CW|=|c48| — 1 
Area of sector OAB 


FUNCTIONS AND LIMITS 




Area of triangle OAD = ^ {Base ) (perpendicular) 

1 


= — \OA\\AD\ where 

= - (l)(tanfl) > IV 

2 


AD 


-* ill 


OA 


- Tan 9 


Put II, III, IV in I 


\AD\^(i)TanO 

\AD\=Tan& 


or 

or 

or 


i$in6l<— ' Tanf? 

2 2 2 
S:n0 < 0< Tan#(Y by 2) 

Sin 0 0 SinO 1 , , m 

< — < - x — ( j rbySmv) 

SinO SinO CosB Sin 9 

/ 0 1 

1 < <- 


SinO CosO 

Take reciprocal and limit 0 — >0 

SinO CosO 

- !un(l)>lim ->hm 

P-+Q 0 l 

SinO . SinO 
= 1 >lim — — > l=>hm — : — =1 


0->o o 


0~±0 Q 

1 


= e 


Theorem: Prove that lim 1-1 — 

"-* K Vj n ) 

Proof : We know by Binomial Series that 


(Applying sandwich theorem) 
(Sargodha 2007) 


(l+x) n * 1 + nx + 


H(n-l) 3 «(«-!)(«- 2) 

X + 


2! 


31 


X +. 


So 


V 


1 +- 

nj 


=1+/ 


I V n{n - 1) J_ »(»-l)(»~2) f l_) 


f 1 ] 


2! n- 


3! 


,n* ) 




Tlierefore lim 



4 -'), 4 1 - 1 

\ nJ 1 . V » 


3** 


Yj 2\ 

A « 


3.2,1 




4^ 
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FUNCTIONS AND LIMITS 


) 


When n -heathen 


I 1 
• >• 
n n 


QSo 


f I 1 

2 + — (1 - 0 ) h — (1 - 0 )(l - 0 ) + 


2 ' '6 
= 2 + 0.5+0.16 + .. 


J 


Hence lim 


KI- 


a x -\ 


Theorem: Prove that lim 

T -*° x 


= fog e a {Sargodha 2010) 

o 


Proof: Put a‘-l = y => a* = 1 + y => x = log u (1 + y) 
Also when x — *0 Then y — >0 

1 


a -] v 

So lim = lim- y 


= lim- 


X y—*0 !og u (] + y) *-*0 j_ 


!oe o (l + y) 


1 


1 


= lim — 

v_>0 l°g«0+ y) } log.e 


- log t a - Cna 


Note: 


a* = 1+y 


log a" = 

log (1+y) 

x log a - 

log {1+y } 

x _ Io Sio (!+>') 

Io e » « 

X- ^O§io * 

a x log 10 {1+y) 

X = l0g a 

(1+y) 
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Exercise 13 


Ql. Evaluate each limit by using theorems of limits: 
l.{i) !im (2x+4) 

r-#J 

% 

- lim 2x+Iim4 

x r-*3 

= 2 lim (x) +(4> 

= 2(3) +4 = 6 + 4 = 10 


(ii) lim (3 x ! -2x+4) 

jc— ►! 


= 3 lim x 3 -2 Itm (x) + lim 4 

j:— 


= 3(l) z -2(l) + 4 = 3-2 +4 = 5 
(Hi) lim 'J'x 2 + x + 4 




= V(3) J + 3 + 4 = V9 + 7=Vl6 -4 

(iv) lim 


-r-+2 


(V) 


(vi) lim 


4^2 m2 

= 2 x 7(2) 3 -4 = 2 x V4 - 4 = 2x 0 = 0 
lim + 1 -\At 2 + sj 

- lim 4x* + I - limV.t 2 + 5 

m-+l m 2 

= V(2)' + l -7(2/ +5 

= V9-V9-0 

2.v J + ?A 


3jc — 2 

flirt 


*£> = _ 2 (-2)+»+5(-2) 

lim(3.v-2) 3(-2)-2 

16-10 -26 13 
-8 ” 4 


- 6-2 


Q2. Evaluate each limit by using algebraic techniques. 


FUNCTIONS AND LIMITS 


l') 


■ * A ^ A 

lim 

1 x + 1 
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x(x 2 -1) 


= lim 

*-*-■ X + I 
[im X(X-\){XS^) _ 


lim.v(.v-l) 

X — l 


(ii) 


1 

= -l(-l-l) = -l(-2) = 2 

lim^ 

*4* x + x 

f + 4x) > 3(iy + 40) 8 _ 

( l ) 2 +1 2 


lim(x 2 + x) 


(iii) lim 


x J -8 


*-** X 2 + X ~ 6 


= lim 




(iv) lim 


3 x 2 + 3x - 2x - 6 

_ (x - 2)(x 2 + 2x + 4) 

x(x + 3) — 2(x + 3) 

_ (x-^(x z +2X + 4) 

' { xj^)(x + 3) 

x 2 + 2x + 4 

= lim — 

*-*J x + 3 

(2) ? + 2( 2 ) + 4 _ 4 + 4 + 4 12 

~ 2+3~ 5 5 

x J -3x 1 +3x-l 


jr >t 


JC - JC 

.X 2 - 1 - 3x 2 + 3x 


= lim 

r >1 


lim 

i *1 


- lim 


(x - l)(x 2 4- x + L) - 3x(x- 1) 
x(x- 1)^4 1) 

(x -W + x + l-3x) 

« 


1 x(x,-l)(x + l) 

, x 2 + 1 - 2x 
=.lim 0 


<•-*' x(x + l) 
1 + 1-2 2-20 


l(l + 0~ 


2 2 


=0 


FUNCTIONS AND LIMITS 

© 

* 

ft 

o 

o 
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2 


(V) 


fori) 


(vii) 


lim 


x + x 
x 1 -1 


- lim 


.y 2 {‘A + l) 


~A) 


« -1 (jc- 

x~ (- \f l 


~ lim 

t -. i x-1 


I - ! -2 


2 v 1 - 32 

lim ^ -r Sargodha 2012 

a* — 4a* 


Hm 2(x- - 16) 




-V 2 (a-4) 
2 (.v^<K-V + 4 ) 


=■ Hm 


lim 

X-+1 


= lim 

x-*4 X 

\fx--J 2 


2(.r + 4) _ 2(4 + 4) 16^ 


(4) J 

Sargodha 2011 


16 


.v-2 

•Jx — y/2 \)X+~j2 

- lim x I nr 

.v-2 .V-v+V 2 


g lim 


MzM. 


* (a - 2)(Va + V2) 

lim c* 

r - +2 (.v — 2 ){>/a + V 2 ) 


- lim 


1 


1 


(viii) lim 

A-0 


r -* 2 yjx +-J2 V2+V2 2-/2 

'Jx + fl -\[x 


(Faisalabad 2011) 
h 

Jx h —ijfix *Jx + h + -Jx 

= lim — -x- 

a-*o h 


■J x + h + v v 


= lira 7 = — — 

‘ h(yjx + h +yjx) 

,y'+ h -sx 
m — j ' 

•" hiijx + h + jx) 


= hm 

A 


FUNCTIONS AND LIMITS 


' 
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FUNCTIONS AND LIMITS 


- h 1 
h(y[x + h + Jx V.v + O + V* 


•1 


1 


(ix) lini 


\fx + \fx 2\[x 
x” -a" 


*-« x m -a* 


x" -a" 


lim 

_ j-w x — a 

v m - a M 
lim — 

na 


( * Num , and dino by (x -a)) 


x~a 

.si-i 

—r(Use Theorem) 
ma * 

_ ^r>-j f-ro+ji 

m 

n _ 


-a 


m 


Q3. 

(!) 


(H) 


Evaluate the following limits. 
Sinlx 


lim 

.i — wa |- 


Cfii7 v 

= lim ("x" & " * M Ay7) 

*-.0 x 


* * ff 7 a- 


ji~>U v as-*tt 


Sin 


xx 

181) 


x 


, Sinn. x 


Note: 


x" — xxl # = 

n 

XX 

180 

AJT 


180 



r-tO X7T 

fso 


= — iim 


Sin 


180 


nx 


(V* 6v~) 

' 180 


n 


1M = JL(i) = 

1 80 ffjr 180 ' 180 
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x - cose 


(tit) tim 


Sin 0 


ismf- 

UJ 


lim > _ r 

Cos 

'?) 

y.2) 


FUNCTIONS AND LIMITS 

/- Co0 -- 15.^6 
c 2 s>f \0 Cos§ 


i 

r O') 

litnSm 


0^0 l 

a) 

lim Cot 

i?) 

<t -.0 

I2 J 


SinO 0_q 
CnsO ~ l” 


(iv) lim 


Sihx 


*+* It - X 

Put 7 T-X -0 =? X-Tt -0 

Whenx — > n then 0 — ^0 

.. Sin(7t -0) .. Sinn.CosO - Cosrr.SinO 

- Inn ; lim 

' tf-^0 


Ufa- 8) 


o 


0- .o 


(v) lim 


ti.CoxO - (~\)SinO Sit u* - . 

= lim -■ — “ 1 ir*c #1 

ff.rt Q p >o £ — 

Sin ax 0 ’ ' ' . C*sG 4 S.nG _ J_ 

Sargodha 2008 — ~ " Q 


,u Sinbx 


6 


(vl) lim 


Sin ax 

lim x ax 

_ T »- tD ax 

Sinbx , . 

Itm x bx 

T *0 bx 

.. Sin ax 
a. lim ■ 

j~*p gx „ ^0) _ a 

h iM §M* m b 

bx 

x * v 

- lim 


( "x " Numerator by ax and Dinnmcraiar hy bx 


1,11 r««x ■*-* 


n Sin x 
Cux x 
C ' ox x 


- lim x x 

' * u Sin x 


- lim 


x 


-x lim Cot. v 


" Sin x < >" 
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?i 


lim 

*->0 y 

"1 

= *- X 1 = 1 


x limCttu- 
Smx v—o 


{vii) 


lim 

* >1J 


l 

1 - Coslx 


2Sin 

- lim 
'->0 x 

= 2 ( 1) 2 = 2 


n'x Smx) 

- — =2 *lim 

x J 


(vifi) lim 


1 - Cos x 


W 


*-+ a Sin x 
= lim 


Sargodha 2008 


i — Cosx 


t-,o I ~Cos 2 x 

I - CaSx' 


= lim 


- lim 


-ft) (1 -~CxJsx ) ( 1 + Cos x) 

1.1 1 


1 


1 f Cw.v 1 + Cos 0 1+1 2 


(ix) lim 


Sm-0 


e-u Q 


- lim 


Sargodha 2009 

SinO 


* 0 1 


xO 


("x'A 


lim 

x -> Ef 


Sin&\ 

lim - I ini0 

= (1} ! X 0 = 0 

Sec x - Cos x 

— Sargodha 2008 


.v 


= lim 

.v-fU 


= lim 


l- 


cos.v 


■ COS.V 


X 


- lim 

x 


r 1 - cos J X 
^ COSX 

Sin 2 x 1 


B! 


Cosx 


FUNCTIONS AND LIMITS 


*+”by&) 

t 
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<*i) 


= lim 


Sii ix 


XXX' 


X-.Q .<>■ 


Cosx 


f. sm '** 

lim 


xlim.vxlim- 


I 


= (l) ? xOx-=0 
I 


J *-*°Cavx 

I 


i-CosqO 


Sargodha 2009 




- lim 






\* 


Si„P° 

lim \ 
***Sin q9 
2 ) 

■H 

2 


StoBl 


V 


pO 


lim x — 

ff 2 

T~ 


57«^ 

lim ^-x — 




! x p 

lxt/ J 


V 


(xii) lim 


Tand — Sin 6 


Sin s 0 


Sargodha 2008 


= Itm 

o-t o 


= lim 

n 


= lim 

(J-tO 


Sin Q 
Cos 0 


- Sin 6 


\ 


! 


J 


Sin *0 


Sin 6 - Sin 0Cos0\ 1 


, CosO 
Sin6{ 1 - CosO) 


Js« 


Sin : '0 

1 


= lim 


CosO SbfOSbrO 
1- CosO 


9 Cos0{\ —CosO) 


FUNCTIONS AND LIMITS 
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FUNCTIONS AND LIMITS 


= lim 


(l^CosQ) 


Q4. 

(i) 


fl-o Cos0{\pt:os8)(\ + Cos 8) 

| 

" ™ + CosO) 

_i = 2_ 

" 1(1 + 1 ) 2 

Express each limit in terms of e: 

f 1 V" 

lim 1 + - 

-a 


Sargodha 2011 


f j 

a 

lim 

1 + - 

IT" 

L *) 
* 


-<r 


(ti) lim 


V n. 


v irffc 
) 


limf 1 + — 


1 2 


-(? 


1 1 2 



f n 

n 


r_j_V 

lim 

i-- 

= lim 

1 + 


#T— 

k ff) 

H-H 0 

. 

l «J. 


Sargodha 2009 


lim 


1 + 

V 


a 


^ -e 

€ 


(iu) lim 


Y 


1+ — 

in) 


lim 


1 




i, 1 3 


1 + — — 
in) 


= £? 


|.i 


(v) lim 

If-*® 


fuiY 

V ") 

, (, 4 1 

= inn 1 + — 
if-*- 1, n) 

f if'* 
lim 1 + - 
«-**(, n J 


4fl A 


— £. J 
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(Vij lim (l + 3 a') J/ * 

X >fl ' / 


FUNCTIONS AND LIMITS 


Iim(l +3j.'J lv ' /3jr 

* .il — 1 0 

= |jim(l +3x) 1 3, J = f 


r 


(vii) lim (l+2x J ) Vl1 

x-*Q 


lim 

= {l+2x 2 f™ 

- [safari ■*«* 


(viii) lim (l-2h) 1/h 


lim 

- h ~*° (l+(-2h)) 1/h 




(ix) lim f — ^ 1 - lim { 1 + — | 

(H) 


(Gujrawala 2010) 


(x) lim 


lim 


. e tu -l 


( i ,V 

( 1 ' 

lim 1 + - 


-f*I = 


J 

Jf J 



=«-=! 


, /r ,x<0, 

y—*0 £ ' * | 


= lim 


e v - y -1 

,\t-y 


Put x = -y when x -> 0 then y -> 0 
1 


=lim— 


v> 


-1 


g' y J y - iG J 


e w ?+I 


00 0 — 1 


1*1 0 + 1 


=-I 




00 
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e llx - 1 




= lim - 




At* 


(' t‘0 *~1 1-° 

wo 


I 1 + 0 


Important Example 2 : Sargodha (2007 & 2009) 

igM 


Example 


Discuss continuity f(x) - 


.v-1 


a/.v=l 


Answer: Here f(l) is not defined so discontinuous at x = 1 

x 2 - 1 + 0 

Further lim f(x) « hm - j - \m ^ _ f) 

= lim (x+1) = 1 + 1 = 2 

3T >1 

f(x) is continuous at any number except x = 1 


FUNCTIONS AND LIMITS 
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FUNCTIONS AND LIMITS 


Exercise 1.4 


Ql. Determining the left Hand limit and right hand limit and then find limits of the 
following function at x = c. 

(i) f{x) = 2x 2 + x -5 , c = 1 

LH.l - lim f(x}= lim (2x z +x-5) 

x-*i f-»i t 

= 2(1} Z +1 -5 = 2+1- 5 = -2 
R.H.L = limf(x)= lim (2x z +x-5) 

|2 < 


(") f(x) = 


= 2{ir+l-5 = 2 +1-5--2 
R.H.L 

.v* — 9 


L.H,L = R.H.L = -2 so lim/(.v) = -2 


x -3 


,c = — 3 Sargodha 2011 

X 1 —9 


L.H.L = lim f{x lim 

n • r .t-3 


(-3)- -9 9-9 
-3^3 ~ -6 


=0 


■ , x' ~ 9 
R.H.L = Iirn f(x) - lim — 
t-t-r JtH-a'* *-3 


(3r -9 9-9 


-3-3 


-6 


= 0 


L.H.L - R.H.L = 0 so lim f{ x ) .= 0 

I-»l 


(iii) f(x)=|.v-5| , c = 5 


Q2. 

0) 


L.H.L = lim f{x)~ lim - -v- S) = -(5-5) = 0 
R.H.L = lim f(x)= lini (.v — 5) = 5—5 - 0 

*-. 5 * x *y 

L.H.L = R.H.L - 0 so lim /(.v) = 0 

*-o 


Discuss the continuity of f(x) at x = e 

f 3.v + 5 if x< 2 

= [4x 


mm , , )■ c-~2 

U+l if x >2 i 

L.H.L = lim f(x)- lim (2x+5) 

= 2(2) + 5 = 4 + 5 - 9 

R.H.L = lim f(x) = lim (4x+l) - 4(21 + 1*9 

r-+ 

f(2) = 2(2} +5 == 4+5 = 9 

L.H.L - R.H.L - f(2) so f(x) is Continuous at x-2 


(Federal 2008, Lahore 2008} 
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f 3x— 1 if x <1 
(ii} f(x) = \ 4 if JT=1 
[ 2.v if x> 1 

L.H.L = lim f(x) = lim(3.v-l) = 3(1)— 1 =3-1 = 2 


FUNCTIONS AND LIMITS 


e = 1 


Sargodha 2008 


x-+v 




R.H.L = lim f{x)~ !im(2.v)=2(l)= 2 

x*it ( * 1 ‘ 

flU =4 

f(l) * L.H.L = R. H. L ' so f(x) is Discontinuous at x = 1 
3.v if x <-2 
x 2 -\ if -2 < x<2 
3 if x > 2 


f{x) = 


Case I for x = 2 


L.H.L = lim fix) - lim 

m -*■ 2 j -* 2 

R.H.L = lira f(x) = lira 3 = 3 


(Faisalabad 2011) 

(x z -l) = [2) 2 -l = 4-1 = 3 


f{2) = 3 

L.H.L = R.H.L = f(2) 

Continuous at c = 2 
Case II For x =-2 

L.H.L = lira f(x) = lim (3x) = 3 (-2) = -6 

w-r 

R.H L = lim f{x)= lim(V-l) 

i + - 2 * i r-3 * 

= ( — — 1 = 4-1 = 3 
f( — 2) = 3 (-2) = — 6 
L.H.L* f(-2) * R.H.L 
l : (x) is Discontinuous at x = -2 

f(x)= j- v *J * “ /} find c so that lim f(x) exist 

^ ^ t A 1 Ji t— * I 

L.H.L = lim f(x) = lim (.v + 2)=-l+2= I 

, .,-r t->-r 

R.H.L = lira f'(x)= lim (r+ 2)=c + 2 
j-*-r *-*-f 

Given limit exist mean 

L.H.L= R.H.L 

1 = c + 2 => c = -1 


(Sargodha 2008,09,11) 


Note: 

Limit exist mean 
L.H.L - R.H.L 
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Q5. 


FUNCTIONS AND LIMITS 


(i) 


6 . 


Find the values m and n, so that given function f is continuous. 

mx if x< 5 

(Sargodha 2011,12) 


f(x) = 


// if x = 3 
-2 i +9 if x> 3 


L.H.L - lim f|x) - lim (mx) - 3m 
r.h.l = lim f{x) — lim ( -2.v + 9) 

r-.J* ' i O* 


So 


(ii) fix) = 


= -2(3) + 9 =—6+9 = 3 

f(3) = n Given f(x) Continuous 

L.H.L = R.H.L - f(3) = 3m = 3 = n 

=>3m = 3andn = 3 or m = 1 and n = 3 


mx if x < 4 
.v 1 if x £ 4 


(Sargodha 2009) 


L.H.L = lim f(x) — lim (mx)=4m 


m = 4 


R.H L = lim fix) - lim x' =(4) : =16 

f (4) = (4)* = 16 
Given f(x) continuous mean 

L.H.L = R.H.L * f(4) = 4m = 16 = 16 

'Jlx + 5 - \fx + 7 x*2 

f(x) = ■( x^-2 * - Find value of K so that f Is continuous at x =2 

k x •« 2 

# 

(Sargodha 2007,11, Lhr 2010, Fsd 2010, Gujarawala 2012) 


lim i (.v)^ !im a 


\‘2x + 5 - V.v + 7 V2.v + 5 + V.v + 7 


x-2 


x2x + 5 + xx + 1 


V2jc+5 - v.v + 7 

lim = lim 

wl 


x-2 


„ (vTv + sMv.vT?) 

5 (.v - 2 )(v 2v + 5 + V.r + 7 ) 
2yh.5-.v-7 


- lim — } , 

'-* 5 (.r — 2 )( V 2.r + 5 + V.v + 7 ) 

= (.v -If' 

w? + 5 + \x + 7 ) 

a 1 1 = 

-^2(2) +5 + V 2 T 7 V9+V9 3+3 6 

Given f(x) Is continuous so lim ftx)=f(2) — = k or k- — 

% " (} 6 


1 1 
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1. Draw the graphs of the following equations. 


(!) x 1 +y 2 = 9 => y = ± \ 9 — X' 


X 

-3 

-2 

-1 

0 

1 

2 

3 

Y 


±2.2 

± 2,8 

+ 3 

±2.8 

± 2.2 

0 



Scale : 2 small square = 1 unit along x - axis 
2 small square - 1 unit along y - axis 



(ii) 





Here when y = 0 

x = 0 => 

and the graph is symmetric with respect 


*x = + 4 
y * + 2 
to both axes. 


The graph is 
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EEH' 

FUNCTIONS AND LIMITS 

(Mi) y * e z " 




X 

- 0.3 

- 0.2 

- 0.1 

0 

0.1 

0.2 

0.3 

1 0.4 

Y 

r ~ CL 5 

0*7 

0.8 

1 

1.2 

1.5 

1.8 

j _ 2.2 


Scale 1 small square - 0.1 



M y = 3 1 


X 

- 0,6 

- 0.4 

- 0.2 

0 

0.2 

0.4 

0,6 

0.8 

1 

Y 

0.5 

0.6 

0.8 

1 

1.2 

1.6 

1.9 

2.4 

3 


Scale 1 small square = 0.2 
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2. Graph the curves that has the parametric equations given below 
(!) x=t,y = t’,-3 </<3 


FUNCTIONS AND LIMITS 


T 

-3 

-2 

-1 

0 

— 

1 

2 

3 

X 

-3 

-2 

-i 

0 

1 

2 

3 

Y 

9 

4 

i 

0 

1 

4 

9 


Now we plot a graph as 



(ii) x = t- 1, y = 2t -1, -1 < t < 5 

Since t e [-1, 5] The corresponding values of x and y are given by the table 


t 

0 

1 

2 

3 

4 

X 

-1 

0 

1 

2 

3 

V 

-1 

1 

3 

5 

7 


Now plot the graph which is shown by the figure. 





www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS-11 



(iii) x = sec 0 , y = tan 0 

The corresponding values of x and y for real number 0 are 


FUNCTIONS AND LIMITS 


Vo~ 

1 -180° 

-120° 

-60" 

0° 

60° 

120° 

180" 

X=sec0 

-i 

~2 

2 

1 

2 

-2 

-1 

Y=tan0 

ho“ 

1.73 

-1.73 

0 

1.73 

-1.73 

Fo 



(i) 


y = 


I x - 1 if x <3 
[2a- + 1 if x> 3 


Herey = x-1 when x <3 


and y = 2x +1 when x < 3, we have the table 
values as 


y = x-l 


X 

-3 

-2 

’1 

0 

1 

2 ”1 

y 

-4 

-3 

^-2 

-1 

fo 

i — 


Y - 2x + 1 


X 

-2 

-1 

0 

1 

2 

3 

V 

-3 

-1 

1 

3 

5 

7 


The graphs for both shown by the figure. 
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FUNCTIONS AND LIMITS 



both lines have different slopes so discontinue- . 
(li). V = * 

^ v= ,(Lr?H£+2) =;t+ 2 

x-2 
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FUNCTIONS AMD LIMITS 


fx + 3 if X*3 
= \2 if x=3 


{iii). y 

Table values are 


X 

-3 

- 2 

-1 

0 

1 

2 

3 

V 

0 

1 

2 

3 

>'4 

5 

6 


and y = 2 forx = 3 



For different values of x , we have the corresponding values of y, tnese are given 


X 

-3 

-2 

-1 

0 

1 

2 

3 

4 

Y 

1 

2 

3 

4 

5 

6 

7 

0 









0 


Its graph is 
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FUNCTIONS AND LIMITS 


4. Find the graphical solution of the following equations. 
([) x * sin 2x 

take y^xand yi = sin 2x 


x 

— = 1.57 
2 

— = 1.04 
3 

— --0.52 
6 

0 

- = 0.52 
6 

- = 1.04 
3 

— -1.57 
2 

yi 

-1.57 

-1.04 

-0.52 

0 

0.52 

1.04 

1.57 

Vi 

0 

-0,87 

-0.87 

0 

0.87 

0.87 

0 


Both the graphs intersect each other at x = 0 , so the graphical solution is x = 0. 
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COLLEGE MATHEMATICS-11 
(it) Y=COSJC 



FUNCTIONS AND LIMITS 


For Vj =— take x = 3.1416 
For y ? = Cosx take Jt = 180° 


Table for y, = — 

2 



X 

= 1.04 
3 

-n „ 

--.52 

6 

0 

— =.52 

6 

— = 1.04 
3 

Yi 

-0,52 

-0.26 

vr 

0.26 

0.52 


Table for y 2 = cos x 


X 

-90° 

-60° 

-30° 

0 

30° 

60° 

90" 

Y? 

0 

0.5 

0.87 

1 

0.87 

i - - 

0.5 

fo - 


x 

Now we plot the graphs for y : = - and y 2 = cos x 



Both the graph meet at x = 42" approximately. 
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(iii) 2x = Tan x 

Let yi = 2x , y : = Tan x 

T tble values for both yi and y 2 are 


FUMCTIONS AND LIMITS 


X 

— = -1.04 

3 

Hi 

II 

1 

0 

— = -.52 

6 

- = 1.04 

3 

yi 

-2.08 

-1.04 

0 

1.04 

2.08 


X 

-n 

T 

T 

-n 

~T 

0 

ff 

K 

I 

ft 

2 

Vi 

oo 

-1.73 

-0.577 

0 

0.577 

1.73 

00 


Now we plot the graph as 



Both the graphs intersect each other at common point where x = 0 , so the graphical 
solution is x = 0. 
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FUNCTIONS AND LIMITS 


r 

TEST YOUR SKILLS 

Marks 100 

OBJECTIVE 

Q-No.l Given below are a few possible answers to each statement of which one is correct, 
identify the correct one. (20) 

1. Functions play a central role in the study of 


(a) Mechanics 

(b) 

Trigonometry 


Calculus 

<d) 

Both (b) & (c) 

2. 

A correspondence that assigns to each element x in X a unique element y in Y is 

called • 


(a) Vector 

(b) 

Determinant 

3. 

Function 

A function from X to Y is written as 

<d) 

Matrix 


(a) f.Y->X 
(c) /:X->X 

(b) 

Mdf 

/: Y-* Y 
f:X—*Y 

4. 

If/: X -> Y then the set Y is called 




(a) Domain of/ 

\iw" 

Range off 


(c) Both (a) & (b) 

(d) 

None of these 

5. 

If / : X -*■ Y then the set of corresponding elements y in Y is called the 


(a) Domain off 

(b) 

Range off 


(c) Both (a) & (b) 


None of these 

6. 

if a variable y depends upon a variable x in such a way that each value of x 
determines exactly one value of y , then we say that 


(a) x is a function of y 

fb) 

y is a function y 


(c) y is a function of x 

(d) 

x is a function x 

7. 

If y =/(x) then/[x} is called 




(a) The value of/ at x 

(b) 

Image of x under/ 


(cj Both (a) & (b) 

(dj 

None of these 

8. 

If f{x) = x 1 - 2x 3 + 4x - 1, then f\ 1 + x) = 




(a) x 3 + x ! + 3x + 2 

(b) 

x 3 - x 2 + 3x + 2 
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FUNCTIONS AND LIMITS 



(c) 

x 3 +X 2 - 3x + 2 

(d) 

x 3 + x 2 + 3x - 2 

9. 


= x* then the domain of/ is 




(a) 

l-l, 1) 

lb) 

Set of integers 


(c) 

Set of all real numbers 

Id) 

Set of natural numbers 

10. 

IfJW 

s-vjx 2 - 9 then range of/ is 




(a) 

Set of integers 

tb) 

Set of natural numbers 


W 

Set of all real numbers 

(d) 

[0, «o) 

11. 

A function in which the variable appears as exponent is call an 


(a) 

Identity Function 

lb) 

Exponential Function 


(c) 

Inverse Function 

(d) 

Constant function 

12. 

The equations of the type x = /(t) and y = 

g(r) are called the 


(a) 

Implicit functions 

(b) 

Parametric equations 


(e) 

Reciprocals equations 

Id) 

None of these 

13. 

If/lx) 

3x 

= x 1 + 1' then '* 15 




(a) 

Odd function 

(b) 

Even function 


(c) 

Neither function 

(d) 

None of these 

14. 

The area A of a circle as a function of its circumference C, is 


(a) 

A = — C 
2ft 

(b) 

A=—C 


(c) 

A=— C 2 
4n 

(d) 

A =— C 2 

Jt 

IS. 

The volume V of a cube as a function of the area 

A of Its base is 


(a) 

ir=(A) ,/3 

lb) 

II 

> 

S 


(c) 

V'=A V3 

(d) 

V = A i,A 

16. 

The function J\x) = {x + 2)* is 




la) 

Odd function 

(b) 

Even function 


lc) 

Neither function 

Id) 

None of these 
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FUNCTIONS AND LIMITS 


_ » 

17 . Lira— — — = 



X-4t 




(a) flM 

(b) 



(c) na ntl 

(d) 

1 

n° 

18. 

h 




|a > $ 

tb| 

1 

2 y/x 


(c) 2 -fx 

<d) 

2 

V* 

19. 

The graph of f{x) = a‘ lies in 




(a) 1st quadrant 

(b) 

2nd quadrant 


(c) 1st & 2nd quadrant 

(d) 

4th quadrant 

20. 

_ . , | x when 05 xSl 

Graph of jr = ^ is 

[jr-1 whenl<x<2 




(a) Circle 

(b) 

Parabola 


(c) Broken straight line 

(dj 

Hyperbola 


SECTION I 

SUBJECTIVE 

Attempt any 25 (twenty five) short question from Question 2,3 and 4, at least 12 short questions 
from question 2, 12 short question from question 3 and 13 short question from question 4. All 
question, carry equal marks. (25x2=50) 

Q.No. 2 

i. Find domain & range of the function defined by/[x) = x* 

ii- Find domain & range of the function defined by f(x) - — - — 

x 1 — 4 

"li\. find domain & range of the function defined by f(x) - -Jx 1 —9 

iv. Find domain & range of the function defined by g(x) = V.v + 1 
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Find domain & range of the function defined by gM H * - 3 1 


V- 
vL 

viL 
viiL 
lx. 

X. 

XU 

xiia 

Q.No . 3 

1* 

11. 

III. 

lVe 

V. 

vh 

vii. 


v” — 1 6 

Find domain & range of the function defined by g(x) =-^-— * * A 

Express the perimeter P of a square as a function of its area A 
Express the area A of a circle as a function of its circumference 'C 
Express the volume Uof a cube as a function of the area A of its base 
Prove the identities Cos 2 hx - Sin* hx = 1 
Prove the identities Cos* hx + Sin* hx = Cos h lx 
Prove the identities Sec* hx = 1 - Tan h*x 

Prove the identities Cosec* hx = Cot* hx - 1 

Determine whether the given function 'f is even or odd f(x)= a ' 1 + 6 


Determine whether the given function '/ is even or odd f(x) - 
Determine whether the given function '/ is even or odd f(x) - 


x - * 

A' 3 + 1 

A — 1 

A + 1 


viii. 


lx. 


Determine whether the given function ‘f is even or odd f(x) = Sin x + Cos.v 
Without finding the inverse, state the domain & range of /" 1 where 

/ (.r) = 2 + Jx+2 

Without finding the inverse, state the domain & range of/" 1 where 

/(*)- 7 ) x*4 

x -4 

Without finding the inverse, state the domain & range of/" 1 where 

/(a> = (a - 5)* .r >5 

Let /(a) = 3a 3 + 7 find Show )\f~\x)\~x 
Let /(a) = 3a* + 7 find; *fx). Show / '(/(a)) = * 
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XI. 


Let j «= iLi gmrH shew rtr&g-x 

2x + l 


Let /( X ) _ find^’M. Show /‘ (/(*)) = * 

Q./Vo. 4 


xi. 


xii. 


If. 

Evaluate 1 1 - - x 

" ' 757 77 ' 

x<0 

lil. 

Evaluate Lt ^-3* 

'^V574? 4 

x>0 

IV. 

State Sandwitch Theorem. 


V, 

Evaluate + 


Vi. 

Evaluate Lt ^* n 7H 

a .o g 


vir. 

Evaluate Lt ^‘ n “ ,r 
Sin bx 


viit. 

Evaluate Lt— ^ 

*~**K-X 


fx. 

Evaluate I.t^l2 
0 


X. 

Evaluate 77*- h - 7x 

h 



Evaluate Lt [ I Li 

"*'1 n ) 

Evaluate Up ~ 2A.) I/ * 
xiii. Evaluate Lt f — ' v 1 
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FUNCTIONS AND LIMITS 


SECTION II 

Attempt any 3 (three) questions. (3x10=30) 

Q.No.5 

(a) Show that parametric equation x=acos 6 , y=bsin 9 represent the equation of 

x 3 v 1 

ellipse — + — = 1. 
ff" Zr 


x*-«* 


(b) Prove that Lim 

*-** x - a 

a No.fi 


= , where n is integer and a > 0. 


(a) Evaluate Lim 


tan 9- sin 9 


°-> 0 sin 3 9 

Vx + n - >/a _ 1 

2~Ja 


(b) Prove that Lim 

x 


Q.No.7 

(a) ^ /(*)H 


•v/2x + 5-Vx + 7 


,x * 2 


x-2 ' find value of k so that f is continuous at 

,x = 2 


x-2 

1 — COS X 

(b) Evaluate Lim -= — 

*-*» sin x 

Q.No.S 

(a) Prove that Lim I 

JT-t+CO | 

x+2 , x < -1 


.fi+iV- 

S V. aj 


(b) if /(x)« 


c + 2 , X > -1 


find "C" so that Lim f (x) exists 


Q.No.9 

. * * 

(a) Without finding the inverse, state the domain and range of f 

f(x)=(x-5) 2 , x > 5 


(b) Express the limit in terms 


f 

ofe; Lim 

jr-fW 1 + X ) 
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1. 

2. 

3 . 

A. 

5. 

6. 

7. 

8. 

9. 

10 . 

11 . 


Previous Board Questions 


If / (x) = 2x* - 5x 2 + 6x +3, then find/ 


!±) 

UxJ 


, x * 0. 


FUNCTIONS AND LIMITS 
(Lhr-2006) 


Without finding the inverse, state the domain and range of/* (x) when f (x) = (x - 


S)\ x > 5. 


(Grw - 2007) 


Wit hout finding the inverse, state the domain and range of / ~ l (x) when / (x) 

(Fsd - 2009) 

1 


- yjx + 2 . 

Find/'* (x) for/(x) = 

x -i 3 

lf/(x) = 2x + 1, then show that / 1 (/(x)} = x. 
tf/fx) = -2x + 8, then that/" J (x). 

Define a polynomial function of degreen. 

1-COS X 


Evaluate lim 
x— >r 

Evaluate lim 


s in0 

x 


Evaluate It 


*->°tanx 
sin ax 


„TTL 

*-*0 sinbx 

Express the perimeter P of square as function of its area A. 


12. Define continuous function at a number c. 

13. If ffx) = (-x + 9) 3 , find T 1 (x). 

14. Define the limit of a function. 

15. Define the inverse of a function. 

16. Express Lim \ in terms of e. 


(Lhr-2007) 

(Mtn, Lhr - 2009) 
(Lhr-2009) 

(Grw -2005) 

(Lhr-2009) 

(Lhr -2008) 

(Grw -2007) 

(Lahore -2010) 
(Lahore - 2010) 

(Lahore - 2010) 
(Lahore - 2010) 
(Gujranwala- 2010) 

(Gujranwala- 2010) 


********** 
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DIFFERENTIATION 


•IFFERENTIATI#N 



Average Rate of change: 


Definitions: 


(Sargodha 2011, Fsd 2010) 

Let f be a real valued function the (difference quotient) is cal,ed 

average rate of change. 


jc, -x 


2. Derivative 


(Sargodha 2009) 

Instantaneous rate of change of one variable with respect to other variable is called 

of lim •+ <*•') ~ /( jO exist then jt js ca | )ed derivative 
*-»o (Sr 


derivative or if limit i 


dv 

denoted by — 

ax 


3. Mactaurin Seriens: 


f(x) = f(0) + xjjT (0)+ — /"(0) + Js called maclaurln series. 

2 ! 


Taylor Series: 


f(x+h) = f(xj + hf\x)+ — f* (x) + is called taylor Series 

4b ■ 

(Fsd 2010) 

f is increasin g on the interval (a,b) if f(x 2 ) > f(xO wherever x 2 > Xi 
nWWBBffWI (Sargodha 2010) 

f is decreasing on the interval (a,b) if f(x,) < f(x,} where ever x 2 > Xj 

(Gujranwala 2010) 

Any point where f is neither increasing nor decreasing. 


Critical value or Critical Point: 


If c e f and f (c) = 0 or /' (c) does not exist then c is called critical value or critical 
point 


Relative Maxima: 


f has relative maxima at c if f W < 0 


10. Relative Minima: 


f has relative minima at c if /' (c) > 0 
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DIFFERENTIATION 


11 Point of Inflection: 


The function f is increasing before x = 0 and also after x = 0 such point is called point 
of inflection. 


Important Formulas 


/ 


1. 

dx 

16. 

2. 

T (x)=l 

ax 

17. . 

3. 

d 1 

— (cx)=r. 1 — c 

dx 

14. 

4. 

—{x*)=n. x"-' 
dx 

19. 

5. 

d , _ dv du 
— (uv)— it — + V — 
dx dx dx 

2t. 

6. 

du dv 

d(uy&~ u & 

dx ^ v J v 2 

21. 

7. 

d 1 

— (lnx)=- 
dx x 

22. 

8. 

j-(e‘)=e‘ 

ax 

23. 

9. 

~(a M )=a' lnrv 

dx 

24. 

. It- 

~(Sinx)=Cosx 

dx 

25. 

11. 

— ( Cos x) = ■ - Sin x 

dx 

26. 

12. 

— {Tan x)=Sec 1 x 

dx 

27. 

13. 

— (Col x) — — Co sec 3 x 

dx 

28. 

14. 

d 

— ■ ( Sec x ) - Sec x 7 an x 

dx 

29. 

15. 

^ (Cosecx)=- Co sec x Cot x 





ax 

d J 

dx K 




„ I 


X 

-I 


Vi 


^-(Tan ' *)=- ' T 
dx 1+x 

d ... . -I 

-J- {Cot x)=- T 

dx 1 + x 

— (sec ‘x)= / 

* |*|V?77. 

— (Co see' 1 x )= — : ^ 

* Wi 


riv 


(*?w/ix)==OaWjx 


— { C'av* hx ) = Sin hx 
dx 

— ( Tan hx) = Sec h ? x 
dx 

~(Tanl l-r 

dx 1 - x* 


dx 


{Cm hx)- - Cosecirx 


— (Sechx)— Sechx Tan hx 
dx 


(Co&eehx)--Cosedvd 'oihx 
■^-{Sinh'x)-- 


dx 

d 


dx' ' Vl+x 2 


t/.r 
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DIFFERENTIATION 
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DIFFERENTIATION 


Ql. 

( 1 ) 


00 


Exercise 2,1 


Find by definition, the derivatives w.r.t 'x' of the following function defined as. 
2x* +1 {Sargodha 2012) 

Let y - 2x z +l . 

Then y + <5v = 2(.t + +1 

5 y =2(x l +2xtf x+tf x 2 )+l-y 
3 y = 2x 3 +4 xS x+2 5 x 7 +1— (2x 3 +l) 

S. y = 2X z +4x <5 x+2 <5 x ! +/-2i i -XL 

, - 4x 3 x +2 3 x 1 

- 3 x(4x+2 S x) 

Divide both side, by 3 x and take limit 3 x — >0 

lim ^-lim ^ (4x + 2<?JC) + 40 1 : 

Sx Sx' 

>4=4* 

dx 

2- 4x 

Let y = 2— -v/jc 

Then y + 3 y = 2r- xJx+Sk 

- 2-^Jx + 3x - y 
= 2- x x + fSv -rf+ -yfx 

- X [x-JT+Si 


f y 


i\ 


= (^-V7T&)x^±^ 1 

t]x+xJx + 3x 

(xfx)'-(xlxiSxf _ x^^Sx 

4x + V.v + Sx xfx + xlx I Sx 

= Divide by S x and take limit 3 x -> 0 

4’., -<& 

lim —"lim i r- , — ^ \ 

w-id (jv A-*0 c^v^V-T + v.Y + <5v J 

*'* >0 + -/v + fic) 

-l -1 


jt 

t/r 

c/v 

c/.v 


V* t V.v + 0 -Vjc + Vt 

rL 

2V .v 
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COLLEGE MATHEMATICS-]! 

(iii) 

Lety 

Then y + Sy = 


differentiation 


1 


1 

r x 


i 


(iv) 


-JxT& 




1 


x + <& yJx + Sx yfx 

■Jx — ^fx + 8x 
(x + ^Vx) 

y* Wx+<?x 
(V^+5x)Vx Vx + Vx + <5x 


i-^-Sx 


Vx + SxVx(Vx + \/x+£x) Vx + <?x^(Vx + Vx+<5x) 


= Divide by (5 x and take limit £ x — »Q 

1 -& 

Hilo <Sc Vx + &Vx(>/x+Vx + fic) 


etc 


& 

c/x 


- lim 

A-tP 


-1 


Vx + t£cVx(-\/x + Vx + fic ) 


-l 


■s/,v + oVx(Vx + Vx + flj 

-1 1 _ 

x(2 ifx) 2x 5 ‘ 


Let y = — 

jr 

Then y + 6 y = 


£ V 


1 


(x+ &) 


1 


(X+&C? v “u + *? * 3 
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COLLEGE MATHEMATICS— II 


(v) 


_ ^-(jc+fry 
” (x + <St)V 

x y (x 3r +3x 7 Sx+2xSx 1 +Sx 7 ) 
(x + Sxf.x 7 

Sx(-$x 2 -3xfix-Sx 7 ) 

(x+<5'x) J jc 3 

Divide by $ x and take limit <5 x->0 

gy fix[-3x 2 -jxSx- fix 2 1 
— = lim ■ 


& Sx <5x(x+£x) 3 jc 3 


± ~ 3x* - 0 - Q 

dx (x+oyy 

& _ z! 

dx x 4 


3x" 


x-a 


y = 


x-a 


Then y + Sy-— 


1 


x + fie—a 


Sy = 


~ Y = 


x + <5r-a x i fix— a 
(x — a)— (.v + fif— a) 
(x + <Sv - (/Xx a ) 
x -xi -/—Sx + d 
(x+ cSt - a)(x - a) 

-fix 


(x+Sc-a){x-a) 


Take limit d> x — >0 and -r by S x 


lim — 

— lim 




= lim 


&-tO 

dy 

-1 

d/ 

(x + O-flX 


-Sx 


-l 


— I 
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COLLEGE MATHEMATICS-11 
(Vi) x(x-3) 


DIFFERENTIATION 


(Vii) 


Let y = x (x-3) - x ! -3x 

Then y + 8 y = [x+ 8 x) z -3{x+ 5 x) 

8 y = x 3 +2x 8 x+ 8 x J -3x-3 8 x-y 

= /+ 2 x 8 x+S x 2 -Jx-3 8 x-/+^x 
= 8 x(2x+5 x-3) 

Divide by 8 x and take limit 8 x — *0 

fy $(2x + &-3) 


¥ 


X 

Let y = 2x" 
Then 


lim — = lim 

QX 

dy 

— = 2X+0-3 = 2x-3 

ax 


y+S y = 2[x+8 x)~* 

8 y = 2{x+(5 x)' 4 -y 
= 2{x+<? x}^-2x~ 
= 2(x+<5 x)^-2x“ 


8 y 


= 2x 
= 2x” ! 

Divide by 8 x, Take limit 8 x 


Hr- 

'i*(^i£ + zlL±^lf£iY + -i 

V ' * U J 



r + H)(-s )i£+ 


L * / 

2! jr 



2x+'8k 


iim lim 

— S 

- 2x -5 H+0) = -8x _s = —r 


-4 + 


(-4X-5)* 


2 ! 


J 


8x 


(vili) (x+4) 1/J 

Let y = (x+4) 173 

Then y + 8 y = (x+ 8x + 4) 1/3 

8 y = (x+4+<5x J^-y 
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COLLEGE MATHEMATICS-11 


DIFFERENTIATION 


= ((x+4) +c5#) 1/3 -(x+4) m 

.,x*Wn & * 


(x + 4) 


1/3 


= (x+4) 


i/i 


= (x+4) 


1/3 


{"tt- 

m- 

3\ t + 4^ 2! U+4j 




1/3 


“(x+4) 


Take limit &c — > 0 cinds - by <5 x 


lf-2 


If & \ 3l 3 J f & } 
3U + 4J 2 U + 4; 




lim -r-= lim 




I+lLlJ 




-7- = lim (x+4) 1/3-1 
<Zy *-»<> 


lf_ 11 

<a1 


i+- 

3 2 


(&)■ 




Ox) 


x J/I 

Let 


f J (x) = l(x+ 4)" 2 ' 3 

y = x in then y + S y = (x+ 6 x ) 3/2 
y - (x+ 6 x) 3/J -y = (x+ 5 x) 3 /J -x 3/2 


= x w 


= x 3 ' 2 


f . &■ 

1 + 




,3/2 




V'- * 


1 + — 
* J 


-1 
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COLLEGE MATHEMATICS-11 


= X VI 


DIFFERENTIATION 


M 


1+ i* + ltllf*Y + 

2 x 2 [xj 


.-1 


+by S x and lim S x — > 0 


x v ‘ 
Lety 
S y 


x vz & 


lim = lim — — - 

§X OX 


MU *. ' 


3 

2 + 2 


(he 


{2 

- + 0 

u , 


2 


= x* /J ^ y + t5v* — (jc + <Sr) s 2 
= (x+5 x) 5/2 ~y => $ y « (x+5 x) s/I -x VI 


= x s/2 


ax w 


fi + *r 

k X ; 


■2 * 


-! 


Pei 


.-1 


IX ^& 


-t 


1 ( 1-0 


5 

— + 

2 2 ! 


<Se 


-5- by £ xand take lim S x— >0 
-* yi '.Sx 




<•*-** <Sx 
c£r 


i.£Ja 


-f . 


_ x %n 


* + oU ; 
2 J 2 


3/2 
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COLLEGE MAT MfiHMTir^.1 


DIFFERENTIATION 


W> 


Let 


y = x' n 


Then y + Sy = (x+^jc ) m 

Sy =(x+Jx ) m - y = {x+ Sx ) m -x m 
Sy =x m +rn I1 x m - l ( £ 5x ) 2 +.... m c m x° Sx ^x m 


Sy - mx" 1-1 *?* 4 


■ m( Z l) x m - 2 (Sx) 2 + + (&)" 


Sy - mx" 1-1 Sx 4 




lim ^r~ = lim 

dr-*Q As-frO 

Sy 

dx 


Sx 


mx 


HSx) . , 








mx 


r iw-i 


(xll) = X 

Jr 

Let 


y = >C m => y 4 (5 y = (x4^ xj 
£ y = x 


£ y = x 


[l + * -X- 

i*(-*)4 + t±L«d)^J + 


f — fn 

dy = x ( — 
x 

lim — = lim : 

A-eO $x SmQ 


— IW + 


(-!» ) (- J H-l) & 

2! 7 




.Sx 


Sx 


_ m+ (-m)(-m-l)& 

2! AT j 


^ = at"” '(-m + O) — —^-mx 
dx dx 

(xlll) x 40 .. Let y = x 40 

Then y + £ y= (x4 J x) 40 => 5 y = (x4 8 x^-y 

£ y = {x 4 S x)*°- x 40 

8 y = ^ X 40 ( <S X}° + 40 Cl x J9 ( £ X) x 4 % X iB ( <? X) 2 4 4 4 °c, 0 x° | S x) 4 °-x 40 
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COLLEGE MATHEMATICS^! 


DIFFERENTIATION 


(xiv) 


2 . 


6 y = x 40 + 40x IS £ x+ 4 °( 39 * X n dx 2 +.... + (Sx)'° - .t 40 

S i = d x(40x 39 +20(39) x“d' x 2 +.,....+{ S x) J9 ) 

g v dx ( 40x” + 20(39) x ia .Sx + + ) 

lim -f- ~ Jim 

&-»0 fix Si-+0 QX 


— = 40.r i9 + 0 
dx 


— =40x 39 
dx 


-iOO 


X 
Let 


» then y + S y = (x+tf x) 100 

.(x + 5xr 1 “-x- , “ 

-too 

1 


= x-“ 


= x -i® 


- lim 


K)- 

1 +{ _ 100 >* + ti^=iif*i 

x X 2! x ) 


.-l 



tnn (-100-1)* 
-100+ v — — l — + 

l * / 

2! x J 


dv 


l JL = je '" 10 - 1 (-100 + 0 )=-! 00 .*' 

dx 


101 


Find —from first principle if (i) \jx + 2 (ii) , 

dx Vjc+ff 

(i) (Vx+ 2 j 

Let y = (x+2} VI 

Then y +• *5 y = <5 x +■ Z)^ 2 

£y = (x+2+ S x)^ 3 - y 
6 y = ((x+2) + <5 x) 1/2 -ix+2) w 
- (|x+2) *S x) i/1 -(x+2} 1/2 


- (x+2) 


,vi 


= {x+2) 


,ui 


l+-^L - 

x+2 ) 

. 1 f 1 & V 

1+ 2^x + 2 J + 21 {x+2) 


.-1 
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CPL IEQE mathematics-ii 


differentiation 


= (x+2)^ . 


m & 


x + 2 


1 1 (~ O r & ) 

2 2! ImJ 


*-‘9 fix fix 


1 , ill O f Sx \ 

2 . 2! U + 2; 


= ^=(x + 2 ?* 
ax 




(H 


ff) y = 


1 


: (jc + o) 


-i/i 


(Lahore 2010) 


yfx + a 

V+S y = (x+ fi x +a) _w 

^ y = |x+a+ 5 x) _1/2 -y = (x+a+J x)" y2 -(x+ar vl 

- 1/2 

* y « (x + ar w |i+-2L| -1 


&r 


m- 

- 


fix 


lim — = lim 


U+a)" 1 ' 2 . * , 


.1,1 zl z J * 

(x + a) 

2 2! x+a 


f =t *+«)-*■ 


(-H 


& 
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QQi 1 EGE MATHEMATICS-11 


66 


Exercise 2.2 


differentiation 


!. the derivatives of .he following expresses w.r.t their 

respective independent variable. 

m 


Let v = (ax + b) J {Sargodha 2012, Faisalabad 2010) 

Then y + 5y =[a(x + Sx)+b]' ={ax + b + aSx) 

— s $ y = (ax+b+a 8 x) 3 - y s (ax+b+a b x) - (ax + b) 


=> y = (ax + 
= (ax+b) J 


fHfej - 

^ ux 4* h ) 


{ux + A)* 


= (3X+b) 3 


1 + 


ax + b 


- (ax+b) 


j 


3 + 


ax + b 

Divide by 8 x and take lim S v — >0 

{ax + b)™. a& 
lim ^ = ijm : 


+ xj-»>( T 


....-1 

2! Vax + fcJ 


_ 

3(2) a8x 



2! (a.r + b ) 



■ 3+ 3 < 2 >f ■* v. 



2! ^ox+fcj 

, 





— = {ax + b) 1 a (3 + 0 ) = 3 a{ax + by 
dy 

(||) Let y = (2r +3}* s 

Then y + 6 y = (2(x+ 8 x) +3]* = (2x+2 8 x+3| s = (2x+3+2 8 x) 
s y = (2x+3+2 8 x) 5 - v = (2x+3+2 £ x) s -(2x+3) s 

8 y = (2x+3) 5 


- (2x + 3)’ 


8 y = (2x+3) s 
= (2x+3) 5 
= (2x+3) s 


M!i) 

1 -' 

\ J 2 Sc ') , 5(5 - 1) ( 2 & _Y 
+ \ 2s + 3 J 2! l2x + 3j 

/ 2* V 5(4) f 

\2jc + 3.J 2! b 


+ -I 


2& > 
v 2.*+3, 
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COLLEGE MATHEMATICS-11 

Sy = (2x+3) 


DIFFERENTIATION 


^ ! 2<5x[ 


c 5(4) 2Sx 

5 + -^— — 


2 ! ( 2 * + 3 ) 

Divide by S x and take lim 6 x — >0 


Um — = lim 


(2* + 3)\2£x 


; + m 

2! l,2.v+3j 


Sx 


^ - (2.t + 3) 4 2{5 + 0) - 5 x 2 (2* + 3)* - 1 0(2x + 3}' 

dx 

(tii) Let y = (3t+2)" z 

Then y + 5y = [3(t+dV ) +2f 2 = {3t +3 St +2)" z 

y + Sy~ (3t+2+3 St y 1 -> Sy = (3t +2 +3 St r : -y 

FK 3 st T 1 


i+- 


3/ + 2) 

vi 


Sy = (3t+2+3 6 t)" z -(3t+2)" 2 = (3t+2)" i 

MM 

(3/ +2) 2! \3t + 2J 

(-2)3 St (-2)(-3)/ 3 St ) 


- (3t+2) 

= (3t+2) _1 » 


(3/ +2) ' 


0! 


= (3t+2)" i-1 .(3 S t) 

Divide by St and take limit St -y 0 
(3/ + 2)" 3 3a 


3/4-2) 

)( 38 

2! \$+2) 


' , t-2X-3) r 3a-) 


lim ^ - lim 

df-tQ 


L 2+ (-2X-3) 

3& V l 

2! 

L 3/ + 2 J 


Sx 


<fy 

dt 


= (et+2)" 3 . 3 (-2+0) - -6{3t+2) 


■3 


(iv) Let y = 


I 


—={ax + b) 


-5 


{ox + b) 

Then y + Sy = (a(x+t5 x) +b)' 5 = (ax+ a S x + b)“ 5 
Sy = {ax+b+a<5 x)* s — (ax+b)’ 5 

"/ t. \-s 

/ nAy \ 

- (ax+b)’ 5 


(Sargodha 2010) 


(u a& ; - 

^ a.v + b J 
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COLLEGE MATHEMATICS-11 


DIFFERENTIATION 


= (ax+b)" 


= (ax+b)" 


x + b 

Dividing both sides by S x and take limit 5 x — >0 


,45/^V— Y— T + -i 

V \ax+b) 2! [ax + b) 

T_ 5+ fcs)(4)p^’L 1 

)[ 2! {ax+b) J 


iim ^ = Hm 

dy 




ik 


= (ox + b) A a(- 5 + 0) = - 5a(ax + b)~ 6 

ax 

(v) Let y = - — - — -7 = (az - b) (Sargodha 2010, Lahore 2010) 

(a z~b) 

Then y + Sy - (a(z+ 6 z)-b) -7 = (az+a 6 z-b) -7 


= (az-b+a£ z)' 7 = (az-b) 

Sy = (az - b}' 7 

6 y = {az - b)' 7 

7 adz 


’fi+Jfc-T 

^ az-b) 


\ adz ) 7 7 

1+ -{az-b) 7 

az-b) 


$ y ={az-b) 


(az-b) 

Divide by S z and take Iim S z— XO 


1+ (-7)[-22£-] + HKiZzllf 

{az-b ) 2! \u2-b j 

L 7t t2t2=Jlfj*_l + 

2! {az-b) 


Iim — = lim 

fa -*G fa *0 


( az-b)~ adz. 


7, (-7X-8) f q&/|, 


2! {az-b 


& 


<]y_ 

dz 


.-1 


= (az-b) 8 (o)(-7 + 0)=(ar-6) 3 (- 7a)=-7a(az-b ) 
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COLLEGE MATHEMATICS-11 


DIFFERENTIATION 


Mu 


'Q. 

1. 


Exercise 2.3 




2., 


3. 


Differentiate w.r.t V 
Let y = x* + 2x 3 + x 2 

Then ^ * d a 4 + 2 - a 3 + - x 1 =4a 3 + 2.3a 3 4- 2a 
dx dx ilx dx 

— = 4x 3 + 6x 7 + 2x. 

dx 

Let y = x“ J + 2x" J/J +3 then 

^ = — x* +2— a“ 3,2 +— 3=-3.v 4 

tic tie tit tic ^ 

t/) ! d a + a ) 
a ~x) 


a + x 

Let y f/te« 

a — x 


(Sgd 2008,11 Fsd 2010, Lhr 2010) 


4. 


<Lx dx\t 

. (a~x)^-(a+x)-{a+x)~(u-x) . 

£ = r -4r[(‘'-4(0+i)-(‘'+^)(o-i)] 

(«-*) («-*) 

f = r L y[ ( '-/ +i ' + ^T^T 

dx [a-xf t (a-Af A 

2*~3 , dy '* (' 

Let y = — = '*■— — 


2a + 1 


then =>— = — 


tic tic ^ 2.c + 1 


2.V-3 


dy t 2 * 41 )^ 2 *" 3 ) + (2 a + 1)(2-0)~(2a-3)(2 + 0) 

dx (2a + t) 2 

dy_ _ 4a+2-4a+ 6 2(4) jj 


(2a + 1) j 


dx 


(2x + l)- (2 a+1)- (2a + 1) 


Jb 


5. 


Let y =(x-S) (3-x) then => ^ =— (a - 5) (3 - .v) 


^ = ( ^-5)^( 3 ^ + (3-^( I -5)=( I -5)(0-l) + (3- I )(l-0) 


dx v , ’ dx 

— = - a + 5 + 3 - a= fS - 2 a 
dx 
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y = x +— -2 => y=x+x ' ] -2 => ^j-=-j-(x)+ 

x ax dx 


^ = I + (-l>c- ! -0 = l-l = 


1 x 2 -\ 


vr 

x(l + •Jx'fo-x'' 2 ) >[xx-$c[ l + Vx)+(l~Vx) 

r* = ' & 

y = 4x{i\) 2 ~{4xf^=4x{ l-Jf) = (x) ,,s -x 1,2H 


7. Let y = 


y = 


V = X V2 -X V1 => ^=— x 1 '*- — 

Y dx dx dx 


1 3 Vx 


dy _ ^ If 2-1 3 3/2—1 1 -1/2 3 U2 

^ — X X l X X — p 

dx 2 2 2 2 l4x 2 

1 — 3jc 


<£c 2yGf 


Let y = , 


then 


- 2jc(r a +l)[2(x a — l)— (jf a +l)] 


dx K * 


dx 


x 2 4- 1 

9- Lety= — r f/te/i 

x -3 


2x(x J +l) 

(2* : - 

-2— x 2 — l] 

I_2x(x 2 + 1Xx 2 -3) 

( 

i ! -l) 

| 2 


dy 

dx 


( I '- 3 )A(,- + 1 )-(x> + l)^( I -- 3 ) 


</x 
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COLLEGE MATHEMATIC S-tl 



DIFFERENTIATION 


10. Let 


(x 2 - 3](2x) - (.r + 1 )(2 .t) 2x(x 2 - 3 ~ x 2 ~ 1 ) 

= ' p^jr >'- 3 r 

dy 2 x(- 4 ) _ - 8 x 

dx (** l 3 f (** -if 

vm (i+x)' 


Vl - -V (l-.v) 


1/2 

ITT 




lI/2 


dx 


FIT 


Jy (i^rlo^rw (uxr‘0 

0-*) 




1 

1 

H 

+ 

L >' 

K 

i 

(>-*) 

2Vl + x 2Vl-x 


1 [" 1 - X + I +■ X 

~ {l~x)l 2 ^\ + x^x_ 


dy 1 

- 

2 

dx ~(l-x) 

_Z<j 

'i+*o-*r 


3 n 


11 . Let y - 


2 x— 1 

yfx 1 + 1 


»“ [(x’ + lj ,! | 

rfj , V(*’ + iX 2 ) - ( 2 *’ _1 )i( jc ‘ +>r ,, ( zi ) 

tfjr 


tfx 


(* 1 + 1 f 

2VV+V)- X j 2 -^ 1 ) 

vx +1 




~(* 2+1 ) 

^ \ x +2 


l/V + i 


2(x 2 +i)-(2.t 2 -.y) 

7.v 2 + 1 


F+i) 

2 x 2 + 2 - 2 x j + ,t 


(r +l)(x 2 +l)' J 
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COLLEGE MATHEMATICS-!! 

Ja-x (rt-Jf) 

12. Lety = . -- 

V a 


DIFFERENTIATION 


in 

77 i~ 




a + x ( a + x) 

* * +x > i 

dx 


dy 

dx 


dy 

dx 


d)> 


13. Let y 


Then 


dx 


(o + x) 

Pr! 

ra ;(.-x) "(-0- 

/ \V2 1 f 

(«-*) ^( a+x ) ( +1 ) 

\ja + x 

1 

(a + 

-1 yja-x 

*» 

1 

2 yja-x 2V^ + x_ 
-(a +x)-(a-x) 

(o + x) 

-a-x-a+x 

(« + x) 

2Vfl-xVa+x 

■la 

2^{a-x)(a+x)’''' 
- a 

2^1 a - x (a + xf 2 yj(a- x) 

-1 («• + !)" 

'{»+*r 

i, 

Oil) 

-1 (, 
(**->] 

, ,\I/I - 

_1 ) 

r^(x> + if-(x> 


1 


1 

dx (x 2 -ij 

dy 1 
dx (x 2 -l) 


V7T T !(** +l)T'- ! (2x) - V?+T ‘ (** -if »' 

xV-V 2 - 1 _ xV.Y 3 + 1 
Vx 2 + i V^T 


t 

x(x J -l)-x(x 2 +1) 

J'FD 

L Vx 2 + 1 Vx 2 - ! 


X 

x 2 -1-x 2 - 1 

-2x 

Ip - !) 

Lvx 2 + i(x 2 -t) ? J 

Vx 2 + l(x 2 -l) 


14. Let y = 


Vl + X-Vi^A 


\/l + X + s/T-JC 

Vi + x - Vi-x ^ Vi+x - Vi-x (yifx-V i-.v J_ 
Vi + x + Vi-x Vi+x - Vi - x (VT+x J - (Vi - x J 
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COLLEGE MATHEMATICS-11 


DIFFERENTIATION 


s +(V^) -2>/i+xV n l+-x+l-x-2](\+x)(l-x) 

{]+x)-(l-x) ]+x-l+x 

2-2VT7 2(1 


2x 


2x 


Then 

dx 




* L ' l 0 M -* 5 !- 1 


I 

/t i+vrv 

l 

* 3 -yjl-x 1 +1-.T 2 

j: 2 

Lvi-| J 

A 2 

Vl-.T 2 


l-V^ 


x 2 4\~x* 


15. Let y = 

Then 


Xyfa + Jf 
y/a-x 


dy d -JaTx yfa + x d , . 
= -T— -f— + , — (-*) 


rfv rfr Ja-x i Ja-x dx 

d 


dy_ 

dx 


L dx 


it i 


J a 4 - ,r 
+~ .i 

Ja-x 


dy 

dx 


dy 


(^7*) 1 ^ a ~ x \{ a+x ) ' ' (l)—i/a+*l(«-*)'' '( ') 

•Ja + x 


\f<l + X 

X 


"Ja-x -Ja + x 

.*=? 


dx {a - .v) 2-JcJ+x 2ja ; 


V(7-. 


a 


a - * + <7 + ,y 


(“ - x) 2"Ja + x 4a~- x 


2a 


(tf - -*) _2Va + .tVa- . 


VtfTjc 

yfa-Jc 

•Ja+x 


Ja-. 


ax 


] /a + * av4-(a-.tX^ + -v) 

(a - .v)V« + a- 4a--x Ja-x (a- x)Ja+x4a^x 
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COLLEGE MATHEMATICS-II 


DIFFERENTIATION 


16. 


17. 


flX + tT - JT 
>1 a + x(a - x)' ' 


y= V* — ^=X 1/2 -JC" 1 
V-r 


-12 


(Sargodha 2012, Lahore 2010} 


dy 

dx 


-U2 


* fy __ 1 | 1 

dx l4x 2x iu 

lh.s ^x| + y=^ ■ ^ 


1 


= Vx+-4=+\/x--^= 


i 'i r 1 
+ V* -- r 

yjx 


= 2 \fx Hence Proved 

y = x 4 +2x j +2 (Sargodha 2011) 

— - - 4x 3 +2.2x+0 = 4x J +4x 

dx 

^ = 4x(x J +l) 

dx 

From I y = x 4 +2x*+2 

or y - 1 = x 4 +2x*+2-l 
or y -1 = x 4 +2x ! +l 
or y - 1 = (x 2 *l) ! 

or yfy-l =(x ?+ l) 
Put value of x^+l 1 in II then 

dy 


— 4x yjy - 1 Hence proved 
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COLLEGE MATHEMATICS-! I 


ft 'Zt* 


% r- 


DIFFERENTIATION 


1. 


<i) 


(ii) 

then 


(Hi) 

Take 


dy 


Exercise 2.4 


FintJ — by making suitable substitutions in the following functions defined as: 


fl~x l~x 

'= J- Put - u 

V t + jc I + x 


Then y = 7u =(uf 2 ^ _ __L = l 

du 2 27m , /l-x 


2 J' - 

Vi+. 


So 


cfy _ 1 / l +x 

i/u “ 2 v fTr 


M = 


I ~ X 
I EX 


dx (1 + x f 

- ^- ( 1 + jr X-l)-( 3 - JrXO -1-/-! + ^ —2 

* 6+*J* ‘ (l + # (j + x) 2 

= 4^4; fT+x (-2 -i 

^ ^ dx 2 V 1 -x (I + xf ~7\ -xO+xf 1 ^ 

^ -1 


Vl "r(l + 4 V2 

V=7 x +7x Put N = .v + Vx 

y = Vir => 


(Sargodha 2010) 

^ 1 f i/z 1 1^ _ 

du 2 2 7H 2y[7+yTx 


u = x+Vx m 

dy__dy_ du 1 ( \ y 

fix du ' dx ~ 2 Jx77x\ + Ux j 

-M- J 

then 


j- s l+”W' : -)+— 7 

cix 2 2>/x 


^*c , +jc J V n 


a - x 


) 


(Faisalabad 2010) 


ax 2 + x 3 


= u 


tl - X 
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COLLEGE MATHEMATICS-11 


DIFFERENTIATION 


V = (u) 


M _ M - J_ = i 

** du~T 2 4u 2 


ax' + x' 


dy _ y a-. 


ax'+x 

— _ - Now u 

du 2 gfox’W 

.. .. -• 

rfit 


fl-X 

3 


(« ” x ) ^ (ax 1 +* J )- (ar 2 + x 5 ) ^ (a - x) 


t/r 


(a-*f 

(a - x^2ax + 3 x ' )-(a.v 2 + x J )(-l) 

(a-xf 

du _ 2a 1 x + 3ax~ -2ax 2 - 3x J ■+ ox 3 +x ' 
dx (a - x)' 

du _ -2x 3 + lax 2 + 2a' x = x.l(-x + ax + a 2 ) 
dx (a-x) J (a - 

dy _ tfy du _ Va-x 2x(g ; + ax-x') 

dx du dx 2 Jp+7 (d^xf 

tT +UX-X 1 

Va + x{c/-x)‘ ? 

(Iv) y = (3x z -2x+7) 6 put u = 3x*-Zx+7 (Sargodha 2012) 

du 

— = 6x-2 
dx 

— - 6u S = 6{3x , -2x+7) s 

du 

Now — = ^ .— = 6(3x J -2x+7) s x{6x-2) 
du du dx 
= 6(6x-2)(3x*-2x+7) 5 


(v) 


[77Z 


put U = 


£/' + X 
a-x 


-f- 
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COLLEGE MATHEMATICS-11 


DIFFERENTIATION 


2 . 

(i) 


(») 


(Hi) 


dy _ 1 U2 _J_ _ (« 3 -.v 7 )(2.r)-(<i z +s 2 )(- 2x) 

^ ^ ” t — » / , ^ V? 


dx 2 


2-Jit ' 


ir +X 1 

\a 3 -x 3 


_ 2xlu -x +<r + .r) 




2x.2 a 2 _ 4 a 2 x 

w-V-.'rf-/ 


dy dy du 
Now - =^.— 

dx du dx 




4>' 

civ 


1 Ur ~.v : : 4 c 7 a 

= j- v <■'+** 


2 a 2 . v 


t/v -Ja v +x 2 (a 2 -x 2 )‘ ' 


t/v 

Find — if: 

civ 

3x+4y + 7 = 0 

Take derivative both sides 

3fl)+4 — + 0=0 => 

dx 


dy 

~dx 


A dy _ 

4. =-3 => 

dx 

xy + y* = 2 (Sargodha 2068,11) 

Take derivative both sides 

x— - +y.l+2y — = 0 => (x+2y) + y = 0 

civ ' dx dx 

dy dy -y 

(x+2y) — = -y => — = — 

dx dx x + 2 y 

x 3 -4xy - 5y = 0 (Sargodha 2011, Gujranwala 2010) 

Take derivative both sides 


^3 

4 


2x—4 


: <± 

dx 


■ 


+ y. I 


J 


5 d >--0 

dx 


„ ^ dy j - dy 

2.v 4.v — -4v-> 7 
dx dx 


. dv . dy 
2x — 4y - 4x -7 + 5 — 

dx dx 
dy 
dx 


2,v— 4r = (4.v + 5) 


dy 

dx 


2x 4 y 
Lfx+5 
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COLLEGE MATHEMATICS^! I 

{(v) 4x 1 +2hxy+by i +2gx+2fy +c = 0 
Taking derivative both sides 


DIFFERENTIATION 


(v) 


(Vi) 


4 . 2 x+ 2 h 


(* 


dy 

dx 


+ v.l 


dy 


.dy 


+b.2y^- + 2gA+2f^- + 0=0 
dx dx 


8 x + 2 h • ^- + 2 hv+ 2 hy — + 2 g + 2 f~ =0 
<*-' ' dx dx 

(2h> d ; ^~8x-2hy-2g 

dx 

2 (hx + by + f)-^-=-- 2 -( 4 .v + hy + y) 
dx 

dy _ ~( 4 x + hy + g) 
dx + /) 

X-Jl + y + yyf] + x =0 (Sargodha 2011} 

Taking derivatives 


*i(i+.>r' , ^+vity.t+ 4 o+*r.i+ 2 m^-o 


dy 


dx 


dy 


dx 


~ , +nj\+y+ / + Vi + a — =o 

lyjl+y dx 2 Vl +x dx 


Vl 




+ X -t 


dy 

dx 


fl + y + 






2VT 


+ .V 


y 


\ 








-(2 A /i+> -y r i +.Y+> > ) 

-2-y/l + x 

{2-J\+ xJ\-j- y + x) 

2-Jvi-y j 2r-J] ■+ y 

dy _ -(2^ /l -F^y] f x + y[l + y 

d x Vl + JT ^Vl + A-^l + .y + *) 

dy = - Vl + j/(y + 2^1 + >> Vu .r ) 

d* vT+a (^ + 2 Vl + .v 7 1 + jvj" 

y(x a — l) = x V-v 1 +4 
Taking derivative both sides 

y 2x + (x 3 -l) ^-=a Ujt 3 +4) ’ 2 2* + V* 3 +4.1 

ax 2 
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COLLEGE MATHEMATICS-11 

2 xvn (x 2 -l) 


(i) 


no 


2 dy 




dx J 
dy 
dx 


x 2 +4 


•Jx 1 + 4 


differentiation 
form -2 


2r ~ + ** _ 7 _ 2x 1 +4 2j: 2 Vt 2 +4 
Vx 3 +4 ‘ Vx ? +4 (* -l) 

( X ^ 3) j^._ ( 2 j: 3 + 4 )( Jf 2 - I )- 2 x J (y-+ 4 ) 
^ (jt 3 -l)Vjf 2 + 4 

dy _ 2.r 4 ~2x " 4 4.1 2 -4-2.V 4 - 8.r 2 
^ (jc 2 - ij V* 2 + 4 

-6jt 2 -4 - 2(3x 2 4- 2) 


(-v J - 1 f 7^+ 4 (* 3 -l JyfUUU 

dy 

Find ^ of the following parametric functions: 


x - 0 + — 

0 

x = 0 + O' 

dx 

To- 1 *™ 0 - 1 
dx^ | _ 0 3 -l 
dO O 1 


y = 0 + 1 

y = # 4 1 

=.1 + 0 

d6 

dy_ = 1 

dB 


dy _ dy dO _ O 2 9 2 
dx dO ' dx X 0 ? - 1 ~ 0*^1 


X “ 


_ ±n 

i+r 


y = 


26 / 
1 + / 2 


dx 

— = Cl 

(1+4)- ( 

Ur 


dy 

dt 

* 

(i+»’F 

’ dt 


f/.V 

~di 


- a 


(l+r)(-2/)-(u/ 2 )(2/) 


v(.v : — 1 )— .v V-v 2 +4 

Multiplying by 2x 

2.vv( .v 2 - 1 ) 2 x Va^Tj 


2 at = 


2 .v~ V.y : 4 I 

Jr 2 - 1 

Gujranwala 2012 


Wf 

tly _ 2 »[(l +r')l-, (2, )| 
d > (1+/-4 
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rot. LEGE MATHEMATICS-11 

dx _ 2at(- 2) 
dt (i +rj 

dy _dy^ dt_ _ 
dx dt dx 


differentiation 


dy _ 2b(\-t 2 ) 

dt (i+f 

2fr(i-r) jc _ M ]z!ll 

(1 i r) 2 —4(7/' 2a i 


Prove that y + .t = 0 if .v = 

dx 


2t 


i~r 

i+f 2 * 


(Sargodha 2009) 


x = 


l-r 


y~- 


2/ 


Now 


l+r 3 • 3 + f J 


dt 


dt 


0 + /2J* 

dx = (l + / 3 ]( -2/)-(l-/ a )(2/) 
dt (l + / 2 ]f 

- I +/ 2 ) -4 1 

(ut 2 J {l + rj 


i jy__dy_ dt _ 2 0 r ) ... ( 1+f ) _ \zL 


dx dt dx 




- 4 / 


2l 


dy (l-/ 2 ) , fl-f 2 ^ 

y dx +x= ^y~m 


=0 


Ut 2 


fi-'M 

[Wj| 

ten 



dy n 
Hence y-^+x-O 

dx 


dy (l + r)2-2r.2f 
dt~ (l + / " ^ 
dy 2 + 2T -4 r _ 2-2f J 

0+f 7 ) 2 (i+f f 

(Ur) 2 
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COLLEGE MATHEMATICS-^! 


DIFFERENTIATION 


5 . 

0) 


(ii) 


Differentiate: 

- 1 - 

* — — w.r.tx 

jr 

Let y = x 1 - y = x 2 -x " 2 & u = x 4 

X 

dv i . i ,.,2 du i 3 

•- - (2x-(-2 x -3 = 2x + r — = 4 x 

2x 4 4 2 2(x*+l) du = 

x 3 " x 3 dx 4 x 3 

tfy c/y i/v 2(x 4 + 1) I _ x 1 +1 

£ = ~ck'~du~ 7 X 4 x J ” 2x* 


1 


(1+x 3 )" w.r.t. x z 
Let y = {l+xY 


& 


u = x 2 
du 


= n(1+xT l (2x) & — = 2x 

du dx du H 


1-1 


x 2 + I JC — I 

(li,) 7TT T+T 

* ! +i 


Let y 


& 


«=- 


x — 1 


X 2 -1 X + 1 

dy (x : -l)2x- ( x 3 +l)2.T 
<£t = 

2 x(/-l-/-l) 

( x ""l) 2 

2 x(- 2) _ - 4 x 
dx (x 2 -if (x 2 -!) 1 


du (x + l).— (x "l)l 
dx (x 4 - 1 ) 

dii x+l -x+l 

dx 


& 


& — -« 


du 

& — - = 


(x + ir 

2 


dx (x + l )’ 


dy dy dx _ - 4 x , (- Y+ l) -2x(x + l) 

dx dx ' du (x 3 -l) J 2 [( x— l)(x + 1)] 2 

- 2jc(x + 1 f -2x 

= { x -\ y ( x +\ y = ( x -\) 2 


www.iqbalkalmati.blogspot.com : *'/ 





www.iqbalkalmati.blogspot.com 

lU l-LtlJb MA THEMATIC gqi~ 

. ax + b ax*+b 

(iv) w.r.t — and 

cx + tl ax 1 + d 

d 


DIFFERENTIATION 


u = 


a.v 3 +b 


ax 


dy k' v4 ^ j x (<**+*)“ («* + fJ Jp x+d ) du ( ar ' +^)4‘ (^’ + b) - (or + b)~ j a£ + d) 

dx ! & ~ = — ■ -- — 

dy _ ( cx + d )(fv) - (ax-t b)(c) 


(v) 


d x 
& 


dx (cx+df 

dy oc.x+ad-acx-bc 
dx (pc+ctf 

dy _ ad - be 
dx (cx + df 

dy dy dx ub-hc (ar +t/f 
dx du ( cx + df 2ax(d - b) 

x x + 1 


(cor +df 

du _ (t/.y 3 + d j2ax) - (at : + b \2a x) 
(a. x'+d] 

+ d-ax*-b) 


dx 


& ^L = 

dx 


& 


[at 1 + df 
du _ 2ax( d -6) 
dx (ax 7 + df 


du 

Let y = 


V -1 


& 


u=x 


du 

dx 


=3r 


dy _ (,r -l)2.v-(j r * tlfc.y 2.v(.t 3 - 1 - xf -l ) - 4x 

dx (.v'-lf (-- 1 ~ " 


<fy dy tlx - 4.v I 

' = — X »*— rrX 


-4 


V-if 

-4 


du dx du - 1 / Jr 1 3.v(.v- - lj -\f 
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COLLEGE MATHEMATICS-11 


i differentiation 


1. 

W 


(H) 


Use 


“ fxertise a.£ 


t— ** i jH * 


Differentiate the following tcigoi.w.v.eiric fu. .ctio^fromThHirs^ 
Differentiate from the first principal Sin 2x 

i- et y?Sin2x 

V + 8 y = Sin2[x+ x) = Sin (2x+2 S x) 

(? y = Sin(2x+2£ x) -Sin 2x 


Then 


Use 


Sin a - Shift = 2Cos—P Sin — 
2 2 


£ y - 2cos 


S y - 2 cos 


2a + 2<fc + 2 a 


2 

4.v + 2&- 


H s 

! Hf) 


2.y + 2 t £c 2 a 
2 


Divide both sides by S x& take limit <5 x ->0 
iun ^ =lim 2Cm(2A + £-fr>f<Sr 


& tSv <Sr-et> 


& 


Tan3x 

Let 

. Then 


~J~~ 2 lint Ccu(2.y + &). lim 
ax ih .□ 

- 2Cos (2x+0).J - 2Cos2x 


y = Tan 3x 

V + S y = Tan(3x+3tJ x) « Tan[3x+3rf x) 

<5 y = Tan (3x+3 S x) - Tan 3x 

&»(3a + 3<Sv) Sin3x 
Cos(3x + 3A) Coslx 
_ Sinjl x + mjCosftx - Cuft3x + 2&)Sinlx 
Cosfax + 3Ar)Co.r3A 
Sin( a—ft) = Sin a Cos ft - Cosa Sin ft 
= ^(^+3^-,3a) 

‘ Coa(3a + 3&)Co j3a 

Divide by S x & take limit S x Q both sides 

I S,n3& 

*-.« A-.0 &- 


dy .. Sirii&c .. 
— = iun — ; — x hm 
ux 


& Coa(3a + 3&)Coa3a 


dx 


, StnMx 
= 3 I im — — x hm 
*-•> 3 & 


Oav(3.\ 4- 3dnr)c ’av3 \ 

1 


* •« Cos(3x h 3&)C0s3x 
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C LEGE MATHEMATICS-!! 

= 3(1)* 


differentiation 


(iv) 


Use 


1 


3 — j 

C<w(3jc + 0)Cttf 3* ~ Cosix£os3x ** C.W 3 a 

^ = 3AVc a 3x 

dx 

(IB) Sin2x+Cos2x {Faisaiabad 2010) 

Let y = Sln2x+Cos2x 

Then y+^y = Sin2(x4-&c )+Cos2(x+tfx 

= Sin(2x+2<i>x )+Cos(2x+2 Sx } 

S y = Sin(^x+2 Sx )+Cos{2x+2^x )-(Stn2x+Cos2x) 

= Sin(2x+2 dx )-Sin2x+Cos(2x+2 Sx )-Cos2x 

{2.y+2£x+2x) #+ 2Sx-?& 

y = 2Cos L Sm- + 

2 2 


1 


= 3- 


1 


(-2)S/n 


2x + 2Sx + 2.v 1 Sj ^ { 2/t 2Sx -/ix 




. 1 . 

Ax 4-/2 (Sr 


= 2Cos 

, J y = 2 Cos{2x+ Sx ) Sin t?x -2Sin{2x+ £x )Sin Sx 

= [2Cos(2x+ Sx )-2Sin(2x+<?.r )] StniSx 
Divide both sides by Sx &Take limit Sx — >0 

% \2Cas(2x +&)-2Sm(2x+ ^ 

Sx 


lim —-lim 

jfnO OX 


SmSx 


— - lim 2C’os(2.v 4 Sx)- 2Sin{2\ 4- A)] x lim 
( l x *-»q v iK 

— =[2Cos(2x 4 - 0)-2Sin{2x 4- 0)] x 1 

dx 

= 2Cos2x-2Sin2x 

Cosx 2 

Let y = Cos x z 

Then y + $'=Cos(x 4- Sxf => 

_ a 4 - P a - p 

Cos a — Cos ji - -2Sin - - Sm - ■ 


S y = Cos (x-h? x) J -x* 


S y = -2Sin 


r (.r 4 - dxf + A- \ in (* 4 fo) 2 " *' 

2 J 2 


J 


= -2 Sin 


.v : 4- 2.v& 4- Sx 2 + a 2 1 „ , ( x 1 + 2.v&- 4 - & * - x s 


2 


iSift 
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COLLEGE MATHEMATICS-11 


DIFFERENTIATION 


--2Sin 


= -2Sin 


2x 2 + 2x& + 8x t '\„. (2x + Sx 


Sin 






2 * <5v 

x + xfic + 

* J 


rH 


2 

2.v + (St ' 


(Sr 


Divide both side by fi x& take limit fi x-> 0 


-2Sm 




lim ~ —lint- 

Av-rtf ^ 


Multiplying and dividing by 


x2 + xfis + 


<Sr2 


(5v 


(Sc 


2 + - m 


(Sc 


f & 

I+ T 


li m — = lim — 25?#) 


2 v 

ar- -+XOX+ 


. i \ 


.Sfti 




2 


x lim 


x + 


a\v 


Ox) 

X+ Y) 


2 J ., f fi* 

— -x lim .1 + — ■ 

j tit-toi 2 

fix v 


= -2Sinx*x (1) x (x+0) 

- -2Sinx 2 x x = -2 x Sin x 2 

(v) Tan 1 x 

Let y = Tan 2 x then y + fi y = Tan 2 (x+fi x) 

Use a 2 -b 2 = (a + b)<a — b) 

fi y - Tan 2 (x+fi x} -Tan 2 x =[Tan(x+fi xJ+Tanx] [Tan{x+fi x)-Tan x] 

Smx 

$ 5ft 


Sin(x + <$r) Sinx If Sitijx 4* tfv) _ Sim 
cos (a- + fir) Cus.x J[ Cor(x + fir) Cm 


fi y = 


fi y = 


Cosx 

Sin ( x + fix) ( V ).tt - Cos* ( x + fix ) Sinx 
Cus (x+ fix) Cost 


Sin(x + fix) Ctm- + Car ( x i fix ) fifin’ 

Cox(x+ fix) Opbx 

Sin(x + fix + x) Sm(.v + fix-x) _ £w(2x + Sx)SinSx 

Cos(x + Sx)Coxx X ( ox (x + fix ) Cosx Cox 2 ( x + fix ) CWx 

Divide by Sx and take limit Sx — 

Sy , Sin ( 2 x + fix ) Si nSx Sin[ 2x+fix).Vmfix 

•Wi fix ( o.t2(x + Sx)Cos 2 xSx Cos (x + fix)CVx*xfix 

dy .. Sin(2x + fir) Sindx 

■ • - lim . * , -x hm 


fix * -» + fic)Ccw\v fir 

dv Sin(2x + 0) ^ j _ Sinlx 

fix Cox 2 (-V + 0 ]Cos 2 x Cos 2 x x Co.v x 


- . v 
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COLLEGE MATHEMATICS-1 1 

dy _ iSinxCosx 
dx Cos 2 x 


differentiation 


tvf) 

Let 


i _ Sinx i 
x— - —2 — X' 

/ • 2 


C os" Cosx Cos 2 * 


~ = 2Tanx Sec 2 x 

dx 

yffanx (Sargodha 2010) 

y = y/fanx => y+ dy=^Tan{x + t &) 

c / nr~. 7 TT r \ Ufan(x + Sx) + jTunx) 

&Y - | \Jlan{x+ <?.t) - J'Timx J x — ■ 

[yJTanfx + dx) + ■jTanx'j 

$ y _ (V^»(- Y + ~ j/'Caxx )~ _ Tan(x + dx)~ Tan x 

^Tan(x + £v)+ -jTanx -J’7an(x + &-) + -Jfanx 

f'j'.v ] Sinx Sin^x + Sx'jCosx— Cos ( x + dx}Sinx 

S y m Cos^x + Sx) Coxy _ ~ Cos(x+Sx)+C &sx 
yJTan(x + Sx ) + yjTanx 


SinjJ: + (Sc - /) 

; + &•)+ yl'anx )(CW, 


Jt an ( x + Sx) + y/fanx 


yj{l an(x + cSv) + J’Tanx\c 'us (.v + <&)CssxJ 
Divide both sides by x & take limit S x -*0 


Jim 

S t 


*y_ 


- ILm 


SinSx 


x lim 


Sx Sx *‘""‘Cos(xx<U),Cosx*'™Jf m ,( x + Sx ^Jf^ 

1 .. 1 1 


dy 

~ = (1) x - 

dx Cosx.Co.vx Jrtmx + J 7 


an x 


Cos 2 x.l^flan x 


1 


&e 2 x 


2yffcinx 

(vii) Cos yfx (Sargodha 2009) 

Find Simple derivative 

Let y = Cos yfx 

Then y y ='Cos fx + tix =} 8y=Cos vfxT& - Cmfx 


S y = -2 Sin 


V -v + dx +y/x\ y~x + Sx - yfx 


Divide both sides by £.v & take limit d’.r -> 0 
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COLLEGE MATHEMATICS-ll 


DIFFERENTIATION 


.. dv 

iim — - — 


-2 Iim 




&T + v .V 1 \/"v *f dv - yfx ' 


7 


A 


Use 4 


7.r + A + yx ¥ 7* + dx - 7v 




—&x(hen 


J 


dy 

dx 


-2 Um 


T 

Sin 

Jx + dx + y/X 

Sin 

’ 77 + &* - 7*" | 

2 * J 

2 J 

A 

f V * + 

|[ 'Jx-r dv - Jx ' 


l 2 , 

K * ‘J 



Sin 


* lira 


7* + & -Vx' 


7* + dr - 7x 


2 7.r + 0 +■ 77 




1 

2 2 


— - - — 7 = Sifi^fx 
dx 2yfx 

i 


1. 

(i) 


’ Differentiate the following w.r.t the variable involved. 
Let y = x 2 5ec4x 

Then 4 -=.t ? ~ &c4x + Sec4jr— x 1 
dx ( dx dx 

Sec4x Tan&x^fox)) + (£ec4x2x) 


= x J 


= x 2 Sec4xTan4x(4)+2xSec4x 
- 2x Sec4x {l+2x Tan4x) 
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COLLEGE MATHEMATICS-11 

(ii) 


DIFFERENTIATION 


(» 1 ) 


(iv) 


3. 

Ui 


Let y = Tan* 9 Sec ~0 

\\ 

c IB (10 


_ 7 \in } 9 — Sec 0 + Seed— Icin' 0 


= Tan 3 9 


2 SeeS — Sec 9 
d0 


Let 

dy 

dO 


dO 

( d 

+ Sec 2 0 3Tcm ? 0 — TunO 
^ dO 

- Tan 3 # , 2Sec& .SecO Tan#+Sec 2 # ,3Tan 2 # .Sec 2 # 
= 2Tan 4 # Sec l 6 +3 tan 2 # Sec 4 # 

- Tan 2 #Sec 2 # (2Tan 3 0 + 3Sec 2 0) 
y = (Sin2# -Cos#) 2 


= 2(Sm29 - CosM)' j~, {Sml$ - CosW) 


dO 

' 

=2(Sin20 CosW) 


CoslO —2 0 (- Si»30)-j^ 3 0 


Let 

dv 
d x 


= 2(Sin2 0 -Cos3 0 >[Cos2 0 . 2+Sin3 0 ] 

= 2(5 in2 #-Cos3 6 )(2C0s2 0+3Sin3# ) 

y = Cos -Jx + yfslitx =Cos(x) ul +(Smx ) 

=-5m( A'V ‘ -y-(-v)' 1 + 1 ~—Sirix 

dx * 2 dx 

1 hi 1 /„. \-i/a d 


- - Sin 


.r -x ] ' 1 + -(Sinx)~ l ‘ 


dx 


Sinx 


= -Sin \x * X 

2 




1 


1 

i 


... j.v 

■Jx ■] Sin 


2 {SinxJ 3 
Cox x 


Cysx 


dy 


Find — - if 

dx 

y = x Cos y (Sargodha 2009) 

Taking derivative w.r.t.x both sides 

civ d ,, — d ( \ 

— =x — C os v + ( os V ~r (.v ) 

dx dx ' dx 


- x I - Sin r - It Cos y.I =— x Siny + Cos y 
\ ' dx) ' dx 


dv c- dy ,, 

— — f .y iSih y— -tav v 

dx ' dx 
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COLLEGE MATHEMATICS-H 


jSlFFERENTlATIOM i 


4. 

(i) 


(1 +x Sin y) — =Cosy 
dx 


dy Cos y 


dx i -i- xSiny 


(fi) x = ySIny (Sargodha 2011) 

Taking derivative w.r.t.x both sides 

- 1 = y -^-Siny+Siny—y 


clx 


dx' 


„ ^ dy dv 

1 = y Cos y — +- Smy— 
dx ' dx 


1 = [y Cosy+Siny) 


dy 

dx 


1 


Find the derirative w.r.t. x. 
Let y - Cos 


jj + X 

VI + 2x 


_ dy 

yCos y + Siny dx 

(Sargodha 2008) 


i-tej' 1 - ' 7 J JI 

dx U + 2x dx V I- 


+ .t 


+ 2x 


-smiE 

vi+: 


x d ( 1 + x ) 


- - Sin 


V l + 2 x (1 f 2 x ) l;2 

ll+x 

(l + 2.v)' 1 — (1 + *) 1 ' 1 -{l +.r 

dx 

V I + 2x 

1(1 + 2^ f 


Jix_ 


= - Sin Jltl 
V 1 + 2* 


(I + 2x)‘ ? i (1 + x) l/? (0 + 1)- (1 + x) m l(l + 2x) 1 : (0 + 2) 


l 


t + x 


(1 + 2x) 

V I + 2x 2 -Jl + x 


- - Sin 


V I + 2* (l + 2x) 

2V1+X 2V1 + 2 X 

rrr* i 

(l + 2x)- 2(l + x)~ 


1 + 2x (1 i 2x) 

2-Jl + xVl + 2x 


te 1 

r 1 + yk 2 - 7x 



1 i 2x (1 +2x)[2y!Ux7\ + 2x 
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COLLEGE MATHEMATICS-!! 


S. 

(i) 


(it) 


DIFFERENTIATION 


-SlnJJH 

V1+2.V 


1 


-1 


2.v (1 + 2x) [ 2y/Uxsfl + 2x _ 
( . ^ 


— +■ Sin. 


1 + x 


l+2x 


1 


(ii). Let y = Sin 


1 1 + 2.v 

V l+.v 


2Vi+7(i+2.T) j: y 


dy 

dx 


= Cos M^l JE1* 

V I + .T dx\ 1 + X v 1 + X de(l + xf' 


- Cos 


= Cos 


fu 27 

V I+A 


(1 + ry - £(H-2x )' ; -(1 + 2xr £ (1 + x) 1 


,1 2 


x Vi y 

+ -v (l + .v ) [ 2%/ 1 + 2* 2 v i + * 


[U2x l 

v f + .v" 


= Cos fi 2 * 1 r 2(l + x)-fl,2,) - 
V 1 + x 1 + a|_ 2Vt+2.Vv^] + Jt 


■ Cos 


= Cos 


2 + 2.v - 1 - 2x 


+ * 2-Jl + 2.v (l + A-f 1 


fl + 2xf 
\ l+.v * 


Differentiate 
Sinxw.r.t Cot x 
Let y = Sin x 

4 


X UvT+2.v(]+a) V3 


dx 


= Cos x 


{Sargociha 2008 , 11 , Gujranwala 2012) 

& u = Cotx 

s du „ , 

& — — =-Cosec'.v 

dx 


dy dy dx _ - 1 

sr* x * ■ =<0Wx zwr 

Sin 2 x w.r.t Cos 4 x 

tet y = Sin 2 x and u = Cos 4 x 

7 “ = 2 Sin 1 x ~ (Sinx ) = ISinxCosx 
dx dx 

dtt ,4 

—4C os x C osx = -4 C os a {— Sinx J = - 4Cos 3 xSinx 
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COLLEGE MATHEMATICS-11 

& 

_dy dx 

du 

dx du 

dy 

1 

du 

-2CW.v 


DIFFERENTIATION 


■ ttSTX 


1 

4Cos 3 xSinx 


" 

2 


6 . 


If tany (l+tanx)=l-tanx . Show that — = -l (Gujranwala 2010) 

dx 


if tany (1+Tanx) = l -Tanx 
1 — 7<wur 


Tany- 


1 - Tanx 
] + Tanx 


Tany = 


Put 1 =Tan- 

4 


Tany = 


1 + 1 Tanx 

Tan 71 ~ Tanx 

4 

I + Tan n - Tanx 

4 




Use 
Tan [ a - fi)= 


f=-i 

ax 

Example Differentiate Cos 4 x 
y = Cos 4 x 


it 

’T 


Tuna - Tanfi 
1 + Tana Tanfi 


w.r.t.x 


7, 


dy Ar , . * J d \ 

—=4Cos x\ — ' C as x 
dx {dx 

- 4Cos J x {— Sinx) 

= -4Cos 3 x Sinx 

lf V = \j Tanx -f Tanx + ^Timx + + oo prove that (2y-l) — = sec'x 

dx < 

t - et V» i / Tanx + -J Tanx +• -Jr unx + + oo 

We can observe that 
y = -JTanx + y 
Squaring both sides 
y ! = Tanx + y 

faking derivatives both sides 
, dy , d\> 

dx dx 

dx dx 

^ (2^ - I ) ^ — SfecV 

dx 


Hence proved. 
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COLLEGE MATHEMATICS-H 


DIFFERENTIATION 


9. 


10 . 

0) 


dv 

x = aCos i 9 ' y = bSln s 0 show that a -j-+btan0=O 
dx 


if 

x = aCos 3 # 

“=3 aCus 2 0-j-(Cos6) 
cI6 dO 

—=3aCas 2 9{-SinV) 

dO 

= -3aCos p 0Sin# 


y = bSin 3 0 


dy 

dy d 9 _ 

dx 

~~dO~dx~ 

dy_ 

-b SinG 

dx 

aCosB 


- y - = IbSin 2 6 —-rSin 9 
d& dd 

— IbSin^dCos 9 
d 8 


-1 


i 


a —--bTanQ 

dx 


3aCos 1 9Sin8 

b, 

dx a 

dy 
dx 




a— + bTan&=8 


Find ^ if X = a (Cost + Sint) , y = a (Sint - tOost) (Sargodha 2009) 

dx 

x = a (Cost + Sint) 

dx 


— =a(— iSint+Cd,?/) 
dt V 


y = a (Sint-tCost) 

, ^ =u[Cost - (f {- S int) + Cost. 1 )] 

dt 


= a (Cost - Sint) = a (Cost + 1 Sin t - Cost] 

- at Sin t 

dy dy dt 1 tSint 

dx dt dx 


a (Cost -S int) Cost -S int 


Differentiate w.r.t. x 

x 

-l — 


% 


Let 


Then — = 


£ fy 

dx 


V = Cos a 
-\_d_ 


( £ ) 

\OJ 


I X * dx 

H 

. - 1 p] - PI - ( I] 

^a 1 - j : 1 V«J Vo 3 ~# a v*' 


—Stn~‘x= 

dx 


7HT 


— Co^~‘x= , 

Vl-.i 


dfy _ -1 

- x 2 


<f T -i 1 

Ton .T= r 

<£t 1 + x“ 
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COLLEGE MATHEMATICS-!! 


DIFFERENTIATION 


X 

(ii) Let y=Cot -1 ~ 


Then 


(v) 


dy — L d ( x 


dx . x 2 dx{a 

l+ > 


fH 

aj « 


(Sargodha 2008) 

-i m 


2 \.o. 


dy ^ -I d ( x\_ -1 ( n 

dx | + -v 2 dx [_ a J q 2 +x 2 l^q J 


-a 


a 

2 *l\ 


a 2 +x 2 \a) a 2 +x 


-a 



OH) Let y *-Sin'- 
a x 


(Sargodha 2011,12 Lahore 2010, Gujranwala 2010) 


Then 


dy 1 I 


dx a 




a 2 a 


lx 2 ~ a 

V Jr 2 


dx 


-ax 




& a fx 2 - a 

V x 2 

(iv) Let y = Sin" 1 Vl-x 1 


dy \ \ , . _ 2 i x ~a 

=«(-l)x = — J- ~ = — } - 

? Vx 2 -q 2 x xyjx 1 -a 2 


Then 



V'-t 1 - 1 - 2 )* 

„ V 1 U 


o-’f 


1 -x 


-I 


Let 

y = Sec 

dy_ 


dx 

f x 2 + 1 ^ 


U 2 -iJ 


.-l 


x 4\-x ? Vi-x ; 

v+r 




Then 

d x ~ + 1 


x^iY *•' -* 


x 2 -I 
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DIFFERENTIATION 




dr 


r x : + 1 ^ 




l?4ji 


- 



l 


2.v(x 7 ' -l-x 1 - 1) 

(V+0 

j.T* + 2x 2 + 1 — x ' + 2x : -1 

J 

U-u 

i (x’-ij* 




M f 

- 

-4x 

-Ax 

(x 2 + l)>/4x :! 


(x 5 +l)(2x) 

. 


(vf) Let y = Corl (jrV) 

dy d 

dx . ( 2x V dx 


1 4 * 


u 




C-HO 


-1 


, 4x 3 

¥-*! 

(t^f 


-I 

"(l-x 3 )2-2x(0-2x) 

(l -x 2 ) 1 + 4x 3 

^**7 ;J 

(.-,=)= 


-{i-'f 

'2-2x 3 +4.y^ 


l-2x* +x t +Ax i 


{\^Y 

-li -fc + lx 1 )= + ^ — ~~~~T 

d.v 1 + 2 x 2 +x' V 1 (l + x j y 1 + Jc 
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COLLEGE MATHEMATICS-!! 
(vii) let y = Cos' 


DIFFERENTIATION 




Then ±= ~ l d 

dx 


i- 


/'l_ x 2 \ 2 dx I + .r 2 


-1 




(l + x 2 ) 

F\ 

IL- ! J 



-i 


(l + t' ] {-2x) -{l - x 1 )2x 

i.- (U*f 






-1 2jc(-1-jc 3 -| +x J ) 


|I +2 jt ; + x 1 * - (1-2 a~ j +.V 4 ) (l+y) 2 

(i + ^) 2 

I 1 **’) 2*(-2) -4x 


-Ax 


fi±2x 1 +x 4 -(l-2x 7 +x 4 )(\ +x l f j4S(\ + x 2 ) 2x(l + x 2 ) 
dy -2 


dx 


(l + JC* ) 




11. Show that — — — if - = Tun 

dx x x y 

Z^Tan'l => y=xTan 4 — 

x y y 

Taking derivative both sides. 

dy „d _j x x d 

dx dx - y y dx 


(Sargodha 2010,12) 
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DIFFERENTIATION 


= X 


1 d X 

y 


_ _i x d 
+ Tan — -x 
y ax 


= x 


1 

i 

y + jr 

yi J 



|£| 

S 




= 


y-x 


dx 


J 


+Tan 


+ Tan' 1 — 

y 


-1 - 


x y 

We know given Tan — = — 
y x 

dy_ _ xy x 2 dy 

dx x 2 + y 2 x 2 +y 2 dx x 

Or § + _£L_^ = _J 9 i_ + L 
dx x+ydx x + y x 


r 1+ ] 

± = v 

X 0 


dx 

U* + / x) 


|W +I ! '| 


f x 2 + x 2 +y 2 ^ 

x 2 +y 2 J 

dx y 

{ x(.x 2 +r) J 


' 2 xj_ + / _ 
^ x 3 +.y 2 

(iv x 



( 2 i ! +/'| 

v 

* y 



x 2 + y 2 ^ 


'l* 2 "fy 
{ X 1 +y r )*{ 2 x 2 -+ y 2 J 


— = — hence proved 
dx x 
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COLLEGE MATHEMATICB-II 


12 . 

Let 


if y = Tan (p Tan" 1 *) show that (1+x 2 ) yi -p{l+y J )=0 

y = Tan {p Tan -1 *) 

Tan -1 y = pTan _1 x 

Take derivative both sides 

1 1 
— T k = p - — 


DIFFERENTIATION 
(Sargodha 2007) 


Example 


l+y 1 '* ^\ + x 2 

=> (l + x ! ) y! = p(l+y 2 ) 

(1+x 2 ) yi -p (l+y 3 )= 0 
V = log io (ax z +bx+c) 

dy_ = 1 d_ 

dx (ax’ + bx + c) t n 1 0 dx 
2 ax+b 

(axS.+bx+c)ln 10 

Example y = a 'Jx 

dy 


(Sargodha 2009, 10 Lahore 2010) 


(or 2 + bx + c) 


~ =^4x(\na)~(x)' =ajx\na. - 
dx dx 2 

= a -Jx Ina . — \= 

2-Jx 


U2 
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98 


Exercise 2.6 


DIFFERENTIATION 


Find f'(x) if 

W 


((«)= S 1 




lilt" J 


l % i 3 j ** £fi 

Then /'(jr)» e vt 1 — (Vr-l) 
or 


2j~x 

(ii) f(x) =K J e 

_ v k J ^ J/j . J Ai 

Then f{x)=ir — e + e 


- e 

- 


civ 


d 3 
— x 
dx 


d 1 i/* 

/'(T) =x i e‘ / - <fe . t +e 31 

= x ! e’ ,, (-l)x- i +3x ! e‘'‘ 


= e 




f r J 
-^ + 3 jc 3 
* ; 


= e^-x+Sx 1 ) 
=ay*.x(-i+3x) 

= xe^Bx-l) 



Then /'(.x) = 
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COLLEGE MATHEMATICS-1 1 



DIFFERENTIATION . 


(V) 


( g - J +lV A - g I ( C '(~l)-hO) 

F** 1 ) 2 

{e~* +\)?; +e'.e 1 

Ft 


1 * * . i 

— xe +e +e 
- g 


l+g'+l e* +2 


fr + lj (g' + lj 

f(x) = Infe'+e") 


g A -g~ J 

e J + e~* 


„ * I , , 

- c ~ e* t - 1 


(Vi) 


g aT -g-“ 

e*+ 

fx = — 

g“+g-“ 

^ T e ** 

(e“ +g _<a ' 


/'(*) — 




c ■+ / 








(ef+^) J 

= (g^+e' ar )( g at .ff-g^(-a))-(g at - t; -‘ tl )a(g^-e *' ) 


(e‘ It +g- IB ) 


a[(g‘“+g-" , ) i -(g' w -e'“) J '| 
(e 11 * +g -at J 2 
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DIFFERENTIATION 


r 


a 


1 


2 e“ - + 2 e 

e e 


a 


a 


(e m +e-‘ a ) 

2e*. 


(e“+r“) 


4a 


a(2 + 2) 


(Vii) f(x) = Jln(e lx +e-*j 

Then /'(*)= ^ (in (e 1 * +«f 2 *)) ' -t-e **) 

! , \ ( e 2 * +e~ u ) 

" l[\i{e lx +e- 2x f ,2 Je n T7^]dx 

= 2 + *-»'(- 2)) 
2<Jln{e 2 * +e ^) («*' + e " ) 


/^Infe 3 * + e“ z ‘ t ) +e *0 


e 2 ‘-e- 2 -' 


[e lx + e~ 2x \jin(e lx + e~ 2 *} 

(viil) f (x) = In (Ve 21 + e' 2 *) 


f (x) = In (e 2 * +e ~ 2 *)' 7 
- 4-e" 2 *) 


Taking derivative both sides 


/'(*)= 


1 1 


le 2 *+e- 2 * dx 




^^)( £, '( +2)+e_1 ' ( - 2) ) 


2 r- -C 

2> + e* 2j! 


: =Tanh 2 x 
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2 . 


dy 

Find ^ if 

dx 


0 ) 


(N) 


(Hi) 


V = x z ln Vx = x 1 In (x) vz 

= x 2 • “ inx=— x 2 lnx 

2 2 

Differentiating both sides w.r.t.x 

y- = 7 (* 1 In x + In x — x 1 ) 
dx 2 { dx dx ) 

= ^(*+2xlnx) 

= |(l + 2Inx)=x^i + lnxj 

y = x Vln x = x(lnx ) l/2 
Taking derivative both sides w.r.t.x 

dy d . .ti/j . vvi d 

+(!»») - 


(Sargodha 2009) 


dx 


= -~(tnx) + (lnx)‘ a J 


2 (lnx) 

1 

2Vinx 


.— + Vlnx 


■ Vlnx = 


l + 21nx 


y = 


lnx 


2>/tnx 

{Sargodha 2011) 


Taking derivative both sides w.r.t.x 

i d 

, lnx — 
dy = . dx 


lnx^(x)-xj x (\nx) (in x) 1 - x. - 


dx 


(to xf 


(In if 


dy lnx-1 
dx (lnx) 2 
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!-■ a * La J ^ 


(1v) 


(v) 


(Vi) 


Cl \ 

' = x*ln — ^x 1 Inx" 1 = x 2 (-l)lnjr =- x' Ida; 


DIFFERENTIATION 


(Sgd 2003, Lhr 2010) 


dy , d , 

— =- x~ — Jnx + lnx- 
dx \ dx i 


)=- 

( 1 > 

x 2 .— + lnx.2x 

) 

l J 


- -x (1+2 1 nx) 


V x : 1 + 1 [ a : 1 + 1 


\ 1/2 


=— In 
2 


at ! +1 


Taking derivative both sides 

dy _ 1 
~dx ~ 2 


1 4 

r^-i 

( X 2 - 1 \ dx 

U-+i 

U 2 + ‘J 



x 3 + 1 
x 2 -l 




(x 3 + 1) J (x 2 + 1 )2x - (x 2 - l)2x 1 2xU* + 1 - ** + 1 ) 

= 2 V - 1) ’ (x‘*if ~2F^ipTi y 


2 V ! -')L (ir'+lf 

2x 

~ x 4 -l 

y = In (x+ -Jx 1 +1 ) 

Taking derivative w.r.t x both sides 
dy I d ( 


(x + Vx 2 +l)^ 

1 

1 4 ^ 

| x + Vx 2 +lj 

[4 

1 


Vx 3 +1 



(x~ + 1)* 1 \2x 


Vx ? + l + X 
■ s/x 2 +1 
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(vii) y = ln(9-x 2 ) 

Taking derivative 

dy 1 d 


Si 

fp 


DIFFERENTIATION 


{Sargodha 2008} 


dx 9 - .v 11 dx 


(-x 2 )= 


9~x 




9-.v 


(viii) y = e“ lJ, Sin2x (Sargodha 2011) 

Taking derivative both sides 

^~~ e 2s ~ Sinlx + Sin2x—e~ 2 * 
dx dx dx 


L*) ' <y 


fix) 


= e J *Cos2x— (2*)+ &'in2xe~ 2 * — (- 2x) 
dx dx 

- e _2lf {Cos2x-Sin2x)2 = 2e“ 7 ‘ (Cos2x-Sin2x) 

y = e"“(x 3 +2x I +l) 

Taking derivative both sides 

— (x J +2.v 2 +1)+(jc :i + 2x i +l)— e~* 
dx dx y ’ v ’ dx 

= e~* (3x 2 +2 .2x+0) +(x 3 +Zx 2 +1) 

= e~* [Bx 2 +4x-x j -2x 2 -1] 

= e "(-x 3 +x 2 +4x-1) 

(x} y = Me sln * (Sargodha 2011} 


dx dx 

d 

dx 


dx 


M 


_ xe &m — (Sinx)+ e s " u . I 


(xi) 


= e*"" 1 (xCosx +1) 
y ■ 5e 3 *^ 

Taking derivative w.r.t.x 


dy d 


dx * 


dx 


(3*-4) = 5e J ’ 4 (3) a 15e 
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DIFFERENTIATION 


(xii) y = (x + 1)‘ (Sargodha Z009) 

Take In on both sides 
Iny = In (x+1) 1 ^ Iny = xln (x+1) 

Taking derivative 

- — =x— ln(x + l) + tn(x + I) — (x) 
ydx dx v ’ v ' dx y ’ 


1 dy 1 
-x 


y dx (x + 1) dx 

+ In (.x +1) 


(x + l)+ln(x + l).l 


1 dy 
y dx 


{(x + l) 


dy 

=> — = 
dx 


'tv 1 " 1. 


+0 


§ 

ax 


i (*+0 

3 


(xiii) y = (lnx)"“ 

Taking In both sides 
Iny = ln(lnx)"“ 

Iny = In x In (In . x) 


+ In(x + 1) 


(Sargodha 2009, Faisalabad 2010) 


— ~ = In Jr In (in x) + In (in x)— (in x) 
y dx dy dx 


I dy 
— — - « In x 

4y dx 

- InV 


1 d 
In x dx 


(lnx)+ln(lnx)— 




I — = — ln(ln;e) =— (l + ln(lnx)) 
y dy x x x v ' 

= ^^ => ^ 1+ln ^ lnx ^ = ^ lnjf ^" **( 1+ln ( lnx W 
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(x J +l) 3 [(^ + l)(^ 2 -Jf + l)] 3 ' 1 

'Jx^\(x+jf* VTm (x-l) 


DIFFERENTIATION 


(Xiv) y = 


3. 

(I) 


m\ 


) ' 


/v_lV rt 

,ny = ,n 7T Htt = In ( j: - If 2 - ln(x a -x +l]T 


fxtt * 




> 


(* J -X + l) 

= iln(.T^t)-|in(jc a -A:+j) 

Taking derivatives 

±^_! I d ,\ 3 1 </ / , x 

y * “2 M) A**" 1 *- ^177]^* ~* + 

i 1 


v J-' 


r \ 


2‘(x-l) 


1 (i-o)- 3 


,(2x-l + 0) 




2 |x* - X + 1 j 

1 3(2x - 1) (x 2 - X + 1)- 3(2* - 1 X. Y - 1 ) 

2( x_ 0 2(x 2 -x + l) 2(x - lXx J — x + l] 

= (-v 2 ~x + l)-3(2x 2 -2x-x + l ) 

2{x-\\x- - 


J >c 


- x + 




4- ( -Si 

[x 3 - x + 1 j 
1 + 8x - 2 N 

2(x - l)(x : 

l <*• ir 

— x + 1 j 
-5.r 

2 + 8x - 2 

dx ' [,2(x-l 

j^-x + l^ 

V-*+T 

;z(*=« 

X* 2 - x + 1 )_ 




-5jt + 8x-2 

2(x-lp(x 


-5x 2 +8x— 2 


2 „ Vi/2+1 

' X + 


l)’"*' "2V^T(r 2 -x + lf= 


Find & if 

tic 

y = Cos h2x 

Taking derivative w.r.t.x 

rfy 

= S ' nh2X ^ (2X) = S ‘ h2x (2> = 2Sinh2x 


' « ‘7 


d* 


( A f 
V 


l 






JL 'JC 
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COLLEGE MATHEMATICS-tl 


DIFFERENTIATION 


tv) 


1 


(ii) y * SinhBx 

^ = Cos h3x — (3x) = Cos h3x(3) = 3Cosh3x 
dx dx 

(lit) y = Tanh' 1 (Sinx) 

dy _ Ctm~ 
ilx Cos*x 

(iv) y = Sinh _1 (x J ) 


dy = 

dx I - Sin 2 x dx 

dy \ 


{Sinx) 


dx Cos v_ 
dy _ I d 

dx " Vif(*7 * 


dx 


[xj (Sargodha 2011) 


dx Vl + -t b V 

y s in (Tan hx) 

1 dy 


3jc 


F 


dx Tanhx dx 


Tan hx ■ 


+ x 


1 


dy 


1 1 

-X 


Tanhx 

Confix 


Sec 2 fix 


yf - jo*f>h fS ’n ?<J 
T**J t \yitc 

'] « P- * OS* 


$tc 


1 


-0>- 


dx Sinhx Cos'hx Sinhx Cos 1 fix StnhxCoshx 


Coshx 
V & + by 2 

2 


a 0 <>!)» 

4*- 

2 i*. . - dO _ $ j 


= 2Cosec/j2.r _ 
2SinhxCoshx Sinhlx <f u. 


(vi) 


i) ; Slnh- (j) 


i« 

2 _ 


{ Jy 

dx 


i 


r5 


4 iiir l ar 

7^1!) it ^ |Sargodha 20081 


/ 

v J* V 

V \ 






dv 


F 


i 

_2_ 


Vj ^+4 


J/ & r 

el 

rfy _ 1 


C° 


C*S2C J 

■T 


dx 2 V.r : + 4 


dx yfp + 4 
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COLLEGE MATHEMATICS-JI 


DIFFERENTIATION 


Exercise 2.7 


Find Vj if 
(») y = 2x s -3x 4 +4x 3 +x-2 

Vi= 2(5x 4 ) -3(4x 3 ) +4(3x 2 )+l -0 
yi = 10x 4 -12x 3 +12x ? rl 

y? " 10(4x 3 ) - 12(3x 2 ) +12(2x) * 4Qx’-36x 2 +24x 


(ii) y = (2x+5) 3/I 


y i " + 5 Y 2 l ~{2x+s) (Sargodha 2609, Fsd 2010) 


Vv= - (2x + 5f : (2) =3{2,v + 5) ui 

"■» (l) 2 ^5)'' * I -'£(2, + S ) = |(2 I + 5) II (2). 


V 2 = 3 {lx + 5) -1 ' 3 = 


{iif) y a 


7^+4 


(2.r + 5)'' 3 v&Ts 

1 1 


Jx ^ X ' 2x m 2x m 




5'3 


2 . 

(i) 


I 3_ 
VJ "" 4x V2 + 4x sa 

Find y, if 
y = x 1 e" x 


v.-' 

= xW>e-*{2x) = e'(-x 2 +2x) 
d_ . 

V 1 = e ’ e / v (~x J +2x) + (-x 2 + 2x) — (e ’J 

dx 

= e~* (-2x+2) +(-x 2 +2x) (-e *} 

= e 1 (-2x +2 +x 2 -2x) =t e -1 (x J -4x+2) 


{Sargodha 2011, Gujranwala 2010) 
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rni LEGE MATHEMATICS-li 
Example (Sgd 2009-11} 


DIFFERENTIATION 


(H) 


3. 

(i) 


X m 
>'i s a -e* 


Y* 


3 7 


a = a 2 e“ 


(2x+3) 

v= In - In 

y ^3*+2j 


1 


{2x+3)-ln (3x+2) 

d 


(Sargodha 2011,12) 


Vi = 


rf -(2.v + 3)- ’ 


(3* + 2) 


2.v + 3 dx ~ ' (3jc + 2) dx 
= (2X+3)* 1 ,2 — (3x + 2)- 1 .3^2(2x+3)" 1 -3 (3x+2) 

d 


L-i 


y i - 2( — 1) (2x+3)" 2 -^{2* + 3)- 3(- lX3.v + 2) 2 — (3,v + 2) 


y j = -2 (2x43)"* . 2 + 3 (3x + 2P ■ 3 


= -4 (2x +3)~ 2 + 9 (3x4 2)" 1 = 


-4 


{2x + 2f + (3x + 2f 

_ -4(3* + 2) : +9(2x + 3)- 
(2x + 3) : (3x+2)‘ 

-^)(9x’ + 12x + 4) + 9(4x j +I2.V+9) 
{2x + 3) J (3x+ 2) 1 
-36x~ - 48* - 1 6 + 36 jt + 1 08* + 8 1 
(2x + 3)’ (3* + 2f 
60* +65 


" (2*+3) 2 (3* +2)’ 

find y z if 

x*+y 2 =a* 


(Sargodha 2007,08) 


Take derivative both sides 


-2* 


’x+2yy, : 

= 0 => 

Vi = 

2 y ' v 

vC-O-t-x)^! __-y + 3TV* _ l 

Y1 ~ 

■f 


i 2 

y y 

1 

~ 1 " 

i 

r-/-*n 

Yi- — 

y 

I y . 

V 

l 3' J 


-y+* 


x 

m 


Use -I 
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COLLEGE MATHEMATICS-11 

(ii) 


(Hi). 


M- 


(v). 


x*-y 3 = a J 

Taking derivative 

3x 2 -3y J Vi = 0 

.2 „2 


3 * X* 

w* i r~-r 

3 y y 


yi - ,.^.2 W = J r(2 ^- 2jV |) 


1 ' 
I 

v*= — 


2^ J ~2xV-— 7 


2a>' 1 


put value of y, 


~ 4 \ 

2x y 

_ i 

2 xy 4 -2*V 

P J 

y 4 

y 2 J 


2-^(y-.r J ) 2jr(/-.v 3 ) -2*(* 3 -/J i xa ? 


X = a Cos# 

dx 


= -aSin# 


y y 

y “ aSin# 

^=aCos& 

d9 


(W 

dy dy dO -l 

y 3 ~ . — - aCosO* --Laid 

dx dO dx -aSinO 

An t 

yi = -(-Cosec 2 8) — = Cosec 2 0 . 

dx — aSinO 


1 


1 


1 


x = at 


Sin 2 0 —aSinO — aSin 3 0 

t 1 , y = bt* 

~=2 at / - y -=4ht l 

dt dt 

dy dy dt 3 1 Ibt 1 

f —y, = —, — = 4ht x 

dx' dt dx 9rat- a 

2b _ dt 4 bt I 2 4b 2b 

y 2 = — 2t . — — = — r =— 

a dx a 2 at 2a a‘ 

x 2 +y ! «- 2 gx+ 2 fy+c = 0 
Taking derivative both sides. 

2x + 2yyi+2g + 2fy! + 0-0 => (2y + 2f) y 3 = -2x - 2g 


Vi = 


= -2. v-2g _ -2-(.v + g) f x + g 

2y + 2f -2 -(>’+/) (.y+f 


II 
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DIFFERENTIATION 


use I 
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COLLEGE MATHEMATICS-11 


DIFFERENTIATION 


4. 

0). 




_ lr+/)H)( + (*+g)).y l _ (.v +/)(-!) H*+s)).y, 
(y+ff ~ (y+ff 


■y-f +(- v +g)> ] i _ i 


( y+ff (y+f)\ 


y~/+{x + g 


{-fei 
1 y+f 


g) 


■ (v i r) ( x+ zY 

i 

-(y+/Y ~(x+gf 

U + J f j* 

y+f J 

~b+/r 

t*+/) 


{y+fY 

-(y+/ ! + + 

(y+ff 

_ -(x 1 + v i +2 j ;.v+2 J »-fg ? +/ 1 ) 

(y+fY 

= From I x* + y J + 2gx + 2fy = -c 

Use in III 

( y+fY {y+fY 

find y« If 
y = Sin3x 


(Sargodha 2008, Lahore 2010) 


y, = Cos3x — (3.t) ^Cos3x.3=3Cos3x 
ax 

y? = 3(-Sin 3x.3) = -9Sin3x 
y 1 = -9Cos3x.3) = -27Cos3x 
y* = -27(-Sin3x) .3 =81$in3x 


(ii). y =Cos J x 

We know that 

1 , . 

Cos3x — (3.x ) = CfeutSx + 3C?asar 

4 

So y = — (Cav3.v + 3('oxr) 

4 

Vi = — (— Sin3x.3 + 3{- Sinx)) - - — {Sin3x + Sthx) 

_ ^ _ -J 

7’ - (Cas3j. 3 + Cosx )— — - (3Co,v3.r + Cot) 

-3 3 * 

Vi = - -{3(- Sin2x.3)- Sinx) =-{ l )Sin3x + Sinx) 


Note: 

Cos3x=4Cos J x-3cosx 
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COLLEGE MATHEMATICS— It | i,| 

= 4 (9Cw3jt.3 + (kr) = J -(27Cos3x + Cosx) 
From I Cos3x = 4Cos\ - 3Cosx so 

y * = 4 fa Cos 3 x - 3Co.«-)+ Cosx ) 

_ 3x27x4 , 3x27x3 _ 3 

C as x - - — Caw + - Caw 

4 4 


OlFFERENTIATinM 


- 81Cos 3 x- Caw + - Cosx 
4 4 

= 81 Cos 1 * + p^Jcasr-SlCas’x-^Cora 


Example 


v« - 81 Cos 3 x - 60Cos x 


(in). 


So 


y - Cos[ax + b) 

Vi -~ Sin (ax + b) a=-aSin (ax + b) 

Vi = -a Cos (ax + b) .a - -a 2 Cos (ax + b) 
yj = -a' (-Sin (ax + b) . a) = a 3 Sin (ax + b) 
y 4 = a . Cos (ax + b) , a = a 4 Cos (ax + b) 

y = In (x J — 9} s in (x- 3) (x + 3) 

* ir> (x - 3) +ln (x +3) 


(Sargodha 2009) 


1 


,+ ?div 1 ^+3)' 


Vl * 7 C.J — r- 

(v-3) (x + 3) 

Vi = (-1) (x - 3)~ 2 + (- 1 ) (x+3)" 2 
y s = (- 1 ) (-2) (x - 3)~ 3 + (-1)1-2) (x+3)' 

„.*-«) -/ 1 

(*-3)' (.v + 3)' Lk~3)' + (at + 3)“ 

if x = Sin# , y = Sinm Q show that (l-x J )y 2 - X y 1 +m 2 y=0 
x = Sin 61 , y = Sinmf? 

y = Sinm0 , x = Sin 0 => 0 = Stn^x 

y = Sin (mSin^x) | 

Vi - Cos (mSin l x). ~{mSin '* )^Cos{inSm x 

Vl- x 2 y t ~mC os\mSin ~ ! .v) 

Again taking derivative 

~ x 2 >1 + >’t | f 1 “A' 2 )”' 3 (- 2x)=m (- Sin(mSin-'x)) -JL_ 

VI --Y 2 


www.iqbalkalmati.blogspot.com : \J(J±,j»\S$ 2- 




www.iqbalkalmati.blog3pot.com 


rni l.EGE MATHEMAtlCS-ll IiM 

i xv, - m 2 Sin [mSm 'x) 

'X' by Jx-x 2 both sides 

(l-x ! ) Yj - xyi = -m* Sin (mSin l x) Use I 

(1 -x 2 ) Yi-XYi = -m J y 
=> (l-x I )y 2 -xyi + m*y = 0 
Hence proved 

6 . ify*e*Sinx show that -^ 7 - 2 -” + 2^ = 0 


DIFFERENTIATION 


(Sargodha 2011, Lhr 2010) 


y % c >> t 


y = e* Sinx 

. ., r c ^=e'Cosx+Sinxe' 

dx 


! 

c lll=e x (- Sinx) + Cosxe 1 + Cosx* * + Sinxe ’ 
dx 2 

= ~e* Sifix + e* Cosx + e‘ Cosx + e* Stfix 

d 2 y_ 


-=2e x Cosx 


dx 2 

Now L H s = - 2 ^ + 2y= 2 e'Cosx - l{e I Cosx + e x Sinx)+ 2 e x Sinx 

dx dx 


= 0 - R.H.S 


7. if y = e" Sinbx show that ~rr~^ a ~JZ + ^ al + ^ 

rft* flX 


dy 


dx 2 


y = e" Sinbx 

dy 


Cosbx . b «■ Sinbx e** . a = e a ‘ taSinbx + bCos bxl 

dx 

£lL =e ** [ aCosbx.h + b (-Sinbx ) i] + e“ .a (aSinbx + bCosbx) 
dx 2 L 

= e*‘ (abCosbx - b^inbx + a 7 Sinbx 4 abCosbx) 
s e** (2abCosbx - b* Sinbx 4- a*Sinbx) 

jg ow ^ y. - 2a — 4 -(a 2 + b 2 ) y -e™ [labCusbx - h ‘ Sinbx + a * Si nbx ) 
dx 

-2a Ie BI (aSinbx + bCosbx)] + (aW) e M Sinbx 

- e » ^ab Cosbx - e“ b^inbx + e“ a^inbx - 2a' e“ Sinbx - Zabe Cosbx 
= 0 hence proved 
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COLLEGE MATHEMATICS— II RC1 

8. if v = (Cos -1 x) 3 ,Prove that (l-x 2 )y^xy,-2=0 
y = (Cos" 1 xj 1 

yi - 2{Cos l x) — C o.t '.v — 2 Cos'x - ■ ^ — 

dx yi^-x* 

=*'Jl-x*y l ’*- 2 Cos~ l x 

Again taking derivative 

'h-* 2 y 2 + y> | (i - Jr ' 2 (- 2.r) =- 2-fL 


Vu * 2 




ft~ x i Vl-.r 1 

'X' both sides by vj\ 

(1-x 2 ) Vj - xyi = 2 => {l-x 2 )y-xy 1 -2 = 0jy 
Hence proved 


9. If y = a Cos (Inx) + bSin(lnx) Prove that 

y = a Cos (Inx) + bSin(tnx) a: 2 +x— + y = 0 

dx dx 

Sin In - + b tWln ,v\ — 

dx xx 

- 'x' both sides by x 

dy 

x — =- a Sin In .t + bCos In x 

dx 

Again taking derivative 

d 2 y dv - , v I 1 

x ~r ■* — , ■ 1 aCos (in .v) — bSin In jc. — 

dx dx x x 

V both side by x 
j d~y dy 

x — r+x — . - - aCos In .T - bSin In x 
dx dx 

= - (a Coslnx + bSlnlnx) = -y 
d 2 y dy 

2 ^+r— 

dx 2 dx + y = 0 Hence proved 


DIFFERENTIATION! 
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COLLEGE MATHEMATICS-)) MZTM DIFFERENTIATION 

Maclaurin Series (Sargodhs 2010, Lahore 2010) 

Theorem: f(x> = f(0) + x f (0) + ^/'(0)+^/"{0) + + ^-/" , (0) + 

Proof: we know that put x = 0 

f(x) = 3 q + aix + a 3 x 2 + a 3 x 3 + a 4 x 3 + + anX 1 * + => f (0) = a 0 

put x = 0 

f (x) = ai + 2a 2 x+ a 3 x + 3a 3 x 2 + 4a, »x 3 + + naV -1 + => /' (0) = a] 

f (x) = 2a 2 + 6a 3 x+ 12a^x J + + n(n - l)a V 2 + ^ /". (0) = 2a 3 

/'(0) 

^ 2! ° 3 

/" (x) = 6a 3 + 24a 4 x + + n (n - 1) (n - 2) a V“ 3 + ..... =^> /" (0) = 6a 3 

Put value of ai,ai,a 3 ini => - ^ = a t 

f(x) = f(0) + xf{0) + + or 

2! 3! 3! 

Example : Prove by Maclaurin series [Sargodha 2009,10) 

. 1 X 1 1.3 x s 

Sin x = x+ — . 1 . — + 

s 2 3 2.4 5 

f(x) * Sin' 1 x =>f{0) = Sin" 1 (0) = 0 

/,()0= 7r^ =ll - l!) " ;! ^ /,(0)= 7>=r' 

/' (x) = -^-(l-r)" 1 ’(- 2*) -x(l : =>/■ (0)-0 

Maclaurim series is 

f(x) = f (0) + X /' (0) + + ,r(o)+ 

2 3 

2 3 

Sin -l x = 0 + x (1) + — (0)+— — (l}+ 

2 V 3.2.1 W 

r . 1 A 3 1.3 A* 

Sin x = x + — . — + h 

. 2 3 2.4 5 

Hence proved.. * 

K/ \> %■ , r v 

* fa}*' 
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COLLEGE MATHEMATICS-!! ||JJ DIFFERENTIATIO N 

.1 

Maclaurin Series; 

f(x) = f(0) + /'fo).v + /*i°^ + + £M x K+. .... , 

2! 3! 4! 

1. Apply the Maclaurin series expansion to prove that 

Jf 2 V 4 

(i). In (x+ 1) = x + — ~ — + 

2 3 4 

f{x)= In [x +1) f(0) =. ln(0 + 1) = In (1) = 0 

iWrp5jW-0+*r =»/'(o)=M)-'=i 

/'W=(-iX'+-4'Li => /’(o)=(-iXi+o)’ ! =(-iXi)=-i 

/"(*) "HX- 2)(i + x) : ' => /*( o) - (- 3 X- 2X1 1 or = i 

/"(.v)={-lX-2X-3Xl + .vr p /''(o)==(-lX-2X-3Xl + or =-6 

m = f (0) * /'(o).x- + + 

. lnM=0+I *S. l * !f llr !+ ?^7 x,+ 

x 2 x* t’ 1 

In (1 + x) = 0 + x - - — + : — + 

2 3 4 

_ 5 , 3 j 

... X* X X 

In 1 + x) - x F — f 

' 2 3 4 

Hence proved 

y 2 r 4 Jf* 1 

(11). Cosx = l — + *-- fiL+ 

la [4 |6 

f(x) = Cosx f(0) = CosO = 1 

Then /' (x) = -Sinx => /' (0) - -Sin 0 = 0 

/’(*)=-- Cost => /*(0)=-Cm0=-l 

f m {x)^Sinx / w (0)=0 

f(x) = f(0) + f(0)x + r(0)^ 

f{x) = f(0)+ + 

12 H [4 

r in -1 2 Oxjf 3 , l**' 

Cosx = 1 + 0 X X + — x +— x +- - + 

la 12 La* 
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COLLEGE MATHEMATICS— 11 


DIFFERENTIATION 


till)- 


(iv>. 


JC 1 JC 4 X 6 

= 1 — ; — +- — + Hence proved 

12 [4 [6 


r , X X 1 X 3 

xl + X = 1 + 1 

2 8 16 

fix) = vm ={i+x) ui 


i 


K 2J 




Y-1/2 


/{0}=(l + 0) UJ =1 

r(o)=i( 1+ °r= + i (i )=4 

/■(“)=■ fwr 

/■(o)J(i + or ,: 4 

/"(0)=— (l + O)'” 1 =— 

J w 16 v ' 16 


Now f(x) = f[0) + /'(0)x + /'^x 3 + /'^x 3 +/ ,v ^x 4 .+. 

\2 [3 [4 

r ,1 11,31, (-15) 1 4 , 

Vl + Jt =1+— x+ — x— x z +-.— x 3 + r-x +. 


4 [2 8 13' 


l 16 J\4 
s 1 


x 1 1 , -3- 1 , 45 

= 1 + .— x +— .-.x . 

2 4 2 8 6 16 -2* g 

r — * . x x 2 x 3 5x* 

X 1 + X —1 + — — 1 — h 

2 8 16 128 

Hence proved 

x 1 x J 

e = 1 + X + F-; — + 

12 12 

f(x(afi" => 


x 4 +. 




f( x )- e ' =>/'(o)=e° =1 




f(x) =f(0)+/’(0).x+/'i^* i + 
lx 1 lx J 

e =1 + 1. + —■ — --4— : K 

12 12 

. x 1 x l 

e = 1 + x + - — 4- — H- 

[2 13 


f{x)=e* 
x 3 + ... 


/'{0)=e°=l 
f p (o)=e° =1 
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. of 7^SS 


COLLEGE MATHEMATICS-1 1 


f ■ IliMIP 


r 1 8r J 

M . e ^ 1+s ,^ + M* 

f(x) =e 2 ‘ f(0) = e° = 1 

f'(x) = 2e lx /'{ 0) =2/= 2(1) - 2 

f*{x)=2.e 2 \2 =4e u 

f m {x)^4e 21 .2=$e u 

Madaurin 's series is 

f(x) =f|0)« /'(0)+|-/'(0)+L / "(0) + 


DIFFERENTIATION 
(Sargodha 2011 , 12 } 


/"(o)=4e° =4(l)-4 
/*(0)=8e° =8 


iU)* 




x 1 A x 3 


^ = l+x{2) + — ,4 + jy(8) + . 

* Ax 2 Sx 1 

e J ss 1 + 2x + — — + - — - + *. 


r JU } if 

I * ,v * 


' / ^ 

/ 3 

i 


12 12 


({«»'): ffx) 


+J ■()• 


A)/ 


^ j/j. 


Hence Proved 


2. Show that Cos (x+ h) - Cosx - hSinx -^Casx+~Sitvc+.„,„ and evaluate cns6l° 

12 12 

h 2 h J 

Cos (x+ h) = Cosx - HSinx -~Cosx +-— Sinx+ (Lahore 2010} 

f(x + h) - Cos (x + h) then f (x) = Cosx 

/'(.v) = -Sinx => /"(x) = - Cosx => f”{x)=-(-Sinx)=Sinx 

f(x+h) = f(x) + f (x)h+ ^-^ h 2 + f + 

Cos (x + h) - Cos x + {-Sin x) h + - — h 2 + ~ h 3 + 

la ir - 

h 1 h 1 

Cos (x + h) = Cos x - h Sin x -■ — Casx^— Sirvc + , Hence proved 

Now take x = 60“ *& h = 1° = 0.01745 

vi 


Cos (6D 6 +i 0 } = Cos60 


1 (r) (rp 

50° - 1° Sin 60° -- - V _7_ o;..xn" 


Cos6u + Sin 60" + . , 

la [3 

Cos 61° = 0.5 - (0.0174) (.866) - ^ ° 1 ^ (Q.S)+ 1 (0.866) 


3.2.1 


Cos 61° = 0.5 - 0.015116-0.000076 
Cos 61° = 0.4848 
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COLLEGE MATHEMATICS— ii 


DIFFERENTIATION 


3. 


Show that 2" +h = 2x 


l+(ln2)/. + (In2) , ^ + (ln2)'j^+, 


2* +h = 2x 


1 + (In 2 )h + (In 2 ) 2 ~ + (In 2)’ ^ 4 . 


f(x+h) = 2 


*+h 


=* /(*)L V 

f(x) =(ln2)2’.(ln2) =(ln2) 1 .2’ 
Now 


/'(.t) = 2 J (In 2) 

/"(*)= (In 2)’ 2*(ln2)=(ln2) , 2 r 


f(x+h)=f(x|+h/'(i)+|-/*{i) + ^-(ln2) , 2'+. 


2*+h _ 4 


, /, (In 2) /i ! (1 h2) ! A’ 

I + (ln2)ft + i_^ — + - ' +. 


Hence proved 
Example (2.9) 

Examine f(x) = 1 + x 3 for extreme values 
f(x) 1 4 x 3 1 => f'(x)=3x 2 => 

Put f{x)=0 => 3x 2 =0=>' 

Putin ilx = 0 r(0) = 6(0)=0 

Now put x = 0-s 

**0+6 in I 

f'(0- e)=3(0-e) 2 = 3e 2 >0 
/'( 0- e)=3(04e)2 = 3e 2 >0 
first derivative does not change sign at x = 0 
put x = 0 in I => f(0) = 1 4 (O) 3 = 1 
(0 , 1) is point of inflection 


/•{*)-«* 

*=0 

Given information 


in 
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Exercise 2.9 


J J 


j / >bj Cl” i£ 


,5 

fi,s f 


Increasing function: (Sargodha 2010, Faisalabad 2010) 

If f r (.r)fi positive in given internal (a , b) 

Decreasing function: 

If f (x) Is negative in given internal (a, b) 


g 

ifferentiation 

j i, si 


3tt 


1. (i). f(x) = Slnx : 

/' (x) = Cosx 
Cos x is +ve in I & IV 


x e i-nton ) 

xJ 



Cos x is -ve in 11 & I1J quadrant 

. . . (-‘ 

So increasing on 


Decreasing on 


2 2 ) 

Ht) 


—ton 

2 J 


(if) 


f(x) = Cos x , 




2 


■ n 
-to— 


and 

(Sargodha 2011) 


n 

2 


f{x)=-Sinx 
Sinx is -ve in IV 
Sinx is +ve in I 
But -Sinx is +ve in IV 
-Sinx is-ve in I 


J 


Increasing on 


PH 


&decreaaiagon 


H 


(iii) f = (x) = 4 -x ! 
at -2 

— 2x =-2 (-2) =■ 4 
at -1 

02 (- 1 ) = 2 
at 1 -2 (1) = -2 
at 2 -2 (2) - -4 

(iv) f (x) = x 1 + 3x + 2 

f (x) = 2x + 3 



x € (-2 , 2) 

f W = -2x 

f (x) is +ve in (-2 to 0) so increasing on *-2 to 0) 
f x) is -ve in (0 , to 2) so decreasing on (0 , 2) 


So / 


/ 3 \ 

(x) is +ve m — to 1 

l 2 , 
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COLLEGE MATHEMATICS-11 

f' (X) 

f increasing on 
f decreasing on 


DIFFERENTIATION 


is-ve in | - 4 lo—^- J 

(-‘t) 


Note : put /' (x) = 0 

From interval 
2. (i). f(x) = l-x J 


2x + 3 = 0 x = 


-3 


(Sargodha 2008, Lahore 2010) 

& f" (x) = -6x II 

/" ( 0 ) = - 6 ( 0 ) = 0 


(in- 

put 


/' (x) -3x 2 I 
Take /'(x) = 0 => 

Gives no information so 

Putx = 0- 0+ e in I 

/' (0 - e ) = -3 (0 + e) 2 =- 3 e 2 <0 

First derivative does not change sign at x = 0 

At x = 0 , f(0) = 1-0 = 1 

So (0, 1) is pt of inflection. 

f(x) = x J -x-2 I (Lahore 2010) 

/'( X ) = 2x- 1 & /"(x) =2 II 


/'(x) =0 


1 


2x - 1 = 0 => x- - 
*) 


(i)=2= + v„ 


put value of x= ^ in If /' 

So f(x) is minimum at x = V\ now for min value 
From I => f 


lY m „ 1 1 ^ 1-2-8 -9 

2 = — - — 2 =- 


f (x) min 


riyi] 

1.2 J [2j 

atx= — & /’f— 1 =— — 
2 J {2) 4 


4 2 


(iii). f(x) = 5x 2 - 6x + 2 

/'(X)« lOx-6 & /'(x) = 10 


Put /' |x) = 0 


lOx -6=0 


-> 


I 

II 

_ _6 ^3 

*’ 10 5 


Put value of x = —in U 
5 
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COLLEGE MATHEMATICS-II 


DIFFERENTIATION 


(V) 


(Vi)- 


/" \-H0=+ve 


(3^ ( 3 V 3^ 

f (x) is min and for min value f — =5 — -6 — 

UJ VS) \s) 

fiWXU<* 2 JL 

UJ I 25 J 5 5 

8- 


, 18 „ 9-18 + 10 1 

+ 2 = — =- 

5 5 5 


3 

So f(x) is minimum at x = — & J 


5 


& 

& 


/''<x) = 6 


(iv). f(x) = 3x s 
/'(x) = 6x 

put /' (x) = 0 & => /" (0) = 6 

Put x = 0 in II /" (0) = 3<0) 2 = 0 

So f (x) is min at x = 0 & f (0) = 0 

f(x) = 3x 2 -4x + 5 I 

/'(x) = 6x-4 


II 


= +ve 


& /" (x) = 6 

putx /'(x)-0 ^6x-4 = 0 - 


II 


_ 4_ 2 
6 _ 3 


x= —in II then f 


tfi- 

(iMiHfl- 

2) = n 

3) 3 


put 

f(x} Is min , for mim/alue I 
f 


f(x) is min at x = ^ and f 

f(x) = Zx 3 - 2X 1 - 36x + 3 

f (X) = Ex 1 - 4x - 36 
/” (x) - 12x- 4 

Put /' (x) = 0 => 6x 2 - 4x - 36 = 0 +by62 

3x J -2x— 18 = 0 

-(-2)+^(-2) 2 -4(3X-I8) _ 2±V4+)2x18 

W 6 

_ 2± ^4(1 + 3x18) _ 2 i 2 vT+ 54 _ 2(1 ± >/55) 

6 “ 6 6 J 


X = 


X - 
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DIFFERENTIATION 


1±V55 l7s5 - 1-755 

X- => x = — — & x= 


3 3 

h 1+V55., J 1+V55 

whenx- — /Aen 


=12' 


3 

1 + 755 


-4 


/ 


,f 1 + 755 


=4+4V55-4*W55=+w 


r ,, . 1 + 755 

So f (x) is min at x = now for mm value 


ri+vssi /1+V55V ii+VssY „ Ju-ju 


-2 


-2 


-36 12 


+ 3 


= 2 


r \ + 755 +3(55) + (yj55 j ' 

— 1 

'"1 + 55 + 2755' 

27 

J 

— L 

l 9 j 


= ■—(! + 3-7S5 + 165+55755)—-^ (s6 2-^5$)— 9 — 12 -n/sS 


- ^(l66 + 58V55)-^(56 + 2V55)-9-12V55 


9 
12 

9 9 


= 332 + 116VS5_U2_4^5. 9 ^ 

27 27 

332 112 


n (116 4 /— 

■ -9+ +-+12 V55 

L 27 9 


27 

332-336-243^ 016-12-324 
27 * 

-247 220 r- 




Now for x = 


27 27 

1-TsJ 


755 =-^ 7 (247 + 22oV55) 


fl VST 


3 jj 

l 3 ; 


= -4 7s 5 “ — vt' 

1-755 


So f is max at x = 


For min value same above process we get 
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(Vii> 


di fferentiation 


1 f 5 ]- y(-247^20^5?) 


n 


27 

f(x)=x<-4x z 

f'(x)=tx J -Sx 
f’(x) = t2x 2 -8x 
put/'(x] = 0 => 4x 3 -8x = 0 => 4x(x z -2) = 0 

4x 3 = Oorx 2 -2 = 0 => x= orx ! =2 =2 x =±42 
When x = 0 then /"(0)=12(0)-84(0)=-8=- ve 
fn is Max at x = 0 , I => f(0) = (0.)* - 4(0) = 0 

When x = yflthen f (4i)=t2{Mf - 8 -12(2)- 8 -24- 8 =16 =+ i-t* 

f(x) is Min at x = 42 now for Min value 

I => f( V2 ) * ( 4l )* -4( 42 ) 2 = 4 -4 (2) = 4- 8 = -4 

When x = - 4l then /’ [-42) = U[-42 ) z -8 = 12(2) -8-24-8-16 = +ve 

f(x) is Min at x = -42 

1 => /(-V2) = (a/2) < ^4(- 4lJ =4-4(2)=4-8= 4 

f(xO is Max at x = 0 , & f(0) - 0 

f(x) is Min at x = 42 &f[-42) = ~4 
(viii) f(x) = (x-2)*(x-l) 

/’(*) =(* - 2 ) 1 “ -f (* ■ - ■) + 6 ■ - 1 )—(x- - 2 ? 

Ctx ax 

= (x-2) J . 1 + (x - 1) .2 (x-2) 1 1 
- (x-2) [x-2+2 (x -1)J 
= (x- 2)(x — 2 + 2x- 2) 

= (x-2)(3x-4) 

/“(*>=(* -$3)+ (3x- 4J.1 
= 3x -6 + 3x — 4 = 6x - 10 
= Put /'(t)= 0 => /’(-v)=0 

x-2 =0 or x-4-0 






■ 




(.Y-2X3.Y 4)-0 


x = 2 or 


4 

x - — 

3 


When x =2 then /" (2) =6 (2) - 10 - 12 - 10 - 2 = +ve 
f(x) is Min for' Min value I => f(2) - (2 - if (2-1) =0x1 = 0 


<4 

When x - —then } 


"( t )- '< f ) 


-10=8—10 -2 =— ve 
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\ 

1 

) 


'n i 


1 

. 3 ; 

(Sargodha 2012) 


COLLEGE MATHEMATICS-1! 

f(x) is Max , I f (j)-(r 2 ) (j- 1 

4-6^7 4-3'j f-2Vfl 

= l 3 J l 3 1 

f(x) is Min at x = 2 & f(2) =0 

* 4 /4% 4 

f(x) is Max at x - — & I - 

{ix). f{x) = 5 + 3.x - X* 

/' (x) = 3 - 3x J 

r(xh-(>x 

Put /'(x) =0 => 3-3x* = 0 

X 1 = 1 * => JT “± 1 

When x = 1 then /" (l)=~6(jM)=- 6 =-ve 
f(x) Is Max : f|l) = 5 + 3 (1) - (l) 1 = 5 + 3 - 1 = 7 
When x = -1 then /* (- 1 ) - - 6{-l) = 6 =+ vef(x)is Min 
So f(-l) =5+3 |-1) - (-1)* = 5-3 - (-1) = 5 - 3+ 1 = 3 
f(x) is Max at x = 1 ft f(l) = 7 
f(x) is Min at x = -1 & f(-l) = 3 
3. f{x) = Sinx + Cosx I 

/' (x) = Cosx -Sinx 

/"(,v)=- Sinx— Cosx— - (Sinx + Cosx) 

Put f' (x) =■ 0 => Cos x - Sinx = 0 4 -by Cos x 

1 -tanx = 0 


DIFFERENTIATION 


■3(l - ,v 2 )=0 


1-x 2 =0 


Whn x 


_ * - . 1 ... is 5* 9/r 

Tanx=l => x * Tan (1) = 

4 4 4 

Just —&.—■! it's /m[o, 2 x]lgnor other values 
4 4 

‘ J 1 

V 2 + 42 j 


- — then /*( — ]»-( Sin— 4-Cos— l--f 
4 J {4) { 4 4j { 


=-ve 


K 


f (x) is Max at x — Now Far Max value 
4 


When x i 


I => f 


(- 


V 2xV2 


„. x , - n 1 1 

= Sift— + COS — - —ps + 

4 4 V 2 V 2 Va 


=V2 


Then j =- f Sm y + Coi ' y] 
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* ~ V2 - V2 ) = fe| = ;| 


=+ ve 


5tt 


f(x) is Min at x = Now for min value. 

4 


I => f 




c . 5 n 5 tt 

Sill — + ( . o.v — 
4 4 


1 


1 


(-2 


- — + ve 


4i S) S j 4i 

Sit 

f(x) is Min at X - Now for minimum value. 
4 


I 


f 


(5^ 


J 


5;r _ 5 n 

-Sin- — ■ + Cos — 
4 4 


{ 4 J V2 42 42 42 


f K \ 


f{xO is Max at = — , / 

4 \4) 


4. y = 


f{x) 

ln.v 


=42 

is Min at x = =—4l 


(Sargodha 2011} 


V 


( ± _ x 
dx 


x. ' - In x. 1 


1 - In* 


x 


% / x 

fi'y ^ l yj _ - .y—(l -Iiiy)2.y 

dx " x 4 -V* 

. - #(l + 2(l - In *)) _ - (l + 2(l - In x)) 

_ ' v 1 


put ~ =0 => 

ax 


I~Inx 


jr 


=0 => 1 — In jr - 0 =^lnA'=l 


.r =e? =t> 


When x - e then 


t f_y _ -(U20-l)) _ -] + O _-V 


dx 2 


www.iqbalkalmati.blogspot.com : x'/ 


DIFFERENTIATION 




www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS-1 1 


DIFFERENTIATION 




— -ve 


dx 1 

Hence f(x) is Max at x= e 
5. f{x) = x’ 

Taking In both sides 

In fix) = In x* = Inx 


(Sargodha 2008) 


4-v /'(•*) - *•— + inv. 1 = 1 + In x 

/' (x) = f(x) (l+!nx) = x* (1+lnx) 

f'{x) =x x ~(\ + In x)+ (l + In.v)— x' 
ax dx 

= x* | — j + (l+ lnx).x J (l4 Inx) 


= x 


I 


+ (i + In .y)‘ 


Put f* (x) = o => x* (l+in x) = 0 

l-*-ln.T= 0 => InA* = — 1 & 

-i I 
=> x = e = - 

e 


x x * 0 


At X 




+ ve 


fix} is Min at x - — 
e 

Hence proved: 
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COL. LEGE MATHEMATirS-ll 


DIFFERENTIATION 


2 . 


Exercise 2.10 


1. (i), Suppose two numbers are x & y and x + y = 30 (Sargodha 2012, Lhr201D) 

=* y - 30 ~x then product = f(x) = xy = x (30 -x) = 30 x -x 2 
f‘ (x) = 30-2x=> /"(x)=-2 

When/' (x) = 0 => 30-2* = 0 => 2.v = 30 => x = \5 

At x = 15 , /' (l 5) = - 2 =- ve So f(x)is Max at jr = 1 5 

Now first number = % = is 

Second numher = 30 - x = 30 - 15 = 15 
Suppose two numbers are x and y also x + y = 20 y — 20- x 

then According to given condition 

f[x) = x 2 + y* = x 1 + (20 - x) J = x J + 400 - 40x + x z 
f(x) - 2x J - 40x + 400 
/'(x) = 2.2x — 40 = 4x -40 

/'(*) = 4 . put f’{x) =0 =5 Ax -40 =0 

=5 4x = 40 x = 10 

When x = 10 then /’(l0)=4=+ve 
So function is Min now 
First number = x = 10 
Second number = 20 - x = 20- 10 - 10 

Supose two numbers are x and y also x 4 - y = 12 — > i/=j2- 

the given condition. 

f(x) = yx 1 = (12 -x) x* = 12x 2 - x 3 

/' (x) = 24x - 3x 5 , /' (x) = 24 - 6x 

put /' (x) a 0 => 24x - 3x J = 0 => 3x (8-x) = 0 

3x = 0 or 8 — x - 0 =5 x = 0 or x = 8 

x = 0 is not possible so 

x - 8 , at x = 8 , /'( 8 ) =24 - 6 ( 8 ) =24 -48 = -24=-fc* 

So function is Max at x = 8 
First number = x = 8 
Second number = 12 - x = 12 - 8 = 4 

4. Supose length of one side is xsecod side length is given 6 cm then third side Is =16-x-6 
- 10 — x so sides are x, 6 j 10 - x Suppose f(x0 represent square of Area then. 

f(x) <* SfS — a) (S— b) (S-c) I a = x, b = 6, c = 10 - x 


3. 


.vthen according to 


S = 


a xbx-c x + 6 + 1 0 


* 16 „ 
— =— = 8 
2 


2 2 

I become 

f(x) - 8 {8 -x ) (8-6) (8-10 rx} 

= 8(B-x) (2) (x-2) 

= 16(8-x) (x-2)= 16 (gx-16-x 2 + 2x) 
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DIFFERENTIATION 


= 16(-x 2 + IOx - 16) 
f'{x) = 16(-2x+10) 

/’(*) =16(-2)=-32 

=> 16(-2.v + 10)=0 =fr -2.V + 10 = 0 

put ' r,|x|=0 2, =10 Jf =5 

When x = 5 then f (5) * -32 = -ve So function is Max now sides are second side 

.= 6 and third side = 10 - 5 = 5 
5. Suppose length = x and width = y 


Then perimeter = 120 cm 

=» x + y = faO c, 1 

Area = A = xy II 

From! y-60-x Put in II 

A = x(60-x) - 60x = x 2 

dA 


2x + 2y =120 cm 


=60 -2x 

dn 

Put — =0 =* 

dr 


& 


60 - 2x =0 


d A 


= - 2 


dx 3 

2x =60 => x = 30 


Area of rectangle is Max then dimensions are 
Length = x = 30 cm 
Wedth = y = 60 - 30 = 30cm 
6. Suppose length = x & width = y 

36 

Then Area = xy = 36 => y = — 

x 

, ,f 36 

And P = Perimeter = 2x + 2y =2> P = 2x + 2 — 

V * J 

P = 2x + 72x' 1 => ^-=2 + 12{-\)x~ 3 
dx 


^=0+72(-lX-2)i- J =i^ 
ax x 

dp 


put —=0 

dx 


72 


2 + 72 =0 => 2 — 7 -0 

X 

7 ^-=2 => 72 =2.v’ => .v 2 =36 => jc=+6 

x* 

x = 6 (-Ignore) 

d 2 p 144 

When x = 6 then — ~ = j~xt^ +ve 
dx- [6) 

So perimeter is Min then sides are 
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Length = x = 6 & width = y = — =— =6 

x 6 

Let length = x , width = x, Height = h 
Then volume = x*h => 4 = x^h =>ii-4 


And S = x z + 4xh = x* +4.v 

dS 


,t ! ) 


~x 2 + 16a:' 1 


^2*+16(-l)^&0=2 + ]6(--lX -2ix-‘ 


dx 


- 2 + 


32 


8 . 


9. 


Put ^0 => 2x~ =0 ^ 2 y ' , 16 =0 

dx x x 

=> 2x 3 - 16 = 0 => 2x 3 -16 x 3 = 8 =>P = 2 l 

ij n 

When x = 2 then —V = 2 + " = + ve 

dx 2 t 

So S is Min so least material required 
When Length = x = 2 

. [j * ^ ^ 

* ?ip = r rl 

Suppose length = x & Width = y 

Then perimeter = 2x+2y = 80 x + y = 40 => \ 
A = xy => A = x(40-x) = 40x — x 2 


— =40 -2a- & 

dx 


d 2 A w di 
— — •= — 2 Put — = 
ax' dx 


40 - 2x- 0 


When x = 20 then 


2x = 40 


x = 20 


d'A 

dx 1 


= -2=-vw 


So at X = 20 Area is Max then 

Length = x = 20 & width = y = 40 - 20 = 20 meters 

Suppose quantity = q & Depth = h 


Then q - x 2 h 


h = and 


Surface area - S = x’ + 4xh - x 2 + 4x 


W 


s = X 2 + 4qx~* , — = lx + Aq{~ 1 )x " 1 
dx 
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=> x = 2 


= 40 — X 
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DIFFERENTIATION 


d 2 S 


8? 


4=2 + 4,(-lX-2K’ = 2 + a 
dx x 

dS n _ 4q _ 2x 3 -4q . 

Put =0 => 2x — r-=0 => : — — = 0 


dx 

2x 3 - 4q = 0 => 2x 3 - 4q : 

x - [2q) 1/3 when x = (2Q) 173 then 
^ A Xq „ 
dx 2 (2q) 

S in Min or least expense required 
At x ~ Uq) 173 then 

„3 


X 

x 5 = 2q 


x 

q = T 


a 2 

Jepth = h = ~ =~ from I 

X X 


1 X 

= — X-V=- u nit 


2 2 

Suppose OA = x and 0 is center and AB = y then 
Suppose OA = x & 0 is center & AB = y then 
By pathgoras theorem 
(OA) 2 + (AB) 1 = (OB) 2 
:^> x 2 + y 2 = (8) 2 y 2 = 64— x 2 
Then length of rectangle = AC = 2x 

Width of rectangle = V 64 — jc 3 



Area = 2x x V64 — x' 

Take (Area) 2 = S then 

— = 8.v(64 - x 2 )+ 4x 2 (-2x)=5l2x-Hx 3 - Xx* 

dx 


(Area)' = 4x l (64 - x 2 ) 
S = 4x 2 (64-x 2 ) 


tl 1 

= 512x-16x 3 , — — — 512 — 64x 2 

dx' 


put — =0=> 512x-16x 3 =0 => I6x(32-x 2 )=0 
dx 

32 -X ! = 0 

or x 2 = 32 => x = V32 

x= ^2x2x2x2x2=2x272=4^2 


16x = 0 or 
x = 0 


v - vm - 1 1 
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0 = 3 , 2 ^ 64 ( 4 ^ 

When x = 4 V2then -5 1 2 — 64(l6x2)= 5 12 - 2048 

— — 1 536 <0 = — ve 

So Area is Max Dimensions are 

Length = 2x = 2(4 45 ) = S 45 cm 

Width = y = 41 4-x 3 =y[64-(44zf =V64-16x2 
= V32 = %/2x 2 x 2x 2 x 2 — 4 42cm 


PtFFERENTIATIQN 


11. Suppose (x, y) is required pt 


then distance = d - 4fa—4f + (>> - (-I))’ given is (3,-1) 


=> d 2 = (x-3) 2 +(y+l) 2 

Curve is given y = x 2 - 1 y + 1 = x 2 use this value 
d 2 a (x-3) 2 +{x 2 ) 2 = x 2 - 6x+9+x 4 
Suppose d 2 - I then 
I - x 4 + x 2 - fix + 9 

^- =4x i + 2x-6 & ^-4-Mx 1 +2 
dx dx~ 

put ~ - 0 4x* + 2x - 6 = 0 

dx 

By synthetic division 
(x— 1) (4x 2 + 4x + 6 ) = 0 


1 

4 0 2 

-6 


4 4 

1 6 


4 4 6 

0 


x-1 = 0 or 4x 2 +4x + 6 = 0 

x = lor 2x 2 + 2x + 3 = 0 
Complex roots Ignore. 


_ -2 + V4-24 
2 ( 2 ) 

-2 + V^2Q 
4 


i 

When , x = 1 then — = 12(l) 2 + 2 - 14== +ve 
dx 

5o distance is closest now 

When x = 1, then y = x 2 -l = (l) 2 -1= 1-1= 0 

So (1, 0) is required pt on curve y = x 2 - land closest to (3, -1) 
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12. Find pt on the curve y = x 1 + 1 closest to (18,1) 

Suppose (x, y) is required point then 

d = ^(x-\Sf + {y - 1) 2 d 2 =(x-18) J +(>'-l) 2 

take d 2 = I then t = x 2 - 36x + 324 + (x 1 ) 2 usely = x 2 +l => y-l = x 2 
I = x' 1 + x 2 - 36x + 324 

— =4x J + 2 x-36 & ^-!t=12x 2 +2 // 

dx dx * 


DIFFERENTIATION 


n dl n 
Put — =0 


4^3 + 2x- 36=0 


or2x 3 + x-18 = 0 


dx 

2x 3 + x-18 = 0 
or {x-2} (2x ; +4x+9} =0 
x-2 = 0 or 2x 2 + 4x + 9 * 0 

_4±V(4) 2 -4(2X9) -4+V16-72 
x = 2= orx gg 4 

-4±V^56 

x = 

4 



2 0 1 

-18 

2 

4 8 

l 18 


2 4 9 

0 


ignore due to Imaginary 


put x = 2 in II — -J-=12(2) 2 +2 =48 + 2 = 50 >0 

tit* 

function is Min or point is closest at x = 2 

y = X 2 + 1 s (2) 2 +1 = 5 

So (2, 5) s required closest point 
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DIFFERENTIATION 


TEST YOUR SKILLS 


OBJECTIVE 


Marks 100 


Q.No.l Given below are a few possible answers to each statement of which one is correct, 
identify the correct one. (20) 

1. The difference quotient represents the 

x t ~x 

(a) Instantaneous rate of change (b) Average rate of change 

(c) Both (a) & (b) •tff' None of these 

w 

2. Lim - ^ A| ^ — -- - ■ , provided the limit exists, it is called 

JT, ->x .t, —.v 



(a) Instantaneous rate of change 

(b) 

Average fate of change 


(c) Both (a) & (b) 

<d) 

None of these 

3. 

Lim ^ ' provided the limit exists. Is called 

ox 


i Derivative 

(b) 

Differential coefficient 

4. 

(c) Both (a) & (b) 

The process of finding /'is called 

(d) 

None of these 


Differentiation 

(b) 

Integration 


(c) Both (a) & (b) 

(d) 

None of these 

5. 

The Notation f{x) is used for derivative by 



(a) Cauchy 

^6l 

Newton 

6. 

(c) Leibniz 

df 

The Notation dx is used for derivative by 

(d) 

None of these 


Leibniz 

(b) 

Newton 


(c) Lagrange 

(d) 

Cauchy 

7. 

The Notation Df[x) is used for derivative by 



(a) Leibniz 

(b) 

Newton 

8. 

(c) Lagrange 
/(x} = V, n* lthen/'(x) = 


Cauchy 


(a) Jt" -1 

(b) 

nx"* 1 

9. 

(c) imT 1 
lf/(x) = c 3 then/'(x) = 

(d) 

{n + l]>f 


(a) 3c ? 

(b) 

e 

10. 

H ! 

,f ^ = tox + br then f'W= 

(d) 

0 


(a) na(ox + i>r l 

(b) 

-no(ox + b)" -1 


(c) ~na[ax + 

Id) 

None of these 
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DIFFERENTIATION 


11. If y = ‘\[x--j=, then 2x— + y = 
yjx dx 


(a) yjx 
(c) 0 


12. If y = Sin' 1 x, -1 < x < 1 then 


dy__ 

dx 


‘W' 2 yfx 
(d) None of these 


(a) Cos" 1 * 


(b) 


Vi -* 2 


(c) 


Vl+x 2 


W) Sin 1 X 


, x dv 

13. If y = Cot" 1 - then = 
° tiv 


( a ) 

-a 

(b) 

1 

a 2 + x 2 

2 2 
a + x 

(c) 

-1 

(d) 

a 

o 2 + x 2 

a 2 + x 2 

lfy = 

e°* then ^ = 
dx 



(a) 

1 

e* 

(b) 

ae °* 

(cj 

e“* 


3 ™ 
o • 

rfv 

y = Cosec h x then — = 

dx 




-Coth * Cosec hx 

(b) 

-TanhxSec/?x 

(C) 

Cothx Cosec hx 

(d) 

Cot h x Sinh x 

If y = 

Sech *x, then — = 
4v 



(a) 

1 

(b) 

‘ 1 

xVl - x 1 

xVl + x 2 


-i 

(d) 

“1 

*Vl-X ! 

*Vl + x 2 

a Q + a r v + a 2 x 2 + a 3 X* + a 4 x 4 + 



(a) 

Binomial series 

(b) 

Power series 

(«) 

Maclaurin series 

vtf) 

Tailor series 
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DIFFERENTIATION 




18. fix) =m +/'{0)* + X 3 + + + this expansion oifix) is called 


31 


n! 

(a) Binomial series (b) 

MacLaurin's series {d) 

19. If fix) = Cos x then by MacUurin Series /(x) = 


uf . x x x* 

21 4! 6! 

( C ) 1 + “ + * — - + h . 

2! 4! 6! 


(b) 


(d) 


Power series 
Tailor series 


. .r J x 4 
I + - 


2 4 6 

None of these 


20. For stationary point fora function /we have f'{x ) = 

0 (b) +ve 


(c) 


ve 


(d) 


to 


SECTION I 
SUBJECTIVE 

Attempt any 25 (twenty five) short question from Question 2,3 and 4, at least 12 short questions 
from question 2, 12 short question from question 3 and 13 short question from question 4. All 
question carry equal marks. (25x2=50) 

Q.No. 2 

i. Define derivative of a function y = fix) 


n. 

iii. 

iv. 

v. 

vl. 

vii. 

Will. 

lx. 

x. 


Find the derivative w.r.t. independent variables y — 
Find the derivative w.r.t. independent variables y - 


lfy, £-£ 


Find the derivative of y = (x 2 + SHx 3 + 7) w.r.t. V. 

V F rl % 
t- lind — . 

six) dx 

If jv = six — £ show 2.x c — + y — 2 4x 
six dx 

it x 1 + 1 . dy 

If y =■ =- find — 

x 1 -3 dx 

Find — if y = 2at , x = at 2 

dx 

Find — if .v - 0 + 1 , y ^ 0 + 1 
dx G 

Find — if x 3 + y 2 = 4 

dx 


(az-hf 

1 

(av + A)" 
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xi. Find — ify*-xy-x J+ 4 = 0 
ax 


XII. 

Q.No. 3 

I* 

ii. 

Ilf. 

tv.. 

v. 

vi. 

vii. 
vili. 
fx. 


v = \jx + dx find -f- = ? 

ax 


If y = Cos \fx .+ >Jsinx find 


dy 

dx 


cfy 

dx 


s? If y = x Cos y 


XI. 

xil. 

Q.No. 4 

I. 


^ = ? Ifx = y Sin y 
dx 

Differentiate Sin x w.r.t. Cot x 

— = ? if y = Cos -1 - 

dx a 

— 3 ? if y = Cot 1 — 

dx a 

ify= - Sin -1 ~ 
dx a x 

If , 

tir 

If y = x 3 *' 
dx 

— s? If v = I n — — t — — 
dx ’ x Inx 

— - = ? If v = In >fx + ’/inx 
t/x 

^ 3 ? if ^ = ln(.r+v/77T) 
dx 


— = ? if _y isCos 1 /i(Sucx) 


It. 

III. 

tv. 

v. 

vi. 


dy. 

dx 


? If y»1n(Tan/w) 


—— s ? If jy = Tan;r'(Sinx) -<*<£ 

dx 2 2 

— e? If ^ = Sin /i " 1 ^ 
dx 2 

State MacLaurln series. 

State Taylor's series. 


DIFFERENTIATION 
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DIFFERENTIATION 


vii. State what is the geometrical meaning of derivative. 

viii. Define increasing function. 

ix. Define decreasing function. 

x. What is point of maximum and minimum? 

xl. What are extreme values? 

xli. Define point of inflexion or stationary point. 

xiii. Determine the interval in which f{x) * 4 - x 2 is increasing or decreasing in the 
interval (-2, 2). 

SECTION II 

Attempt any 3 (three} questions. (3x10=30) 

Q.No.5 

(a) Find the derivative of the functions f(x)=x z by definition 

dv 

(b) Find — if x 7 - 4xy - 5y = 0 

dx 

Q.No.6 


(a) 

(b) 


dy 1 

Find — off(x)= — by first principle 
m v -v + a 

Differentiate (1+x 2 ) " w.r.t. x 3 


Q.No,7 

(a) Find — if y = ^75— 

dx x - 1 


(a * 1) 


(b) 


dy v y , 

Show that — = — if — = Tan 1 
(iv X X 


X 

y 


Q.No.S 


(a) 

(tv 

Find — if y' - 2xy J + + 3x = 0 

dx 

(b) 

Find -- if y = logio (ax 3 + bx + c) 

dx 

Q.No.9 


(a) 

d 2 \> dy 

If y = e* sin x , show that - — ~ - 2 — - +2y » 0 

dx dx 

(b) 

Show that y = x' has a minimum value at x = ~ 

e 
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Previous Board Question! 


DIFFERENTIATION 


7. 

8 . 

9. 

10 . 
11 . 
12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 


1. 

Show that d [ ‘ )=- g ' W ,. 

’ dxU (x)J (g(x)) 2 

Mtn -2009) 

2. 

Find— if y = Jx+2. 
dx v 

(I Sd - 2009) 

3. 

Find — if y = X.Jfnx . 
dx v 

(Mtn -2009) 

4. 

Differentiate \jx + yfx w.t.r. to x, 

(Gw -2007) 

5. 

X 2 +1 

Differentiate — with respect to x. 

X -3 

(Llir- 2009) 

6. 

Differentiate x 2 + 2x 5 + x 2 with respect to x. 

-(Lhf- 2005) 


Differentiate In {x2 + 2x) w.r.t x. 

1 

Differentiate . with respect to x. 

sja 2 -x 2 

Find y*, if y = (2x + 5) J/i . 

What is power series? 

Differentiate sin x with respect to cox x. 
What is increasing function? 

What is stationary point? 

State Maclaurin's series expansion? 

ily n 

Find — , if y^ + -4x + 5 

<fx 


' w.r.t 'x'. 


(Fsd -2009) 
(Grv-2005) 

[MtrPur - 2005) 

(Lhr- 2005} 

(Lhr- 2005) 

{Mtn - 2009} 

(Lahore -2010) 
(Lahore - 2010) 


(Lahore - 2010) 
(Lahore - 2010) 


Differentiate ~ sin 

Differentiate cos yfx + yjs in x w.r.t 'x' 

State Maclaurin Series Expansion. 

Find the derivative of the function f(x) = x 2 by definition. 

(Gujranwala - 2010) 

Differentiate IVx-“r) with respect to V. (Gujranwala — 2010) 
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INTERGRATION 



3, 

2 . 

3. 


5 

6 


Definition's 


Integration or Antiderivative: 

inverse process of differentiation is called integration 

df-f M dx ,/fx) is called different i al c o -efficient. 

Fundamental T heorem of Calculus: 

b 

If / is continuous on [o, fa] and qj‘(x) = / (*) then J f[x) dx - <p (fa) - o (a) 

a 

Differential Eq ua tions: 

An equation containing at least one derivation of a dependent variable w r t an 

dy 


independent variable, e.g. 


y + 2x = 0 

dx 


The order of a differential equation is the order of the highest derivative m the 
equation. 

Initial Conditions: 

The arbitrary constants involving in the solution of differential equation . an be 
determined by the given condition. Such conditions are called initial value 
conditions. 




sss 


Derivative 

Integration 

1. 

*<C) = 0 

1 

1 0 dx - c 

2. 

d , 

dx M - 1 

2. 

Jldx = x 

3. 


3. 

f V* + 1 

x n dx = + 1 

J ri + 1 

4'. 

d 1 

dxl lnx ^x 

4. 

Jjdx = fn fxf 4 c 

5. 

£ (o*) = 0*. In a 

S. 
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d 




6 . 

7. 

S. 

9. 

10 . 
11 . 
12 . 
13. 


^“(Sinx) * Cosx 

d 

a SitlX 


o* 


, .. < ^Sec 2 x 


^ (Cotx) = -Cosec 2 x 
d 

~ (Secx} - Secx Tanx 
d 

^ (Cosecx) = -Cosecx Cotx 

d , 1 

(Tan _1 x) - 


dx 


l +x 2 


14. (Sinn x) - Cosnx . n 


IS. ^ (e nx ) = e 


nx 


Integration By Parts: 

1 = \uv.<jx 

UV = Product of two functions i.e, 

m = u. 

g fxj = V. 

It is easy to remenber if we say that. 

I = {1 st fn) [integral of T* fn) - 
j \ integral af 2 "" fn)x( derivative of i " fn) dx 

Note: 

Log x. Inverse trigonometric always l' 1 
function. If the product does not 
include any one of these two then 
power of x i.e, x n always l u fn. 


6. 

7. 

8. 

9. 

10 . 
11 . 
12 . 

13. 

14. 

15. 

16. 

17. 

18, 

19, 

20 . 

21 . 


INT ERG RATION 

JV* dx = e* + c 
Jsinxdx = Cosx 
J Cosx dx - Smx 
J Sec 2 dx - Tanx 
J Cosec 2 x dx = -Cotx 
j Secx Tanx dx = Secx 
( Cosecx Cotx dx = Cosecx 

I 

J 

I 

J 

! 

^y/x‘ W a 

f , ^ — - =In{x+\fa 2 + .v" ) + c 
J \Ja 2 x 3 

j(/(x>r./'(x)dt= (/(r, J 
j «+i 


1 + x^ 


dx = Tan *x 


Sinnx dx = ■ 


-Cos nx 


n 


e n x 

e n x dn - 

i sl -i** 

rdx = ~Tan 1 ~ 

a 2 +x 2 a a 

I . . y 

civ=sin — 

a 




dx 1 , x 
»=-sin - 

a 


r/W* =( f 
J /(*) ' 1 
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INTERGRATION 


1. 

2 . 

3 . 

4 . 

5. 

6 . 

7 , 

8. 

9. 

10 . 
11 . 
12 . 

13. 

14 . 

15 . 


Derivation 

d 

~dx 

d_ 
dx 


(c) = Q 
-<*)-! 


Important Formulae 


Integration 

Jo<ir = c 


■■ 


dx 

-^-(lnx)=- 
dx x 

-7 -{(d) - a 1 In a 
dx 

-firw* 

dx 

— (S/nr)=Cojur 

tic 

// 

— (C'oxc) - Smx 
dx 

— (7Yoix) = .SVtTx 
dx 

—(Co/x) = -Co sec’ x 
ox 

- 7 - (.Secx) = Secx Tanx 

dx 

d 

— (Co sec .v ) - -Co sec x Coix 

iix 

-^-<7Yw“'x) = — L- 
f/v 1 + x 

d 

— {Sinn x) = ( nxnx . n 
dx 

^ / m \ *»t 

— (e ) = e . n 
dx 


x" + l 


-+e 


IS. 


J 1 dx - x 

fx"tir = 

j n+1 

J-j-tfc = /«|x| + c 

f , , O* 

/« « 

Je" t/x = t? r 4 c 

J.Vjnxtir = — Coxx 

JCoxx flEr - Sinx 

^Sec 2 dx — Tanx 

| Co sec 1 x dx - -Cotx 

jSecx Tanxdx = Secx 

Jr 'o sec x Cotxdx = -Co secx 

f — - — r dx - Tan '.v 
J I + x J 

r 0 . , -Cos fix 

J S nmx dx - — 

f e m dn = — 

f-yCj* 'Jam-' £ 
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IN TERGRATION 


III. 


fxerdse 3.1 


i. v — .v 3 - 1 a* — 3, Sx - dx = 3.02 - 3 = 0.02 

y=(3) J -l=9-l=8 


Now 

Then 


(*+$*)’ -J 

Sy = (3+ 0.02 ) J - 1 - 8 


Sy = ( x. * Sx) 1 -1 -y 
Sy = (3.02)’ —9 — 9.1 204 - 9 


Sy ^ 0. 1 204 Again y = x - 1 


f/y = 0.12 


Taking deferential 

dy - Zxdx = 2 ( 2 ) ( 0 . 02 ) => 

y = A' 3 + 2 a , x — 2) Sx = dx = 1 .8 — 2 = —0.2 

y + Sy — (a + Sx)~ + 2 (.v + Sx) y = a*' + 2.v 

Sy~{x + Sxf +2(x+Sx)~y >* = (2)' +2(2) 

Sy = (2- 0.2) J + 2 (2.02) - 8 =4+4 = 8 

= (1.8) 2 +2(1.8)-8 =* d> = 124 + 3.6-8 

^ Sy = LI 6 Again y - x' + 2* 


a 


dy = 6 (-0.2) 


dy = -1.2 


Taking differential 
dy - (2.r + 2)ff.v 

dy = ( 2 (2) + 2) (-0.2) =^> 

y = Vx x = 4, Sx = dx = 4.41 - 4 = 0.41 (Sargodha 2008) 

y = \fi = 2 Now y + Sy - *Jx + Sx 

Sy = <Jx + Sy - y =74 + 0.41 - 2 = 7^47 —2 = 2.1 — 2 

y = 'fx 


Sy = 0, ! 


Again 


1 -i/i , 


dv-x-'-dx 
' 2 


dv - — 

27a 


^ = r^r (0.41)- 0,41 


274 V " 2x2 

xy = +x = 4 (Sargodha 2011) 

Taking differential 

d (xy + x) = d.( 4) => xdy 4 ydx + dx = 0 

xdy+[y + \)dx- 0 => xdy = -(>■ + !) dx 


dy =■ 0. 1 025 
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dy _ -(y+1) 


it. 


iii. 


IV. 


3. 


IE. 


Take 


INTERG RATION 


dx 


X 


Taking reciprocal 


dx -x 


dy _y + l 


A ' 1 + 2 y 3 ~ 1(} Taking differential 2xilx + 2,2ydy = 0 (Sargodha 2011) 

2 xdx + 4yd) =0 -by 2 xdx + 2 y dy = 0 


xdx = -2y dy 


-x dy 

& 

dx __ -2 v 

2 y dx 


</y X 


■v 4 +J' 1 = x> ,J Taking differential 

4x 4c y 2yd}' - x,2ydy + ydx 
4 \ J dx + 2 ydy = 2xy dyyyrdx 
lydy-2x\ dy = y : d( - $x 3 dx 



xy - In. v = c 

xdv + wir- -dx-ti 
x 


Taking differential 




xd\ 
x dy 




H*-" 

*-fcr) 


Taking reciprocal 


dx 


dx 

m 

x 2 



dy 1 - xv 


&7 irt/.(x) = Vi *=(*)'" 

Th, in f(v + Sx) ifx + 0.x ami j 1 ' 

Afta dy = /*[!)& Smr TaJu? 

Using f(x+ - f {x) +dy Jt = 1 6 & th = I 

/(I6 + l) = /(I6) t /'(l6)<* dx*fix 

\V4 i 


/(i7)=o &r+ 


4 (16)’ 


r(0 


/(l7) = 2‘-''* + L- 

v / 4 ( 2 ) 1W 


1/t? = 2 + -2— = 2 + 003T2S 
4*B 


if\7 = 2.03125 

(it)" Let /(.*) - (*)” then f [x + 4x) - (j x+5xf' and f{x) = ~ x~" alio 

^ -/’(*) A 

t = 32 urn/ =. 3 1 -32 --I dx = 6x 


www.iqbalkalmati.blogspot.com : 






www.iqbalkalmati.blog3pot.com 


COLL EGE MATHEMATICS-1 1 L 

Using - rS A )*f(x)+<fy 

an i)= /&)+/•&)( i) 

;(j])=(32j ' .77^r(" , )- 2> 


m. 


Take 




5(32)* 

/(31U2 L--2- — = 2 0.0125 

J{ ' 5(2) 80 

=» (21) * = 1.9875 

L V;.v 29" , i.t’t /(x) = Casx then f(x + Sx) = Cos(x + <?*) and /' (*) 

<(V-/'( V ) & 


Take r 30 r anddx - Sx - 2T = -r = - 1 * ^ = -0.0 175 

Using /‘(.vi Sx) = / (a) + dy 

/ (30” .r)=/( 3 <r)+/’(w)* 

/ (29*) ,= r *w 30" + (-5'fnJtr ) (■ 0.0 1 75) 

Cusar = 0.866 + (0.5)(!).01 75) 
a 0 R 66 1 0.00875 = 0.8747 

IV Jftefir iifr/(.r}= i'wi.T => /'(a) - Ctix 

f (.t t i'.i ) — Si>i(x + Sx ) 
dv f(x)dx 


, Mi ‘ £ dx ~ Sx = 61* - 60° = I* = I x— - 0,0175 


Using f[x+£x)*f(x)dy 

/(til* i l)=/(6{l")+/'(6(r)(0.0175) 

/((.r) = &n&0° * (Coj60“) (0.0175) 

SiiibV = 0.866 + (0.5)(0.0 175) 

Sot6I" = 0.866+0.00875 =0.87475 

4. Suppose l it length of edge 
I 'tditme = i' — I’ 

i/v - 3 l k d( / = 5 . (II = 5.02-5 - 0.02 

-3(5}' (0.02) =0.02 

\ i(Cubicunri) 

5. Area - A- irr‘ 

Diameter - 44 


44 

r radius = - — = 22 
2 


44,4-44 0,4 „ 

** 1 — ~T‘ 2 

A* nr 1 
c/A = ir. 2 rdr 

dA (3.14) 6) (2) (22) (0.02) 
- 27.64 Stf Unit 
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INTERGRATION 


Example: 


Un Seen: 


Example of 3.2 


, S i n x + C o s 3 x 
s ' x S i n x 

Sinx 


r , a in 
J C a 

= J 


d X (Sargodha 2008) 


Cos x Sinx 


, , r Cos y x . 

dx + dx 

Cos 1 xSinx 


C o s x 


S in jf 

C o XX 


dx 


- f 1 - — dx + f 

* C ox’ x ^ 

f c , , r Cosx , 

= Sec x dx + dx 

J ^ S i n x 

- Tanx + in |.Vi>;jc| + v 

* h~i dx + “to 




dx 


= |3x- l| + 2^ — + ( : 


,(*-') 




-2 + 1 


= i;„|3,-l|- 2 _i_ +c 


1. 


Exercise 3.2 


J(3* : - 2x+ l) dx = 3 jVdx - 2 J.vrf.v + J lr/.r 


r 1 . * 2 


**#^37— •#. — +x + c+ = x 2 +x+c 

3 - 2 - 

iv 

= : J(*) ' 'dx 

T » ' i + 1 ^-lim 


-+ I 


t 


+ c 


+ I 
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COLLEGE MATHEMATICS— II 

.3/1 


IMTERGRATIQN 


III. 


iv. 


Vi. 


/ i 


2 


\_ 

2 


4 c 


- — x J ' 4 
*1 
J 


3 * * 2V7+C 

Jx(\/x4-l) dx- J x(x vl 4 1) dx 

= J (iV 1 ' 1 * 1 4 1 4 * ) (£c= | x v *dx 4 | .v dx 


(Sargodha 2009) 


. i : . i 


, I • 


2 

2 


4 I 


I 4 1 


4- C = 


1 < 7 


— 4 4 V 

5 2 . 


x s/:! + X 


4 C 


5 " 2 

J (2x+3)' /1 iit = ij (2.V + 3) 1 ' 1 . 2 dx 

1 (2x43) 


I 2+J 




H“ 1 


1 (2x4 3)’ 

+ C = — ± L — 4 C 

2 3 


=“y( 2jr4 ' 3 ) 32 + c=^(2x+S) y 2 + c 

J f vx 4 - J (|x 4 2\[x 4 1 J dx 

x 3 *»•* 

= | xdx 4 2 J X rJ iiY4 | I(/x = ^-+2. ^ 4X4C 

* 4 1 

2 

x ! 5p x 7 . 2 , ft . 

2 3 2 3 


4X** L r - + * + « 

2 3 




[ .vd.x4j — i/x — 2 J Idx ^^+fii|*|-2x4c 
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(COLLEGE MATHEMATICS-! l) 
3 JL- + 2 


MS* 

i y*' 


r it y . j 




I -"f i 

1 


vli. 


viiL 


J (3 .V ,_,;l + 2 .V ' ni ) rfA* 


(Sargodha 2010) 


= 3 .v 1,2 ^v + l\ x >n dx - 3 . ) 2 — +C 


+ ! 

2 


: 


3x +2 -v 


+ c = 6-. — 2T 3 ' 2 + 2.2 x W3 + c 

Nh 


3 ' — l_ 

2 2 

- 2 .y 1/2 + 4x ,/2 + c 

pS^i> ^ = r y >n {y+i) _ r y l ":' + y'* 

1 y J ,v J / 

* P — dy "\~ + '—) dy= \ {y yi ' + y"' ')< v 


+ c 


. ' „ - 0 l' , 2+i , , -1/2+1 

f 3 1 ^ + \y' n dy = ~ 

; + 1 ^+i 

2 2 

* 3/ " v w! 2 ,, 

V + — +c -f + v + * 


lx. 


X. 


r/0 


.(./o-i) 1 . ( fl _zs/9 + i'| 

1 J v?“ J 

- I l?" 3 (/0 - 2 J UW+ J 0 tn d0 

-II 


/jl 1+1 /1-K2*t 

" -*c 


2 

tf 5 '- 


+ I 


+ 1 


3 2tf + £prt‘ = j0 v «-20 + 20' /3 +c 


J V* J \ 4x .j 


(lx 
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COLLEGE MATHEMATICS-II 


XI. 


2. I. 


rf I ijx x 

* t j “ • 


( Jr ) ,/1 w ( v ) 




Jtt+I 


'J 

12 


Jx= j Jf‘ la t/r - 2 J Ux+f x ul dx 


■'‘V ^ « 'V _ 1/2 n 2 VJ 

— ; 2x + - *c = —— 2x \ — -4c = 2jt -2*+— ar +c 

i+t ‘ + 1 I 1 3 

2 2 2 2 


_2jt . r \ 

C + € 


J 


dx 


dx (Sargodha 2008) 


t 


*< e * e* ^ 

~ + ^ 


i LX 




dx= J e* (s£r+ J Idx = e * + x + c 


•Jx + a + V-v + b 

1 \Z.v + a --Jx + b'' 


dx 


-< 

_ r x+a-yfx+b J _ j. V.t+u - >jx+h 

'(^4)W (' r+ ") l ! *-J (»+*)'”*] 


V!T * u i >y.v 1 1} -Jx + u- 'jx+bj 

Jx+u- 

jr+a-{jM b) 


(a-h) 


-* + a ) (* f b) 


r ] 


H 


(j + fljr* (.ni)’ 

3 ■ 3 

2 2 


+ c 


+ c 


(—*> 


j ftTT 

“I (■' + rr^) 

= f - — ~ — r * - J 1 * 

J I + X 1 J 


dx 


d .r 
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COLLEGE MATHEMATICS-!! 

1 


— 2 f — dx - f li/.t = 2 Tun 't — jt+ c 

i \ + X J 


Ilf. 


\ ibc ■ j 

J v xlx+a-4x 

\j X + + Jx 

+a+'*[x N /- V_ * _£i " *J X j 


fNTERG RATION 

Ox* M- 


dx 


= J 




+ U -Jx r Jx + a - > fx 

t ^ ' I 

J X-l¥ u - -x- 


('7^ + (i ) (^) 


= i[{ (*+«)■ {x)' ,2 dx] 



- 





i 


T ,,J41 

>**& 

a 

(. Tta )’- 


£7 

1- 

TJ l~ 

+ 

L 

3 

3 



2 

2 _ 


+ «• 


Tt'+^r-r^ 


tv. 


the - -l-l Irt- 2 v) ! " 

J * 


3 2 + 1 


\5'Z 


1 (<7-2.v) 

+ c = — — - - + c 

2 5 


_ J (a-2x) 

2 3^/ 

2 2 

.1 2 / -yin 1 , _ ysa 

?V° 2x ) +c 


u. 


/¥*- 1 ( 


2+Jt r +3^ + r h 


dr 


#*V rr 


Note (a + fr) J = <r -t-Jw'fi + + h ' 

- = t(± + ^L + h^ + il} Uj 

J If' *■• ^ **) 

■= J (c* 1 -i- 3 ^ 3 1 + e 2J ) </* 

- J ^ '(/* ■ 3 J lf/.t + 3 J e'rfjf+ J t*‘dx 


~ 1 


•+ 3.v + 3<? * + - — + c 


Y 


vi. 


VII. 


= -<? ‘ + 3 x + 3e J + — e 3 " + c 


j-Stfi (a+ft)jr dx = j Sin [a+h] x ( a+b } dx 

t r ^ * 

TTi[- 1 '"{* , ‘) 1 ]*‘' r r n , ( . , ;t ) ‘ 

(« < A)* - ' J n + b 

| x l -Gn2x dx Note I-Cas2x 2Si/x 
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COLLEGE MATHEMATICS-11 ^Efil 

= | »/j SIR** dx * J S )UJ dx = %/2 J Sin A tlx 

-Jl (~C OXX ) + C = - V2 Cosx + C 


INTERGRATION 


viii. 


IX. 


I (h'*-M + c 

»V A * 

, J WiiJ: \ | - c " i,1> :tfc = l[J i*-J c«2x<fc](Sar«odha2010) 



m+Okx ■> — ,.t 2->„ : 


2Gjs -1 - 


Gx 1 - 


I+Can:=2G6 2 ^{sgd 2009) 


Ton — 

= — f Sec — dx = — — + c - Ten — + c 1 - Com = 2 Sin — 

2 J 2 -2- _+ 2 2 

* 

p ffc+A _ 1 r 2w:+2b 

, -JWv- Jm- 1 . 


XI. 


xii. 


xiii. 


XIV. 


J ax? + 2h\‘+x 2 J ax? + 2/lv+c 

= ^ /« |t?X 3 + 2ftx + c|+ e' 


rA 


JCW3jr Sin2xdx = J 2Co43,v S/h2x (A 
Use 2Cosa Sinp = Sin (a + P) - Sin {a - P) 

= ^* J (S/m (3 a* + 2 x ) - S/m (3 x - 2 ,v )) dx 

= 1 | (Sjm 5jc - Mnx)dx = J 5/m5* </x- J S/nx Jx] 

■m I 


-Cox 5 x 


- (-Cojx) 


+ c = — 
2 


-Cos5» 


+ C /jsx 


r Coslx-l = r 
J 1 + Cos l x J 


• i--2Sin I x--t = r -*ShTx_ 
Cos*x ^ 2Cos 2 a: ^ ^-Co^.v: 

= - J ro«\* tlx - - | (Sec 2 * - I )dx 

- — [ Sec 5 x dx + J 1 dx — - Tttnx + x + v 

| Tan 2 xdx = J (Sec 1 * - l)</.v = J Sec 1 x tlx - j l//.v 

= Tanx-x + c 


dx (Sgd2011) 
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Example: 3.3 


S 


Put 


C o t \fx~ 

~JT~ 

# 

•Jx -u 


(fx 


- x vi dx = du or 

2 


du 


j ( ol\fx f ^ r __ J £ 0 f U 

\ X 

-lj Cotudu = 2j 
= 2in \Si/ut\ +3 
= 2 In jiV/z %/x| 


Cosu 

Sinn 


+c 


Example: 

J Secx dx (Sargodha 2008,11) 
Multiply and divide by (Secx + Tanx) 


= f 


Sec x (Secx+Tctnx) 


( Secx + Tanx ) 


dx 


,( Sec 1 x+ Secx Tanx) 

~ P 1 dx 

J Secx + '/ anx 

Secx + Tanx = Z 
[ SecxTartx + See 2 x ) dx ~ dZ 

= Jv= /rt H +t ' 


Put 


- !n\Secx + Tanx j + c 

Example: 

J Cosecx dx (Sargodha 2007) 

Multiply and divide by (COsecx - Cotx) 
r Co secx (Cosecx - Cotx) 

Co secx + Cotx 


dx 


Cosec 1 x l Cotx Cosecx 


Put 


= ^ ^ C ’ X 

J C osecx - Cotx 

Cosecx - Cotx = z 
( —Cosecx Cotx + Cosec 1 x ) dx - dz 
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COLLEGE MATHEMATICS-11 
■i 


tNTERGRATION 


- J— dz = /n|3| + e 

- /n|C’£«£C.v + c 


Example: 


jVl + Sirtx (Lx (Sargodha 2007) 


- f sf\ + Sim x , j - dx 
J Vl -Sinx 


rl ~Stn 7 x . j* I Cos 2jT 

1 - Sinx * V l - Sinx 

r Coax , 

= dx 

I\-Stnx 

-j£r 

(i -'f m 


dx 


Put Sinx — t ; Cosxdx - di 


fi-n 

_ + c = i__ J_ + c = _2>/iT" .inx 

1 + ] -~ 

o 1 


+ c 


1. 

Put 


I 


~2x 

s/ 4-.v i 
4-* 3 =r 

It 


=> -2 xdx - dt 

2 


(Sargodha 2011,12) 


r OX r (LX 

J \( x~ + 4.v + 13 lx 1 + 4.v + 4 + 9 

r l , 1 I- 

Afa/ff — - dx + - Tan u 

•’tr+x a 

f \ — — - dx 

(.v + 2)' +(3)‘ 
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COLLEGE MATHEMATICS-1 1 


1 ... -i* + 2 

= ~lan + c 

3 3 


3. 


4. 


5. 


6. 




INTERGRATiON 




J 


74 + X 


-dx 


(Sargodha 2010} 


~'f(' - t+t) 

= J 1 d x - 4 J 


cl X 


X 2 l 4 -Jx 1 


— x 2 ± 4 



- 4 


x 2 + (2 y • 


d x 


n 


*\| 4 


= x - # . — y a n - I + 


= x — 2 T a n - — + c 

2 

J a In hn x 

i 


(Sargodha 2007,10} 


Put hix = i =$ ~dx~dt 

x 

— jjdt ~ /nj/| + c 
— In | In x | + c 

J— 

V + . 


-<ir 


(Sargodha 2008} 


Put e'+3=t 


ts'dx - dt 


= J 7 =/ 4I +c 

= /n[e J +3| + c 

J 


x + i 


(jc 2 + 2Ar4fc) 
V&V 6^2 

2x+2A 


dx 


= l \— 

2 \« 2 + 2bx + cf 2 
- — |(+’ 2 + 2 bx +c) ( 2x + 2b ) dx 
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COLLEGE MATHEMATICS-11 


INTERGRATION 


8 . 


] h 2 bx + c) 


-V2-+I 


— 1 


-t C 


+ 1 


-|- (* 2 +2 bx + c} 


i'J 


i + 1 


= 4? 2 bx + c + c 
See 1 .* 


■ + c 


J 


4fi 


dx 


anx 


f y v-1'2 , 

= J {Tanx} See' x dx 

_ (Tanx) m ' 1 ( Tanx ) 


+C-- 


f_® 

irzi 


+i 


<iv 


1 

2 


■+c 


= 2-Jfa, 


nx + f 


Put x - a SecO dx = aSecO Tandd 6 


yfx* - a 

raSecBTanOdf) _ r aSeefl TanOdB 
Ja 2 Sec 2 0 -a 2 y ja 2 (^Sec 1 9-\'j 

r aSecO TemOdO _ r-aSeeB^ftmti 
■* 'JifTutrO * 

- | = ln\See 2 0 + TanO^ 4- c 

— In j SecO + %/ Sec 2 0 - 1 +c 5ecau.se : 7<7/!<? - -Jsec^O — 1 

L p" 

-+j— 

a V « 


= /o 


- /n 


* 


J tr 


= /fl 




V.v ! 


+ c 


Wo/e /» a + c = e, 


= In ^.v + y/x 1 - a 1 j - Ina + c 

= In^x + yfx J - a 2 j + e t 
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COLLEGE MATHEMATICS-11 | 1 ’ 

b. fvV -x 1 dx Put x -a SinO 


9. 


> dx — aCos&dO 

- J yja 1 - a 1 Sin 2 0 CosOdO - yja 2 (]-Sin 2 a) aCosOdO 
= | V a 1 Cos 2 0. a CosOdB= jaCosff. aCusGdO 

- J a 2 Cos 2 0de = a 2 J^ 1+c "- v2tf j dO 

2 

-y[J 1 dff+f Cos2ddd\ 


a 2 [_ Sih20~\ a 2 \ 

= tL 0+ — 

Sfn~ t -+*J 1-4 

a a V a 

Sm'X + x fZIE 

a a Y a 

Sin'~+~] 

a a V a 


^SinO Cos9 


+ c 


a‘ 

*2 

a 3 

2 


a 

7 


” p . _l A' X 

= — Sai — + 


J 


a 

2 <i 

rfjr 


Va ? "X 2 


- + c 


3 ,, Put x = 7a«0 dx = Sec 1 6 d& 
Sec 2 OdO rSec'OdO 


( Ux ‘) 

r Sec'ddO r - sec-ycw riec'fya 

” Jfi+Tan 2 ^) “ J ( lS «.-^y" * ~ J 

= dO - f = Sin& + 1 - / 

/Vo/e- 5mi9 = ? 


INTERGRATIOM 
(Sargodha 2010) 



7an<? = - 

1 
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COLLEGE MATHEMATICS-11 


10 


12 . 


So SinO - - 






By fyt^agcras 
x 

\< * ‘ V f r ‘ J 1 A V * * * J 

*y y } i * xkV w *y y-y 

A ■ — ■'ly -3 J 

■V > • o *-i) 

j * * « a 'in r- gjT ; -4 n 

r 1 , r ' i ' 

J /i ^ jA = J Tan 'x Ti I ^ rf * 


Ajp - vl + * 3 


A' 


-- + c 




(l + jt 1 ) T/rn 
Put Tan~ l x - / : 


f 


1 


= Jj dt = 7m [/ j + c = ln\Tan~'x\ + c 

n. Jill*. fJSIx $ 2 * 

Vl-X J Vl -J*r VJ+* 

Put x = SinO dx = CosOdO 

.i 


M 

.r ; . l Z»--1 

dx- dt 


_ j( N,/ ^ r ) , ( 1 + x 


4^. 


dx j- 




>dx 


= f ( 1+S,ng ) CariWg^ f 1 ^!^ CosOdO 
J J Vttw 3 


= J ' 1+ “ fW^+ f SinOdQ ' : " ’.1 

= /*$+ J Sin9 f ( 4)1 

/ — < r 

=■ 0 - Cas0 -r < -0 -\l i • SiitrO ^ i* 

= Sm i,2 x-JT-x 1 +c 


J l+Cfaf 1 *** 


* 


J'H 5),* 

t ■» ... f. .. 


• lift 


Put CosO — l -SinOdO = dt 

r-SmOdO .r'dt _ 

= q r- - 1 [ r = -Tan 1 

J i + (*as 3 0 J l + r 

= -Ttm A (Coj#) -i- c 


n 


t + c 


r * 4 » (*• 


i. -V 
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COLLEGE MATHEMATICS-11 

ax 


13. 

Put 


14. 


IS. 

Put 


16. 

Put 


17. 


INTERGRATION 


I 




x — aSinO 2xdx = aCosOdO 

-J- 


C xdx a j 

C 2 xdx a | 

r aCustidO 

U*W 2 J 


sja 1 -a'SirrO 


CosOi 10 


_a" r CosOdO _a~ 

~ 7 J ~ i J.Cc 


Cos QdO 


r 

= "-L. , _ 

2 J ^/a 2 (l-S/« 2 0) 2 J 'Ja 2 Cos z Q 2 

3 f, Jii « « <3 -i Jf 2 

= — 0 + c - —Sin — +c 

2 J 2 2 a 

r fix _ r dx t dx 

■J?-6x^ ~ J ^7-(,x-x‘9 + ') ^7 + 9-(x J +6* + >l) 

= f 




ax __ j- at 

Jl6-(x + j)’ ^(4) J -(x + 3) 

J C<St . *=f — 

■ C#W /it Vim V- j /iittm- Cr 


L 


Gjsx 


inSinx Sinx 
1 


dv 


Sinx 


■ x Coi.v d!t = dt 


dx - dt 


Sinx In Sinx 

In Sinx - / 

Cox 

or 

Sinx 

= f jdi -tn\t\ + c 
= !n\in vc 

f fovx— f (inSinx)^dx 

Sinx 1 v ' S/M* ■+" 

in Sinx = / => - - VV -<2t - Jf 


+c 


(Sargodha 2010) 


Sinx 


jf = 

.V<2t i 


(/>f i'm.f)’ 


+ c 


t xax _ i f 2x i r 

j r +2jr + 4 " 2 J ■t r +2i + 4~2J 

f 2x t 2 . f 2 

- - -dx- — +c 

2L J Jt-+2.t + 4 J jf 2 +2x + 4j 


2 * + 2 - 2 

7727+4 


(it (Sargodha 2011) 
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COLLEGE MATHEMATIC S— II KETH 

In x 2 + 2 x + 4[-2 [— 5 ^ dx 

1 V + 2 x + I+3 


INTERGRATION 


18. 


Put 


= -ln 

2 


x 1 +2x + 4 — -x- 2 - J 


i 


(x + l)‘+(V3) 


+ c 

dx + c 


= -^/tt|x 2 + 2x + 4|“~x-2- J- 


(.t+i) 2 +(V3y 


-dx + c 


= ■—/nI.ic 2 + 2x + 4j — ^Tan~' + c 

2 1 1 S yfS 

f . *, ^r-r-r-^ 

J x +2x +5 J x +2x 2 + l + 4 

V& Vty2 
_ J_ j 2xotr 


2 J (x 2 +l)* +(2) 

.r+U 27Vwi0 2 jw6t = 2 
= l r ISe^OdO 
2 (27 'and) 1 + ( 2) 2 


('x' and '-r ' 


I r Sec 2 0(W 
¥* J 47W0 + 4 


-J 


See 1 6 dO tSec‘Gd9 


4(1 +3Tan 2 ^) J 4. Sec 3 f? 


-I 


= - f 1 tM = -0+c 
i J a 


=—Tan 

4 


,(V+0 

4 l 2 J + C 

*lp . f r ( V! \ 

i 19. f Cos\ Vx-— -=- 1 

V 2 ^ Vx 

Put Jx-~ = t 

G*~4)*-* 


fiv 


(Sargodha 2009) 
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COLLEGE MATHEMATICS-^ 

2 V Vx j 

tzr 1 )*'” 

= J Coj/ (2(A) = 2 J Cto/tf/ 

= 2 A'«r + c 
x + 2 


h 

-f 


dx 

Jt + 3 

x+2+1-1 


y[x + 3 
x +3 






= - 7= , 

J V *+3 J Vjc + 3 

= J (x+ 3) 1 2 (fc- J (r+ 3 ) H2 (ft 


_(* + 3 ) ,0rt (i+ 3 pA 

|*j ' -' + . 

2 2 

(x+ 3 f 2 (x + 3) 12 

3 1 


~+c 


Zl. 


Put 


= ~(x+3) m -2sfc+3+c 


! 


& 


Sinx + Cosx 


dx 


= 1 


■J 






(>£ 


Smx + Cosx, 
I 


Sinx.^=. + Cosx. -J= 

V2 3 


k. 

dx 


dx 


1 c . JT 1 ^ # 

— — 5 i/i — & — = = Cos— 
^ 4 ^ 4 


(Sargodha 2009) 
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COLLEGE MATHEMATICS-ti 



■J 
-J 
= /» 


1 


Smx S/nx - + Coi.v Com -7 
4 4 


A 


1 




f Sec 

^ 71 ^ 

X 

J 

l 4j 





r 

f 71 ^ 

6’ec 


+Tan\ x — 


L 4j 

l 4j 


+ c 


<£ic 


V3 

- Sinx + - — Cosx 
2 2 

1 n n 

— - Cos— 

2 3 

•S ff 

• — - = Swj — 

2 3 

dx 


dx 




tt 


Coj — iS/wc + S/»— Coax 
3 3 


= J- 


dx 


7T 




*£c 


5j«x Cos — + Cosx Sin — Sin 
3 3 


. f <t' 1 

tit x + — 

V 3 J 


= JCojec 
= /n 


x+ — 

3 / 






f 

Cosec 

x+- \-Cot 

x + — 


l 3 J 1 

{ 3) 


+ c 


IHTERGRATION 
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Examj. 3.4 

E«4P»r J fr 1 Inx dx 

/rtjf) X 5 dx 


\ x * f 1 x 6 , 
j -.— dx 
J x 6 

1] 

6 6 


' 6 J 


x 5 


, x* I x e 
~m\ . — + c 

6 6 6 


#v 

x + c 


36 


Examp! JV94-25X 1 * 

- : P 


^3 ' + t&T '& 


U y 


£ *+25x 2 -f— + V9*f 25 ,y* Kc 

i #PFula 


') 


1*1 


: + x 2 tife = - V?" 4- 





ISTERGRATION 


»r,o t ZolC*} 


+ ~-lfi^x+'Ja 2 + r 2 J+c 


1. 


if. 


iii. 


IV. 


V/H.t = x (-Cosx) - Jl .(-Cqsx) dx 
C 'osx + JCoi'jr dx » -x Ca« + 67nx + c 
j tix « piL\ . j <Z.r = Inx.x~ J— t/jt 
- ? J - r - jW* - xhix - x + c 

f v inx dx ~ \inx ,xdx = Inx. - — \—-. X —dx 

J i « 2**2 


~ \xdx = ?-lnx--.~ + c 

_L 2 .3 3 

3 


. 1 


(Sargodha Z010,ll) 
(Sargodha 2009) 




* a fnxdx *= f/nx .x 3 rfjr = fnx>— f— 

J / " 3 **- 3 
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COLLEGE MATHEMATICS-11 


INTERG RATION 


VI. 


vii. 


viii. 


fx. 


-i 3 j 3 3 3 


1 x 3 


3 3 


■+c 


x 1 , x J 

- — Inx + c 

3 9 


^4 j ^4 

Jx J Inxdx = jinx . x* dx = /nx.y- J — dx {Sargodha 2008} 

x 4 . 1 f ,, x 4 . 1 x 4 

= — Inx — x — Inx — ,—+c 

a a J a 44 


4 

x 4 X 4 

- — Inx + c 

4 16 


(* 4 Inx dx = \lnx.x*dx = inx.— f— . — dx 

I J / n 5 ^ 5 


1 x 5 


= — /nx — fx 4 i£x= — /nx — . i-c 

5 5 * 5 5 5 


X 5 . X s 

— — lux — • — + c 
5 25 


j T a n i x d x = J 7* a w 


x . 1 dx 

n 


(Sargodha 2011) 


- Tan'' xx 


-/IT 


-.xdx = xTan' l x 


l + x* 


-It 


X 


-dx 


+x 


= xTan 1 — - f ^^ -dx = xTon 'x — /«|l + x 2 | + c 

2 J 1+x* 2 1 1 

J x 2 . Sin dx = i : (-Cosx)- J 2x (- C osx ) dx 
- -x 1 Cosx + 2 fx . Cos xdx 

J t it 

= -x 1 Cosx + 2 [x Sinx - Jl Sinxdx^ 

= -x'Cosx + 2x Sinx - 2 J Sinxdx 
= -x 2 Cosx + 2 xSinx + 2Cosx + c 

Y 3 1 X 3 

f x l Tan 'xdx = [few 'x.x 2 x<fc = 7Wx.— - [ -d—.—dx 
J J / ff 3 J 1 + x 2 3 


x J .7Vwf'x I f x 


3 


h+x 1 


3 3 A. 1+x'; 
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COLLEGE MATHEMATICS -1 1 


X. 


xi. 


XII, 


x’.Tan 'x 1 

r f 2 * 

% ~3 

L J ‘ 2 Jj+x 2 

x i .Tm~'x 1, 

f*£ 1 y„| 1 . j.i| 

3 3 



+c 




\xTan l xdx= [ran 1 x.dx = Tan' x. X -~ f — !_. 
J J ' 2 J l+x 1 


x 2 Tan ’ jr I t x 1 


~Lf ■* * 

2 J l + x 5 


x 1 +1 six 2 
-x 1 ±1 


I 


x'Tan'x I / I V 
~~2 

x^Tan'x I , \ . 

- — ^ -(jr-ar«- , jr)+ < f 

j-x'Tan 'x dx = fran 'x.x* dx ~Tan 'x.~ f — — . -tiv 
J y t j$ 4 J I*** 4 

J- ~ d* 

J V* * 4 . 1 


x'Tan'x 1 r r 


x 2 + 


4 4 J jr 1 -t-l 

j*-i 

—x 1 
- _ 2 


+ 1 


.vYwrt'x 


4 (*’ '*rh?Y 


i*, J-L-* 

x*Tan A x ! f x 3 _ . } 

-^ T -* + 7-», *J*« 

J-V j Cos dx - x‘ Slox - j 3 x'SInxdx 
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(Sgd 2008) 
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COLLEGE MATHEMATICS^* FEES 

~ jc *Sinx - 3 jx 2 Sin dx - x*3inx 3 fV { Ctf.Lt}- J 2 x[-Cosx) tfrj 

- x J Sinx + 3-t‘Com; - 6 fx Cosx dx 

J t u 

= x*Sinx + 3x l Cosx - - jl Sinxck j 

= x'Sinx + 2x*Ctisx - 6x Sinx 4- 6 \ Sinxrfx 

- x*Stm + 3x 2 C<m- - 6x Smr - 60 m.t + c 

f£/#v -l .rifr = f^//r*x, 1 dx (Sargodha 2010) 

* J / ti 


XIII. 


XIV. 


- Si fix \xjx- f . jcSim'x- f--j= 

J 7 T 7 J Vi^j 




= XaS7>oc'*.r— — J (l-x 1 } 2xi£r 


2 

i o^t 


-+<? - xSimc r 


* i 

* 


■ + f 


= xS«w *--- , 

2 4*1 

2 

- xSjmC’jt - V) -x 2 4 * c 

[xsur'xdx -- f Sin'x. xdx = Sin 'x-- f , 1 ,^-dv 

1 i i u 2 2 


2 ' 2 r J^x 


r x 1 , x 2 Sin 'a: I r -x 1 , 

, dx + - , dx 

J h 2 


x l Sin'x x 2 Sin l x 1 / I-jt 3 

+ — dx = +— 

2 J ’ ,J 


2 

+ — 

2 2 


j VT 7 x^ 7 a ^ y 


2 J l>/T 7 VT 7 


Ur 


x J .S/w 'jc 1 


+ - U\-x*dx — Sin 'x + c 
7 J 9 


x ! Sin 'x 1 
2 + 2 




X + - 


xVl-Jf 1 


--Sin~'x+c 

2 


x 1 Sin'x 1 


I i x 

+ —Sm x + 


vr 


** t- i 


— Sin x + c 

2 


x' Sin'x , l 1 . Wl-x 5 


+ - 5 «» Jr— 5 /« je + : 

4 2 


f t* 


X S Sjf/i ! x 


Ji:iW. x+ : 
U 2 j 


jci/l - x 1 






j t 2 Sin~ l x I ^ 

i — — Sm x + + e 

2 4 4 
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xv. 


COLLEGE MATHEMATICS- 1 133 * INTEKGRATION 

/ = f e*Sinx Cosxdx - ^ f e'ISinx Cosx dx 

t = ~ / ct Sinlx dx - ‘ \Sin2x 1 x ~ j 2Cos2xe‘ ] _ (I) 

—~e t Sih2x~ — f <?’ Cos2x dx 
- ~ fShi& ~ [ Ci>s2x C - J (-2Sin2x) e'dx ] 

/ = i e l Sin2x - e'Coslx - 2 J c'Smlxdx (2) 

•£* 

t _ * 

Form (1 }I - — Sinlx 2/ = j e^i>i2j:£6c m (2) 


XVI. 


XVII. 


J = -e'Sw2xSCm2x-2 (2/> 

/^CS/fi2x- e ’Cflj2*-4/ 

/ + 4/= 1 CS/»2.v-C Colic 
2 

5/ - CC'a>2.V = C ! ^ Sin2x -Cas2x j 

I /■] \ 

/ - j e ^ — .SV/Cx - C os lx J + c 

^c[j5j»2x(l-2Sw 5 .r)j + c 

^ C ^ Sirilx - 1 4. 2SB&rJ + e 

7 ®' f SiriZx + 2Sin s x- 1 1 + c 
5^2 ) 

J Slnx Cosx dx = ^ J .v 2Sinx Cosx dx 


-jrCav2.c 1 


4 


+ - f Coslxdx = 

A J 


— xCos2x I Sin 2x 
— — ; 4 - — — 

4 4 4 


- + c 


-vCim 2x Sm2x 

— + — r— -i L.' 


f i ..v(l+CW) 

| Cnsxxdx = [-— ^ tf v 

- J (-tu Coy 2/. j tic — 7 ^ J xd>- + ^ j" x Cad2x- dx 
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COLLEGE WATHEMATiCS-tl 


xviii. 


xix. 


xx. 


-1 + f j Sin2x 

2*2 + 2i. X 2 *2 J 


2 * 2 

-- f Sinlxdx 
4 4 J 

x 1 xSf>i2x 

7 


4 + 


r I (-Cos 2 x \ 

4l 2 J 

if , . Coi2x'| 

4l 2 J 


+ c 


j xStn'xdx = Jxf 1 A 

■iJ (*«C«2*)*-jj«*“J «C«2»* 

_ J_ if xSin2x r j S;n2x 

~2'T~2{ 2 J 2 J 


2 J 2 
1 xSirilx If.., , 

+- Smlxdx 

A 4 J 

3 x£//i2x 


1 j- -C«2x j 


4 4 

X* xSinlx 1 Cos 2 x 

T 4 4’ 2 


+ c 


J {/«*)* dv = J(//ia-)* . 1 dx 

= (/raf) ! jf- f 2/nx.— .*■<& 

J *■ 

= xf/rtx) 1 -2 fl/«x dx 

*it 1 

= x (Inxf - 2 ^ jlmjc - dx 

= x(/nx)’ - 2x Inx + 2 J lii* 

* x (/rt*) 1 - 2x Inx + 2x + c 
| in (Tanx) Sec*x dx 
Pul Tanx = J Sec : xdx + dt 

- j ln[t)clt = J ) .Intdt ~ jlnt. 1 dx 

= Int.l - dl = / Int - J \ dt 
= / Int -t + c = Tanx ln(Tunx) - Tanx + c 


www.iqbalkalmati.blogspot.com : \J m J k’/ 


INTERGRATION 




www.iqbalkalmati.blog3pot.com 


COILIQE MATHEMATICS-11 

Sin' 


INTERGRAT10N 


xxi. 

Put 

Or 


/ * 


S'm'x-i 


dx 




dx = dt 


x = Sint 

- f Sirt A (it- \t.Sirtdt 

- f SirtAdt- It, Sint di 

* n 

= t(-Cost)-j l(-C’ojr) di 

= -iCasl +• Sirt + c 

= -Sin'x.J I — jr 2 + x + c 
Where = -Sin = x 

= Cos 2 t- l-Sin*t 
= Cos*t = \-x 1 

~ Cos 2 t = 4l-x 2 
i. J Tan*xdx = J Tan'x. Tan'x 

~ Tan’ x{$ec 2 x -\)dx = J {Tan 1 x Sec 2 x -Tan 1 x) dx 
= J Tan' x Sec 2 xdx -- J {Sec*x— l) dx 
= J ( Tan) 1 Sec 1 dx- j Sec 1 xdx + j I dx 
Tan } x 

= 7anx+x + c 

3 

J fee** dx = j Sec*x Sec 1 xdx 

= J (l + *jr ) Sec'-x dx = (.Sec 2 * + Tan 1 x Sec *x ) dx 

- J See 2 jr A I (Tanx) 1 Sec 2 x dx 

Tort 1 x 

- I am + — — 


2 , 


m. 


J e ' Sittlx Cos x dx — — J e* 2Sin2x Cosxdx 

- ~ j Sin{2x h- jt) 4 i&W{2jr+jr)J<ir 

— ^ J e* (Sin3x + Sinx] dx 

= ^| J e Sinx dx+ J e‘ Sinx dx (1) 

/, | e'.SV/r 3 j xdx = Siriixe' - J 3Coi3* e‘dx 
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Use 


COLLEGE MATHEMATICS -11 

• . ' S;ni.\ - 3 f tA.Vffl 3 xdx = Sinlxe 1 - 3 [ Cos 3 xe' - j ( - 3 Sin 2 xe’ dx)j 
2 SinaCosp - Sin[a i P) e S 1 n(a - P) 

/, = e'ginix C'uj'ja - - 9 1 e'Sinlxdx 
= e*Smx-3e t Cos3x-9i> 

/, f9/, =tf‘ (&«3:r-3C<w3*) 

10 /, - e* (S/« 3 a-- 3 Cos 3 jf) 

/j = J e'fflfefc dx = S/n *e r - \Cosx.e‘ dx 
= Sinxe‘ Ccwjc e' • J (-5j«.r)e*t£rJ 
I, = e‘ Sim— e 1 Cosx- j e’Simdx 
/, = e' {Sinx - Cawr) - l 2 
2/j = e 1 (iV/a -Cosx) 
e' 


INT ERGRATION 


NOW 


iv. 


V. 


I 2 Sim -Cosx ) 

Put /, am/ /j f« (1) we get so 

2 


| e" Sin2xCuxxdx ■-= - 


^{S/n3* 3C<£3x)+^(Sfe3x-CdJx) 


= -f ! 

4 1,5 


Sin3x - - Cos 3.t + Sim 
5 5 


-Cosx ] 


+ c 


f 7Wx SeeAiiv = J Tan'x . T««,i Secxdx 

= j - 1] Stats Turn dx 

= | Sec 1 1 (SecrTtWiv ) dx - \ Secx Tan * </r 
SK*! 


- Sec,. * t 


o * ■« r 

. e * £ 

A 3 . e' (fcf = V ! 3.C 1 — dx 

J i u 5 ■> 5 


- x'e'* r ; * I 2 v— m 

5 L 5 5 j 


.» 3 5 r 

->JC 

[ $ f 

25 

25 * 

3jcV' 

6 , 

25 

"25 L 


3£e_ 6_ te • t 

25 T 25 ^ 5 J ’ 5 J 
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COLLEGE MATHEMATIC S-l I 


SI 


l- 


vi. 


viL 


~ x' *?' r — 


t : i. 

3* f Me 


25 


75 




= *y* - 3 *' e> ' 6 

25 + 25 125 ‘5 

6* 6 ] 

[ 25 125 625 J 

h ’( 

- f ^ Ctxs Axdx 
2 J i n 

x t T Sin2x t Sin2x 

2 W, — 

-e r Cos2x e ‘Sinlx I r 

J e SinTxdx 


-Cosxlx 


-eCaxlx I 

■ 1 “ ' i aa 

2 2 

-e*Crw2x 


/ + 
2 
/ 

/ 


- 

2 2 J 

~ *fcL 2x^U 

l 2 ; 


, “ _ ^*[ c|B,2xi hr" j+* 

/ - f 3j«Lt 

j i » . 

c* 1 

= j 2 


{Sirgodha 2011) 

S/n 1 .< 


2 


e^S/flS* 2 * 


u* 


| e-’Sir. 3 a * 

J / fi 






e ?x .S7«ji 2 


-+^e**Coi3jr-£ j t 3l Ow5x dx 


Sin3x + ^arVrV-j 
3 v 3 } 9 
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3. 


Sir&X +—Cos3x 


Sinlx + ^ Car3.t 

31 f 2 
Sin 3* + -Car3r 


COLLEGE MATHEMATICS-1 1 

/ = — x e 1 ’ { Sin 3.v + - CosZx ] + c 
13 l 3 ) 

vill /= f Cosec* xdx = f Cosecx Cosec 1 xdx 
J J / // 

- t osecv (-Cow )- | {-Cosecx Co/x)(-Corx) dx 

= -Cctecar Cotx- j Cosecx Cotx dx 

= - Cosecx Cotx - j CVwtfcx |Cosec a Jc-l) dx 

I = -Cosecx Cotx - J Cosec* xdx + J Cosecx dx 

I = -Cosecx Cotx - I + /njCWcr - Co/jc| f e 

/ + / = -Corec* Cotx + fojCorecv - Cctor] + c 

2 1 = —Cosecx Cotx + - Catx\ + c 

_ -Cosecx Cotx I f . _ _ , 

/ = — I ^ln\Casecx Cotx] t c 

f e" Sinbx dx = -=J e“ Sint kx-Tan' - | 

l = fe- Sinhx dx-e* 1 t£^M _ ! ae « t Cos ! >3t ) dx 
* I « hi h 


+ c 


-ae Cosbx at , . 

+ - e Cmhx dx 

b b } lll 


-ae*' Cosbx a 
b ' h 




S)«A* 


iir 


A J b 

-ae“ l Cosbx ae““Cosbx a 1 t 

r j e A/»A.V(if 


l =e 

/ + 


A A 1 

-CdjAjt aSinbx 


nbx 'j a 2 

~rw 


?'■' i~= 


flCor&r AiVnAar A 
* 


A 




,( b' + a 2 ) 

l ** J 


= — ( tfCf/J&X - AOwAx J 


— - hCosbx) 

b m 
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COLLEGE MATHEMATICS-11 

/ = x aCosbx - bCaxhx) 


INTERGRATIQN 


l— 7 — -7 ( aCosbx - bCosbx) 


CD 


a 1 +b* 

Put a = rCosO 8 l h~ rSinO 

a : + b 1 = r'Cos'O + r 1 Sin 1 0 = r 1 (Cot*0 + Sin t &j = r 1 (|) = r ‘ 

= = ^ TunO =— =0 0 = Tan'- 

+LOS& b a 

(1) become 

2 ** 

J - , r ( r Cosd Sinbx - rSinO Costx) 

Q + O fa 

- ^r-r. r (Sinbx CosO - Casbx Sin& J 


tf 


re 


a 2 +b 2 


Sm{bx-0 ) 


_ ( m t b\ 

~T \ L — T===Stn\ bx - Tan* x — 1 
V^»- + it x + b V a) 

- 7 ) 


yfa 1 + h~ 

Hence Proved 


e a * Sin 


bx - Tan 


4 -l I = J 'la* ~-x* dx = | (a 1 - jt 1 ] 1 ' 1 . 1 dx 


i « 

,-jjj 


x 1^'^) (-S-Jc).x<fr 

^xyfa’-x* f - '* dx 
1 

“ xjtf-x 1 - f — ~ x " a — dx 

1 7 7^7 

- J -f 1 =Y<fr+ f T i, ^ 

J 7« ; /- J 


yv^/e 

iSV<z»d^zr«y £u6j/?i<i&fr 
Va 3 - x‘ f x uSinO 

va - x * .x - aTanO 
&’ -x* = aSeci? 


J 7**--»* J 

/ - r - J TtT - dx ■+ a 2 5 j« 1 — 

tf 

/ + / = .v/tf 3 -X* 4 a 2 Sin 1 ~ 

a 

/ = W« - x I + a 2 Sin — 

tt 


yfa 1 - .1 


t/r 


www.iqbalkalmati.blogspot.com : t [S 





www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS-11 

2/ = W u 1 - + a 1 Sin' 1 — 

a 


INTERGRATION 


UL 


(V. 




i j „ 

X -| JT 

— + — Sm — + e 
2 * 


/ - J Ja* - x 7 dx Put x = a Seed dx ■ aSec8 Tart&dO 

= | oSeetf 7^*0 c/# 

« J ^a J aSectf TanO dO 

- J ^fa'Sec'O aSecO TanO dO = J aTanO . aSecO TanO d9 

= a* f Fanff Sed? fartWtf 

J / 

= a 5 \janO . Sec0 - J Sec 1 9 . Seed do] 

- a 1 TanOSecO-a* J SecOdO-a 3 J 7W0 SecQdO 

- a ! ~ a 1 >n\Secd + Toh0| - / 

/ + / = a 1 \j * ~ a ■— -fl’/njserf ^ yJSec’O - 1 4 c 


2/= a 


, V* 1 -! 




-aVn 


#3 


+ c 


/ = 


x-Jx 1 -a' a 


In 

2 


- a 1 


+ c 


/ = J -Ji-Sx' dx = ifif -(Vi*)’ to {Sargodha 2011) 

We know that f Va 1 - j 7dx^ ~ *' + — Sm 1 - + c 

i 'll 2 ) 1 dx ^- 2 


yJIxxyfi^Sp 4 ,| 

- + — &(« + c 

i 2 


VSxx^-Sjc* , t -j5x 


t 2S/VT 


- + c 


2 — 2 

/ = J Vi- 4 *** 

Wrt„; I ^?*.*^EZ + £l s/ „-.i 

J -5 *> 




4- c 


J V3-4* J afc = ^(V3) J (2jc) 3 tiv = 


2 2a 

Zx'JT-Ax 3 3 2 jc 

— 1 +— S/n -?= + e 

2 2 ^ 
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COLLEGE MATHEMATICS-1 1 


V, 


So 

Or 


/ = J \J~P +4 dx 

Pm x — 2TanO dx - 2Sec 1 0d0 

= | 'j4Tdrt t 0 + 4.2Sec*&de 

- j \j^{^ + Tan 1 0'j .2Sec 2 0d0 

- J -j4Sec : Q.2Sec-OdO = | 2SecO ISecSdO 

- 4 J SecO ( J + Tan-Q)dO = 4 J SecO Tan'&dQ 

= 4 ln\Sec0 + TanO\ +2(21) (1) 

/ = J SecO Tan 1 OdO = jSecOTanO . \TanddO 

- TanO SecO — J Sec 1 0 . SecOdO 

= TanO SecO - j {l + Tan l 0)Sec0d0 
= TanO SecO- J SecO dO -j TanO SecO dO 
/ = TanO SecO - !n\SecO + TanO\ l 

2/ = TanO SecO - ln\SecO + TanO\ 

Put velue of 21 in (I) 

= Ain\SecQ + TanO\ + 2 TanO SecO -2 In |Se# + TanO\ + c 
= 2TonQ SecO + 2in\SecO + TanO\ + c 

- 27aw0 VT+ TanO + 2 In Jl + TanO + TanO + c 


(Sargodha 2008) 


= .t + 


A yf~4 


f A 




.vVx 1 + 4 A 

■ — - + — 

2 2 


t \4 


+ X 


+ 2/w 


x+ 


Vx 1 + 4 


+ c 


Alternate of (V) 

= J V**-F4 4r = | ^ +(2) 3 4 k 

We know that 

= J Vx 3 ■+■ ff 2 ^ [ yja 1 + x 5 +"“/«Jx + Vo 1 + x : J + c 
= j 71? + 4 cir - ^ J Vx 3 i 4 i ^ fti|x + ylx 2 +4J + C 

* | V* 2 +4 ^ J Vx 3 +4 +2 ln^x + *Jx 2 + 4 J + C 


www.iqbalkalmati.blogspot.com : u’/ 


INTERGRATION 



www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS-^ 

vi. Jx 1 e“ tlx = jc 1 - — f lx~dx 

* t n q J q 

a a B 

r. e* u , 
r- 11 . — dx 

n * si 


m. 


a-V' 2 


,rV 

Is-* 

a 

a> 'a'** * 

xV_ 

2xe m 2 e™ 

___ J, Jl ^ 

a 

2 ^ 3 * 

a or a 

ft 

2x 2 V 

- > + p' +c 

a a / 


5. i. 

Rule • j^{f(x)*/'(x))dx = e -f(x)+c 

Ruled | e“(^(x) + /'(x)) dc = e“'f{x) + c 

I* J ^+/iwrj(tc« J e*^ftr.v+-^j dx (Sargodha 2011) 

Here f(x) = fnx &/'(x)=- So 
= e'lnx+c 

II, J t*' (Caur + Slitx)dx * j e’ (Sinx + Cosx) dx (Sargodha 2012) 
Here /(x) = Sim & f’(x)-Cosx 
- e‘ Sim + c 


!'[■ 


aSec ’x + - 


1 


xshS-\ 
Here /(x) = &c 'x & /‘(.t)= 


dx 

\ 


So 


xjx* - 1 

= <?" Sec’'x+cj e" (af (x) +/'(*)) dx - e“/(x) 

i-Shtx Cosx ^ 


i». 

1 l Sin'x J J l. Sln'x Sin'x) 

*J'”f 3 r — — T* 

I Sim t Sim Sinx ) 

= | «f ) * (3Cosea: + Cosecx Cotx) dx 
He re /(x) — Cosecx & /'{*)= -Career Cotx 
Use \ e"{a/{x)+r(x))dx=erf(x) + c 
- e >l Cosecx +c 


dx 


INTERGRATION 
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COLLEGE MATHEMATICS-II WHM 

J e u (-Sinx + 2Cow)dx- (Sargodha 2010,11) 

- | f' (2 Coji *- 

f(x)=Cosx & /'(x)=s -Sinx 

J <>"(«/(*) + /'(*)) dx = ."/ (,)* c 


V. 

Here 

Use 


vi. 


vli. 


Use 


viti. 


Put 


ix. 


- e 


a r 


C o s x + c 


J (l + x) 1 J 


f. 

t + JC -1 


{('+*y 


dx 


-! 


„].( l+ * 


dx - | e 1 


I 


U 1+x ) 0 + *) ! J 

-1 


Ui^n ( i+x ) j 

Her * 

USC f «"(or(i:) + /'(«))*.e“/W*C 

- e ‘(ry +c 


a£sr 


So 


J e *(Cosx-Slnx)dx (Sargodha 2009,10) 

= J tr ‘ (-Slnx + C'osx) dx 
= j e ' ((-l) Sinx + Cosx) dx 
j d a (af(x) + f‘(x)) dx=d B /(x) + c 
- e* Sinx + e 

J (>**■)■ 

= 7ci/j 'at = f . 1 . dx = dt 


l+x 1 


| «;* . dl = e + c 

‘‘4 
2 * 


= € 4 - C 


Jtt 


Sinx 


dx 


2x 


1-Coj 


(H 


dx 


tNTERGRATION 
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COLLEGE MATHEMATICS-II 

lx 


-I 


ISin 


(H 


= f — ^ dx~ IxCosec 1 -y — ~ dx 

y4 2 j 




-Corf^-|l 

U 2j 

-J 1 

U 2 } 

-1 

-1 

2 


2 


-KhHMh)* 


dx 


= 2.t Cot 


= 2 xCot 


(H)-’J 

(HH 


Mr 5 ) 


mh: 

- 

) 

— Cox(—~ 

2 U 

•'l 

2) 


■ 2lC "(f-f)- 4 '”|(rf)| +c 

I «*(»♦«) ... 


dx 


-i 

-j 


&**)■ 
e‘ (l + x + l-l) 

^(2 + *-!) 


(2 + r)’ 
2 + x 


,(2 + *)* (2 + jc) 1 J 

1 1 A 


dx 


-/«■ 

= f e‘ 

J [ 2 + JC (2 + *)'_ 

= M/(*)+/'to)*=eV<*) 


IMTERGRATION 
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COLLEGE MATHEMATICS-11 




xi. 


' 


. 


X X ^ 

1-2 SJftx=-Cai- 

2 2 


2 




i 


2S/H 1 — 
2 


2 Shi— C ai- 


2Sflf I r 


- j e ’(- c «f) +e ‘ 
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COLLEGE MATHEMATICS-11 


INTERGRATtON 


1. 


2 . 


Exercise 3.5 


J t 1 — Jr -6 J .if 1 — j 


x -x-6 3 x* - 3x + 2x-b 

3x + 1 , t 3x+ 1 


dx 


(Sargodha 2010} 


- f— -dx = \- — 

j *(x-3)+2(jc- 3) J (x- 

Suppose 


(jr-3)+2(jr-3) ■J(x-3)(x + 2) 

3x + I 


dx 


A B 

+■ 


(j-3)(x + 2) jt- 3 x + 2 
'X' both sides by (x-3)(x + 2) we get 
3x+l = ,«f(jr + 2)+0(x-3) II 

But x + 2 = 0 => x 9-2 in II 

3(-2)+I = /l(-2 + 2) + i{-2-3) =5 —6 + 1 = 0“ S/? => -5 = -5fl 

Put r-3 = 0 =? x = 3 in II 

3{3 + l)= A{3 + 2} + 6{3-3) : 

Put values in i 

-dx=i f_L+_L_L 

J U-3 xt + 2 J 


fi = 1 


10 = 5/1 + 10 


A =2 


f (x-3)(«J) 

= 2 f — dx+l — ■ — dx - ln\x - 3j + in\x + 2 \ + c 
3 x - 3 3 x+2 ' 1 


r 5x + 8 
~ J(jt+3)(2*-i)* 


„ r 5x+8 A B 

uppose J (x+3)(2jt-I) ** x+%* 2x-\ 

'X' both sides by (x + 3)(2x- 1) we get 
5x + 8 = /l(2x-i) + 5(;r+3) II 
Put jr + 3 = G x = <-3 in ft 

5{-3) + 8 = /l{2(“3)-l)-tA(-3 + 3)^ -15 + 8 = /4(-6-l) + 0 =* -7 = -7/< 

=> U = 7| 


B 


(Sargodha 2008 , 11 } 

I 


Put 2 jc-I = 0 

3| r' 


2x = I 


1 

x = ~ 
2 


m I! 


* rMB - H fl 


B = 3 


= .jU 

2- V 

Put values in l 

5x + 8 

(jc + 3)(2x- i) _ x+3 T 2 jc-I J(x+3)(2x-I} 


>-+ 3 


3 5x +8 , / 1 3 \ 

2x-l ^ J(x+3)(2x-l} dX ~ j[x + 3 + 2x-1 J ^ 
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COLLEGE MATHEMATICS-11 

5 * + 8 


INTERGRATiON 


4. 




} {x + l)(2x-l) 

= /«|* + 3f + - ][ + c 

rx* +.3x-34 . 

•^AT 1 +2.K-I5 1 

J l x 1 +2x-15 J 

x‘+2x + 5Vx*+3x-34 
-x 1 ±2x^15 
x -19 

-!»*!? ” 19 
-«/ 


at 1 + 5x— 3x- 15 
x-I9 




x{x+5)-3(x + 5) 


-x+ j 


x-19 


■A 


Now 


-x + I 

' = / 


(x+5)(*-3) 


(!) 


x- 19 


dx 


Suppose 


(x+5)(x-3) 
x-19 


A B 
*+- 


(2) 


' (x + 5)(x-3) _ ^+5 ITl 
' X ' both sides by (x + 5)(x- 3) we get 
xl9 = /f{x-3)+tf{x + 5) ( 3 ) 

Putx- 3 = 0 => x = 3 in (3) 

3-19 = /l(3-3) + i(3+5)=> -16 = 0+8/J => |g~2 

Pul x + 5 = 0 => x = -5 in (3) 

-S-19^(-5-3) + fl(-5 + 5) -24 = -8^ + 0 ^ 

Puiin{2) * -19 


A = 0 


3 -2 


(x4 5)(x-3) x + 5 x-3 

x - 19 3 


-2 x-39 / 3 2 \ 

x-3 (x + 5)(x-3) 


(x + 5)(x-3) x + 5 

<& .~ 2 f <*f-3 *i|x+5|-2/« lx-3j-frcr 

J 


x+5 

(fl-Aj. 


(x- *)(*-*) 


rfv 


Suppose 


A B 
+- 


(x «)(x-A) x-a x-b 
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COLLEGE MATHEMATICS-11 


INTERGRATION 


' X ’ both side by{x-a)(x-b)weget 
{a-h)x = A{x- b) i B(x-a) 

Pul x a = 0 => x = 0 in II 

(a-b)a = A{a-b)+ B(a-a) - 

Put x-b = Q 


ft 


(a-b)a- ^{a-£) + Q 


A=- 


x = bm II 


, (-a— b)b 

(u-b)b = A[b-b) + B(b-a) => (a-b)b = Q- B(a-b) =» B = ^ - - - 
Put values In I 


I; 




(o-A)jf a b 

(*-«)(*-&) x-a x-h J (* - a)(x-i) 

= [ — ! — dv-frf — — dx = a In |jc - a\ f>/»|x-fc| + c 
* x-a J x-h 




r *-* — r — 

J 1-X-6X 1 J 1-. 


3-* 


1-.V-6* 1 J 1-3x + 2x-6x 

3- x 


dx 


(Sargodha 2009) 


-hr 


(l-3.*) + 2jr(l-3jr) 
3-* A 


dx -hr 


3-x 


(1-3*)(l + 2*) 


B 


Sw<WS (l-3x){l + 2x) 1-3* 1 + 2* 

3-* = ^{l + 2*)+fi{l-3*) II 


I 'X' -3*)(1 +2x) 


Put 1 + 2x = 0 
3 


-I . „ 
x-— in II 

2 




Hi 


Put l - 3* = 0 
3 


. 7 5 7 

B = — x— = — 

2 2 2 

=> x = - in II 
3 


B.1 

5 


’ t-K) 


~ J—r — ^“T X T 
J 3» 3 5 

Put value is I 


A = 
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COLLEGE MATHEMATICS-!! 


INTERGRATION 


6 . 


7. 


3-x 


8 

5 


7 

5 


(l+2x)(l-3x) 1-3 x \+2x 

* ^(l + 2x)(l— 3.r) ^ 5 1^*5^ UOx* 

jiu 

5 1, 3; J I-2jt 5UJ J i + 2x 

= ^|/«|I-3xJ + ^//iH + 2x1+c 

j ^ ^ dx= J 7~ w— r <£r 

; Jc -«* J (x-a)(x + ff) 

- 2x A B 

Suppose r = + 

(x-a)(x + a) x-a x+a 

'X' by(x-a)(x+a) both side we get 

2x = A(x + u)+ B( x— a) !I 

Put x + a = 0 => x = -u in II 

2a = A(x + a) + -B(O) 2ii = 2/{ s > 

Put x-a=0 => x = a in II 

2a = A(a + a)+B{0) => 2a=2A ~> 

Put values in I 

2x 


(Sargodha 2011) 

/ 


B-a 


A - a 


a a 


/—+—]* 
*\ x - a x + aj 


(x-a){x + a) x-a x+u 
* a ln{x - a)(x + a) + c = aln{x* - a 1 ) + c 

J— -! — *. f ! *.f 1 

J 6.x’-5.v-4 3 6x‘+8x-3x-4 3 

t 


-dx=j 


Suppose - 


A B 
+ 


(3x + 4)(2x-l) 3 jc + 4 2*-l 

’A '.'both sides Av{3.r + 4)(2 jc-1) we gel 
l=A{2x-\) + B(3x + 4) U 


2x(3x+4)-l(3x+4) 3 (3x+4)(lr-l) 

/ (Sargodha 2012) 


2*-l=0 


Put 

Put 

/ = ^l(0) + S 


x—- in II 

2 


3fi) 

m! => \=b{ —+4) 

=> 1=— a 



\2) 

J j 

2 


11 
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COLLEGE MATHEMATICS-II 

3x + 4 = 0 


INTERG RATION 


-4 

x in II 
3 


( f A\ \ 

I = A\2 -- -1 +5(0) 1 = A — 

\ \ 3 J ) V 3 J 


A-± 

II 


^3 

11 


2_ 

11 


(3x+4)(2x-l) 3x + 4 2x-l 

=> r ! dx = — f — - — dx+— f — ! — dx 

J (3x + 4)(2x-l) ll J 3x + 4 11 J 2x-l 

-tJ 


'(3x + 4)(2x- 

^ .* + ± r _J_* 

r n J 2x-i 


3x + 4 

= -~/«|3x + 4| + y|-/n|2x-l| + c 
= -^[/n|2x-l|-/»|3x + 4|] + c 


= -—In 
11 


2x— 1 


3x+ 4 


2x J -3x* -x-7 


* 1 r I r 2x J — 3X -X 

^ fix* - Sx - 4 dK ■* fix’ +Bx-ix-4 dX 4 2x*-3x- 

= ffx + ,*" 7 )dx 

j 2x 2 - 3x - 2 J 


dx 


2x* - 3x -2 V2x 3 -3x 3 - x - 7 
-2x* T 3x 2 T 2x 


x-7 


= J xdx + | 


x-7 


2x*-3x-2 


dx 


x 

T 


1 - [ — r- — dx = f — - — 

J 2x s -3x-2 3 2x 2 - 

- 1 ,_7 


(i) 

x-7 


4x + lx-2 
x-7 


-dx 


_ r 

2x(x-2)+l(x-2) " hx J -4x+lx-2 


■dx 
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COLLEGE MATHEMATICS-11 

x— 7 


9. 


Let 


Put 


Put 


Let 


A B 
- + - 


Put 


(x-2)(2x + l) x -2 2x+l 
'X' 6y(x-2)(2x + 1) we get 
x-1 = A(2x + \) + B(x~2) 
x -2 = 0 => t = 2/n (3) 


( 2 ) 


(3) 


2-7 = ^(2(2) + l) + 5{0) => -5 = ^(4 + !) 


-5 ■ 


Put 2x + 1 = 0 




4- 7 ^(o) +s (t- 2 ) ^ T= 5 (t) ^ *“ 


W 

2 


(2) becomes 

x-7 


-1 3 

*+■ 


(x-2)(2x+l) x-2 2x + l 

J(x-2)(2x+l) t& ^x-2 iL+3 ^2x+\ dX 


2 J 2x+1 


dx 


= -/*|x-2j + ^/„|2x + l| + c 

3x J -i2x + n 
(x-l)(x-2)(x-3) 

3**-12x + lI A 


I 


dx 


B 


(x-l)(x-2)(x-3) x-I x-2 x-3 

' X' /> w p(x-l)(x-2)(x-3) we get 

3x 2 -I2 x+]1 = j4(x— 2)(x— 3)+3(x-I)(x-3)+C(x-l)(x 

x-l=0 => x = l in (2) 

3(1) 2 -12(1)+1U(1-2)(1-3) + 5(0) + C(0) 

3-12+1 1 = ^(-l)(-2) => 2 = 2 A # ~ 

x-2-0 => x = 2 in (2) 

3(2) 3 ~12(2)+1 M(0) + W(2-l)(2-3)+C’(0) 


A = 1 


www.iqbalkalmati.blogspot.comL/'— 
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x— => |j = 3 
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COLLEGE MATHEMATICS-! I 


Put 


10 . 


Let 


Put 


Put 


Put 


ETfl IWTERGRATION 

3(4)-24 + l 1 = Z? (1)( — l) => 12 = 24 + 11 => = => 5=3 

,v_3 = 0 => x = 3/m(2) 

3(3) 5 -I2(3) + 1U(0)+S(0)+C(3-1)(3-2) 

3(9)-36 + ll=C(2)(l) => 27 = 36 + 1 1=2C => 2=2C => (c^J 

3x*-12x+ll 1 , 1 . 1 

(1) (x-1)(*-2)(*-3) = 7^ + *-2 + *-3 

f 3x J - 1 2x + 1 1 — + + dx 

J(x-l)(x-2)(x-3) J U-1 x-2 x-3j 

= (— abr+ f — ^ — <a£c + f — — 

Jx-l J x-2 J *-3 

= /w|x + l[+n|x-2| + /n|x-3j 
= /«(x-l)(x-2)(x-3)+c 
2x-l 


I 




dx 


2x-l _A | B t C 


x(x-l)(x— 3) x x 1 x-3 

'X' byx(x~ l)(x- 3) w-<? gel 
2x~\ = X(x-l)(x-3) + Ar(x-3)+Of(x-l) 
x = 0 in (2) 


( 1 ) 


(2) 


3 


-l = ^(0-l)(0-3) => -1 = 3,4 = 

.v - 1 = 0 => x = l/rt(2) 

2(l)-U/l(0) + 5(l)(l-3) => 2-1 = 2?(— 2) => 1 = 25 => 

x-3=0 => x=3w(2) 

2(3)-l = /l(3-l)(3-3) + 53(3-3) + C3(3-l) 


2 


6-l=0+0+3c(2) => 5 = 6c =? 


c = 


(1) becomes 


2x-l 


-1 -1 
= J- + -2- 


5 

6 


x(x-l)(x — 3) x x-1 x — 3 
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COLLEGE MATHEMATICS-!! 

2x~I 


INTERGRATION 


11 . 


Let 


Put 


Put 


Put 


f 2x-l , -I r i i 1 r 1 . 5 f I , 

J — -J iT7 dx + ~ dx 

J x(x-l)(x-3) 3 J x 2 J x-l 6 J x-3 


3 1 2 * ‘6 

r 5x~ + 9.v + 6 r 5-r 1 + 9x + 6 

X + l)(2* + 3) 


dx 


5.x 2 +9 x + 6 


ABC 
~ + + * 


( 1 ) 


(*- l)(x + l)(2x + 3) x — I x + 1 2x + 3 
'X' &yx(x-l)(x + ])(2x + 3) we gel 

= /l(x + l)(2x + 3) + B(x- l)(2x + 3) + C(x-l)(x+l) (2) 

*-1 = 0 => x = lift (2) 

5( T ) + 9( 1 )+6 = ^(l + l)(2(l)+3)+0 + 0 ^ 5 + 9 + 6 = ^(2)(5) 

20=10/4 => \A = 2 

x+l = 0 => i = -lm(2) 

5(-l) 2 +9(l) + 6 = ,4(0)+fl(-l-t)(-2 + 3)+0 
5-9+6 = 0+ B(-2)(I) + 0 => 2=-2 B fg^Tl 


2x+3 = 0 
5 


x — — - in (2) 
2 


(f) +9 (": ? ) +6 ' /, (°)‘ fl (°) +t { l-'X : 2 3fl ; 
8 


9\ 27 


-tMtK 


45 - 54 + 24 5 


45 4 


=-C => — x- = C => C=3 
4 4 5 1 1 


(1) becomes 

5x 3 +9x+ 6 
(x-l)(x+l)(2x+3) x — 1 ' x+12x+3 
5x 2 +9x + 6 


2-1 3 

'+ + " 


J(x-I)(x+l)(2x + 

= 2 In |x-l|-Hx+l|+| 

= 2 In |x-lj-/n|x+lJ + -^/;i|2x + 3| + c 


— dx ~ 2 F^— civ- [— J— dx + 3 [ — ! — dx 
3) J x-1 ,t + 1 J 2x + 3 
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COLLEGE MATHEMATICS-! I 
4 + 7* 


INTERGRATION 


12 . 


Let 


Put 


Put 


f 


-dx 


(x-l)* (2x + 3x) 
4+7* A 


B 


( 1 ) 


(x-l) 2 (2x + 3x) {x + \) (1 + x) 2 (2+3*) 

1 X ' both sides by (x + 1 )' (2* + 3) we get 

4+7* = /4(l + x)(2 + 3x) + S(2 + 3x) + C(l + x) 2 (2) 

1 + * = 0 => * = - 1 in ( 2 ) 

4+7(-l)=/l(0)+if(2+3(-l)) + C(0) => 4-7 = S(2-3) => -3=-B =* [b^\ 

2 + 3* = 0 => * = —/«( 2) 


4+7 


-2 = C 
3 9 


-2 


=> C = — x-9 5 => C = -6 
6 - 1 

Rearranging (2) 

4 + 7* = /i(2 + 3* + 2* + 3* J ) + 25 + 35*+C + 2Cv + C* 2 

4 + 7* — 2 A + +5^4* + 3Ax~ + 2B + 3 Bx +(.. + 2C * + Cx~ 

4 + 7* = (3vi+C)* 2 +(5^+3ii + 2C)*+(2JS+C) 

Comparing Co-efficient 


x 2 ;0 = 3 A + C => 0 = 3A -6 => 6 = 3.1 => U = 2 


(1) becomes 
4 + 7* 


2 1 , -6 
•+ — +- 


(l +*) 7 (2 + 3*) 1+x (1+*) 2 2 + 3* 

f ^ ' ^' V ~dx - 2 f— dx + J- — - — j dx + -6 J — - — 

J (l+x)‘(2+3x) J l + * J {l + x) J 2 + 3* 


dx 


= 2 f— + f (1 + *)" J dx- 2 f— 3 -dx 
J l+* J v 1 *>2 + 3* 

h + x r HI 

— 2 In |l + x| + — — ^ ^ 2lh j 2 + 3x| + c 
= 2/n|l +^--i — --2 /h[2 + 3*| + c 
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COLLEGE MATHEMATICS-1 


INTERGRATION 


«■ f 


let 


14. 


let 


(*-!)'(* + <) 

2x' A 


<lx (Sargodha 2009} 


5 


0 ) 


( 2 ) 


(x-lf(x + \) x-I x+\ 

'.V both sides by ( x - 1 )(x + 1 ) we get 

2x 2 = vf(x-I)(x + l) + 5(x + l) + C(x-I) 

=> x = 1 in (2) 

2(1) 2 = .4(0)+/?(1 + I)-lC( 0) => 2 = 25 => |g = l 

Put I+x = Q =$ x = -\in(2) 

2(l) 3 = ^(0)+ 5{l + l)+C(0) : 


Put 1 -X = 0 

\2 


2 = 25 


5=1 


2(-l) 2 =40)+5(0)+C(-Kl) 2 __> 2(l) = C{-2f 2= AC 

Rearranging {2} 

2x 2 = Ax 1 -A+Bx+B +Cx 2 - 2Cx + C 
2x' =(j4 + C).v’ + (B -2c)x + (~A+ B + C) 

Comparing Co-efficient 


C = - 
2 


x';2 = A + C ~> 2 = A -i — => A = 2—— —> 

2 2 


1 


4=1 


{1} becomes 


2x J 


3 

_ 2 


1 


— + ■ 


1 

2 


(x-l)"(x + l) x-l (x-iy x+I 

— f" -J- -dx = ~ f — ' — c/v+ f (x-l Y dx + ~ ( — - — t lx 

J (x-l) 3 (x + l) 2 J x-I J v 1 2h + l 

= ~ in\x -i| + ^ ^ + \ ln \ x f ’I "\ ln \ x - ] l “ (74) + \ lf3 \ x + *1 

h 


+ c 


(x-l)(x+l) 


A B 
+ ■ 


(x-l)(x+l) 2 x-l x+l (x + l) 
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COLLEGE MATHEMATICS-II 


1NTERGRATIQN 


Put 


Put 


15. 


'X' 6>'(x-l)(x + l)' we get 

l = ^(.v + l} i + 5(jt-l)(x+l) + C{x-l) It 
l - x = 0 => x = \ in II 

i = /l(l + l) 2 + B(0) + C(0) => 1 = /1(2) 2 => 1 = 4/1 : 

1 + x = 0 => x = — 1 in II 

l = ,4(0)+B(0)+C(-1-l) => 1 = 2 C => 1 = 4/1 => 


A=- 

4 


c-=l 

2 


Rearranging II 

1 = /Lr 2,4x J + /l + Br-B+Ct-C => l=(/i+B)* ! +(2^+C>+(,4-B-C) 

x 1 ; Comparing Co-efficient 

1 


0 = A+ B 


I become 


0 = ~+B 
4 


a -4 

4 


-1 


-1 


4 


(x-l)(x+l) x-\ x+1 (x + 1) 

I r! ZT C ^ X ~~ f — r otv — — f — vdx 

J (x-l)(x+l) 4 Jx + 1 2 J (*+1)- 

+ (x + 1)" 1 dx 

= ife|x-l!-i/«| I+ i|- 


4 

4 , ”i*-ii4 / "i* +i i + |(^i) +e 


i(x+ir 

2 - 2+1 
-i 


" + c 


.v + 4 


dx 


x = -l x + 1 = 0 


' x J - 3x 2 + 4 
By synthetic division so 
x 3 -3x 2 + 4 =(x + l)(x 2 -4x+4) 

= (x + l)(x-2) 3 


-1 

1 

-3 

0 

4 



-1 

4 

-4 


1 

-4 

4 

1° 
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COLLEGE MATHEMATICS-11 
.*+4 


So 


Let 


Put 


Put 


Or 


f 3 7 <lx= f- 

J .r -3x*+4 J 

1 


(*+!)(*- 2) ' 


-r/.r 


ABC 
-+ +- 


0) 


m 


(.t+ l)(x- 2)~ * + l x — 2 (x-2)' 

'X' 6>'(jr + l)(x-2)* we get 

2x 2 = ,4(x-2) 2 + £(x + l)(x-2) + C(x + l) 
l + x = 0 => x = -lr>i(2) 

l=yj(-1^2) 2 4 5(0) + C(0) => l = ^(-3) 2 => 1=9 A 

x - 2 = 0 => jt = 2 in (2) 

1 =.4(0)+/f(0) + C(2 + ]) => I =1 = 3C => 


Cf:==- 

3 


Rearranging (2) 

I = Ax 2 - 4 Ax + 4 A + Bx 1 + 2 Bx + Bx - 2 B + Cx + C 
1 - Ax 2 - 4 Ax + 4A + Bx 7 + 2 Bx + Bx - 2 B + Cx + C 
\ = (A + B)x?+(^A-2B+B+C)x+(4A-2B*C) 

Comparing Coefficient 


X 2 \0 = A + B 
Put values in (1) 
1 


l 

9 


0 = -+Zf 
9 


-1 

-+-S-+- 


9 


l 

3 


(r+l)(x + 2) -v+t -v — 2 ( x -2) : 

1 ' ir ^* + , 

x-2 


l 


— Ax = — f- dx + f dx + - f{ v - 2 ) dx 

i 9 J x + l J x-2 3" ' 


(x + l)f.r + 2)- 


1 . . .. I . . I (x - 2) 


- I 




-+C 


]_ 

9 


In 


X + I 

x-2 


1 


3 (x - 2 ) 


+ C 


INTERGRATION 


9 
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COLLEGE MATHEMATICS-11 
16. 


I fiTERG RATION 


Let 


f .t 3 -6.V 1 +25 
x I -6x J +25 4 


B 


- + -^ + 


D 


0 ) 


Put 


Put 


Put 


(jf+l) 1 -(x-2) 1 x+l (x + I f (x-2) ( x -2) 2 
'X' both sides by(x+ 1)' (x-2)’ we net 

x 1 -6.v- +25 = 4(x+l)(x-2) J + £(x-2)‘ +C(x*lf + D(x + 1) 3 (2) 

1 + jr = 0 =* ,r=-l in (2) 

(-I) ? +6(-I) J +25 = ^(0) + 5(-I-2) J + C{0)+I)(0) 

•v - 2 = 0 => x = 2 /« (2) 

(-I) , -6(-l) ! +25 = /((0) + 5(-l-2) , +C(0) + B(b) 

-1-6+25 = fl(-3) ! =5 18 = 9 B =3 IJT? 

*-2 = 0 => x = 2fo(2) 

(2) 1 -6(2) 2 +25 = 4(0) + j5(0)+C(0) + Z>(2+l) ! 

8-24 + 25 = Z>(3) 2 => 9 = 9 D => fz^II 

Rearranging (2} 

■** _&t ‘ +25 = 4(.x+l)(.r -4x+4)+fl(.x 2 -4.v+4)+C(.v 2 +2r+])(.r-2)+Z)(.r +Zx+l) 

** - 6*‘ + 25 - 4.x 5 - 4 Ax 2 + -4-4*- + Ax 2 - 44* +4 4 + By 2 - 4Bx +4 B + ex' +-2t* ; 

+cx - -2ex-* - 4c.x - 2C + Dx 2 + 2 Dx + D 

x'-&? +25 !=(A+C)x > +(-AA+A+B+D)x 2 +(^B+C-4C+2D)x4(4A+4B-2C+&) 

Comparing Coefficient 
1 =4 + C 

-6 = -44 + 4 + Zf + Z) - 


x\ 

x 2 ; 


(3) 

=> -6 = -34+/?+D 

Put values of B & D -6 = -3A+2+l 
=> -6 = -34 => -9 = -34 

/V in (3) I = 3 + C 


4=3 


C = -2 


(i) become 
I 


-2 


(*+l) (-*-1) *+l (* + !)’ x-2 (j-2) 1 
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COLL EGE MATHEMATICS-,, EH tNTERGRATJON 

^+i) , (i-i) i ‘ fe=3 fcii <&+2 J^ +| r ! ‘*-2/^<fc+ f(* if* 

= 3/»|i + l| + 2feil) 2/n|j-2|+il- ~ 2 ) +c 


17. 


Let 


Put 


Put 


f x J + 22x J + 14x- 17 
J (x-3)(x + 2 y * 
at" 22 jc 2 + 14 .V — 1 7 A 


B 

- + + 


D 

^r + — 


0) 


(x-3)-(x+2) J *-3 x + 2 (x + 2) 3 (7+2)' 

' X ’ AorA Ay (x - 3)(x + 2) 3 we ge/ x 3 + 22x 3 + 1 4x - 1 7 

= ,4(x + 2) 2 + 5(x-3){x+2) 2 + C(x-3)(x + 2)+£>(x-3) (2) 

x-3 = 0 => X = 3 in (2) 

(3) j + 22(3) 2 + 14(3)-17 = ^(3 + 2) 2 + 5(0) i + C(0) + £)(0) 

274 22(9)+ 42 -17 = .4(5)’ =* 27 + 198 + 42-17 = 125,4 
-50 = 12 5A => [aTt\ 
x + 2 = 0 => x = -2 in (2) 

(-2) 1 +22(-2) 2 +14(-2)-17 = ^(0)+«(o) + C(0) + /)(-2-3) 

-8+22(4)-28-M7=-5Z> ^ 35=-5Z> =* {pj^L \ 

Rearranging (2) 

x 3 + 22x 3 +14x-17 = ^(x 3 +6x 2 +12x + 8)+ 5(x-3)(x 2 +4x+4) + 

C(x 3 +2x-3x-6)+/J(x-3) 

x 3 + 22x 3 + 14x - 1 7 = yfx 3 + 6 Ax’ + 1 2.4x+ 8/1 + 5x 3 + 45x 3 + 4 fix -35x 3 - 1 2/i x 

-125 + Cx i - Cx - 6 C + Dx -3/7 

Comparing Coefficient 
l = A + B : 


x J ; 

X 2 ; 


> 1=2+5 : 
22 = 6.4 +45 -35 + C => 
I4 = 12/i-85-C + £> 
x 2 ; 14 = 1 2^4 + 45-125-C + /J 

=> 14 = 24+8-7-C => 14 = 25-C 
Put values in (1) 


5 = -1 


2 = 6.4 + 5 + C 


(3) 


> 14 = 12(2) — 8(-l)-C — 7 
14-25- C ^ [cIm| 
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COLLEGE MATHEMATICS-!! 

.v J 4 22x 2 4 1 4.y 4 1 7 2 


IHTERGRATION 


-1 11 


(i-3)(i + 2) 1 *-3 x+ - (*+2)’ (i + 2) 


f 


x' 4 22.v 3 414x417 


dx = 2^-dx-\ J— !— t£c4llJ(.Y+2) 2 ^v-7j(x+2) (k 


18. 


Let 


Put 


1 x - 3 J x + 2 

V-J -V ^ 


(;t-3)(x + 2) 

= 2 /m|x-3| - ln\x + 2| 4 1 — Zii^L + C 


= 2 /m|x-3|-/h}.y 4 2] — — ^ —4 -+C 


(x + 2) 2(.Y4 2) 2 


1 


x-2 


(.V 4 1){ JT 2 4 l) 

x-2 


ilx 


A Bx 4 C 


0) 


(x4l)(x 2 4l) X4l X 2 4l 
1 X ' both sides by ( x 4 1 ) ( x 2 4 1 ) We get 
x-2 = A(x 2 +\)+{Bx + C){x+\) (2) 

x 4 1 = 0 => x = -1 in (2) 

—] — 2 — A |( — 1) 4 1 J 4{i?x 4 C)(0) => — 3 = 2 A => 


A = 


-3 


Rearranging (2) 

X-2 = AS+A + Bx 1 + Bx + Cx+C =P ,Y-2=(^4fi).Y 3 4(54C).Y4(^4C) 
Comparing Coefficient 


x 2 ; 0 = A + /i => 0 — —+B => 


2 


C,* 


x 2 ;l = .4 4U => 1 ~ ~ 4 C => 

£ ^ 


i L 


B = - 
2 


Put values in (1 ) 


x-2 


-3 3 3.Y- 1 

_ 2 . 2 * 2 2 
n 


dx 


(Y4l)(i : 4l) -Y4l X' 4 1 -Y 2 4l 

r x-2 , -3 f 1 . 1 (-3.1-1 

= — /«jx4l]4-^ f— J 3 ^ -j- 
2 1 1 2 * x 4 1 2 J .t J 4l 


-dx 
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COLLEGE MATHEMATICS-11 

—3.1 ,, 3 r 2x I r 1 

=—ln\x+\ + - J-p-dr-- r — & 
2 4 J *' + 1 2 } l+x 

= ~ ln \x +l| + 2 Jar* + 1| ~ Tan-'x + C 


INTERGRATION 


19. 


Now 


J 




dx 


A Bx + C 
- + 


Put 


(x-l)(x 2 +l) x 1 * 2 +l 

Multiply both sides by (x- I)(jc 2 + l) we gel 

x = ^(x I + l) + (5jr+C){x-l) II 

> xs=l in M =5 l==/l(l 2 +l)+0 


*- 1=0 


1 = 2 A => 


A-l 

2 


Re-arrange II 


x = Ax 2 + A + Bx 2 -Bx + Cx~C => x = (A+ B)x 2 + (-if -f.C)* + (/f - C) 
Comparing co-efficient 


x z ;0 = yf+fl 
x ;l = -B + C 
Constant ; 0 — A - C 
Put value of A in 111 

2 

Put value of Ain V 

o=--c ^ 

2 

I become 


III 

IV 

V 


£=- 

2 


C=- 

2 


1 -1 


“r J -~dx+ [ , x + i dx 

2 J x-1 J 2(jc +l) 


1 ' 

x+- 

2 


1 


dx 


1 


=^/n|x-l|+- | 

2 ' 1 2 J x 2 + l 
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COLLEGE MATHEMATICS-11 


1NTERGRATIQN 


20 . 


Now 


Or 


l,i ,1 1 r 2x 2 -2 


x*+l 


1,1 ,| 1 r 2l , 1 r -2 , 

=-/«x-l — I — — -fit — - T dx 

2 4 J x* + l 4 ^ 1+x 

=— /nlx-ll-— !n\x 2 + l[+- [ — ^fit 
2 1 1 4 1 1 2 J 1+x 2 

= -/n|.T-l|--/H|] + .t 2 [ + -ran 'x+c 
2 1 1 4 1 1 2 

f -<£r I 

J (jr + 3)(x* + l) 

9.v-7 /I Bx+£ 

(x + 3)(x 2 +1) x + 3 x’+l 

■X'by (x+3)(* J +l) II 

9x - 7 = A (x* + 1) ■ + (Ux + C)(.x + 3) 

Put x + 3 = 0 => jc = —3 IT 

9 (-3) - 7 = A ((-3) 2 + 1) + {Bx + C)(0) 
-27-7 = ^(10)+0 


-34 = 10/4 


A = 


-17 


5 


Re-arrange It 

9x — 1 — Ax' * + A + Bx~ + IBx + Cx + 3C 

9.v - 7 = {A + B)x 2 + (3/1 + C)x + (A + 3C) 

Comparing co-efficient 

x 1 i 0 = A + B IU 

x ;9 = 3/f + C IV 

Constant ; -7 = A+3C V 

Put value of A in III 


oAb 


Put value of Ain V 

17 

0=-— +3C =s 
S 


5 


?r = -7+ 


17 
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COLLEGE MATHEMATICS-11 

-35 + 17 -18 


INTERG RATION 


21 . 


Let 


— 3C — ■ 


C = 


-6 


5 

Put in I 




1 


9x-7 


(x + 3)(x 3 + l) 


+ l) J 


-17 17 6 ^ 

5 . 5 X 5 


x+3 x 3 +l 


rate 


-17 

5 

-17 

5 

—17 

5 

-17 

5 

-17 


J — — dx+ J 
J x + 3 J 


17 x-6 ^ 
5(x 3 + l) 




/njx + 3(+y J-j 


x — 


17 


x J +l 


dx 


H jr+3 l + 7xJ- 17 


x~ + 1 


dx 


/Hx+ 3|+izf^ + izriz]j^ 

1 10 J x 3 + 1 louoj J 1 + X 2 


- |x + 3| + — In 1 1 + x“ [ - - Tan~ [ x + C 


10 


J 


1 + 4a 


(*- 3 )(*’ + 4 ) 


dx 


l + 4x 


A Bx + C 

WE? 


(1) 


(x-3)(x 2 +4) x-3 x 3 +4 

'X' both sides by (x-3)(x 3 + 4 ) we get 

l+4x = yr(x I +4)+{5x + C)(x-3) (2) 

Put x-3 = 0 => x = 3/n(2) 

I + 4({3} 2 + 4) + (/?.v + C)(0) ^ 13 = /I (13) 

Rearranging 1 + 4x = 4x 3 + 4 A + Bx 2 - 35x + Cx -3C 
l+4x = (4 + 5)x J +{-35 + C)x + (4/l~3C) 

# 9 

Comparing co-efficient 

x 3 ; 0=4 + 5 => 0 = 1 + 5 => [5=1 


43- 1 
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COLLEGE MATHEMATICS— II 

XI 

Pul in (1) 


INTERGRATION 


22 . 


Let 


4 = -3fl + C =5 4=-3(-l} + C+4 = 3 + C 
1 + Ax 


C= 1 


1 ^-l(x) + l 


(x— 3){x J 4 4) X-3 r+4 


I 


l + 4x 


(x-3)(x 2 +4) 


r 1 f -lx+I , 

J X - 3 * r + & 


x 2 +4 


=/«|x-3|- J 7T 


x + 4 


*<iv 


= //i |jf — 3|" f ; T dx 4- J 1 

1 1 2 J x 2 + 4 J x I +(2) 

= /« lx - 3] — — /« lx 1 +. 4 1 h — Tan 1 — + c 
l 1 2 1 1 2 2 

J x 3 +S J x 3 +f 


W 


-<fc 


-J 


12 


dx 


(x+2)(x a -2x+4) 

12 A 


Bx+C 


II 


(x + 2)(x : -2x+4) x + 2 x J -2x + 4 
'X' both sides by (x + 2)(x* -2x + 4) we gel 
1 2 = A (x 3 - 2x + 4)+ (Bx + C)(x + 2) 

_ . , 1V l + 4x 1 , -l(x) + I 

(x-3)(x'+4) x-3 x 3 +4 

Put x + 2 = 0 => x = -2 we get 

12 = yi((-2) 2 -2(-2) + 4) + 0 => 12 = ^(4 + 4 + 4) =* 12 = 12x4 => \A = \ 
Rearrange II 

12= Ax 1 <- 2Ax + 4A + Bx* + 2Bx + Cx+2C or 

12= (^ + B)x 2 + (-2 A + 2B + C)x + (4A + 2C) 

Comparing co-efficient 

x 2 ; i) = A + B => 0 = 1 + B => U=ll 

x; 0 = -2 A + 2b+C => 0 = -2(l) + 2(-l}+C 

0 = -2 - 2 + C => 0 = -4+C => lC = 4| 

! become 
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COLLEGE MATHEMATICS-1 1 

12 


INTERGRATION 


23. 


Now 


1 -x + 4 


(a + 2)(a 2 -2a + 4) x + 2 x 2 - 2a + 4 

12 

— = 1 

x + 2 


I 


dx=\ - 1 — <ix- [ — — dx+4 I* — — dx 

J x + J. J r -?y+4 ' x* — 2x+4 


(a+2)(a 3 -2a+4) J x+2 J x l ^2x+4 

= ln\x+2\- , ~ A — tix + 4 [ — — ^ dx 

1 1 2 J a 2 — 2.Y + 4 J x 2 ~2x+4 

-****-$! ^3S§**«1 


x -2x+4 


dx 


a -2a + 4 


dx 


— — f — — ! a/a + 4 f — — - 

J x 2 — 2x + 4 J 


.v + 2 a + 4 


■dx 


1 


x -2a- + 1+3 
1 


- dx 


■dx 


= In |a + 2| - — In |a 2 - 2a + 4j + 3 J — 

= //jj.Y + 2j— -/ h)a ? -2a + 4| + 3 [ 

2 1 1 J MX* 

= /»Ia + 2| - ~ln\x 2 - 2x + 4\ + 2r~ Tan 1 ^=U C 
1 2 ' 1 7* 73 

= ln\x ■! 2]-^-/o|a 2 -2a + 4[ + T37 , «/7“ i ^J- + C 
2 V3 


J x 3 ~S J *-*_ 


9* + 6 




.--( 2 ) 

9a + 6 


■rf.v 




(a-2)(.v 2 + 2.V + 4) 
9a+6 /I 


flr+C 


(A-2)(x a '+2x+4.) a-2 a’+2.y + 4 

'X' by (a-2)(a 2 + 2a + 4) 

9a + 6= .4 (a 2 +2a + 4) + ( j Rv + C)(a-2) 

Put x - 2 = 0 => a = 2 

9(2) + 6 = ^(2 2 +2{2)+4) + 0 

24 = A(\2) => U=2l 

Rearrange II 

9a + 6 - Ax 2 + 2Ax + 4A + Bx 2 - 2 Bx + Cx - 2 C 
9x + 6 = (A + B)x 7 +(2A-2B + C)x+(4A-2C) 


II 
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COLLEGE MATHEMATICS-II 


1NTERG RATION 


*4. 


III 

IV 


Comparing co-efficient 
x 2 ; Q = A + B 

x ; 9=2A-2B 

Constant ; 6 - 4A-2C 
Put value of Ain III 

0 = 2 + 5 => 

Put value of A in IV 

6 = 2(4)-2C => 6 = 8 - 2C 

-2 = -2 C => 

1 become 


5 = 2 


C = 1 


= f + — 2X+1 lefe 

J x 2 -8 J U-2 x 2 + 2x + 4 J 

=2 J 2l ' 1+2 ' 2 


= 2 /« 


x* + 2x + 4 
2x + 2 


dx 


|x-2|-J dx-\ 

1 J x 2 + 2x+4 J 

= 2/rtJx - 2| - In jx 2 + 2x + 4| + 3 J 
= 2/njx - 2j -/rt|x 2 + 2x + 4| + 3 J 


-3 


x* +2x + 4 


dx 


1 


-dx 


x* +2x + l + 3 
1 

(* + l) ! + (V2) ! 

.] x + 1 


■civ 


= 2/«|x-2|-//7|x 2 + 2x + 4| + 3.-t=7om" 1 ^-t=- + C 


V3 V3 

= 2ln jx -2j-/njx 2 +2x + 4jy/3Tan~‘ + C 


J 


-rfx 


Let 


2.t 2 + Sx + 3 
(x-t)*(x 1 +4) 

2x 2 +5x + 3 A 


B 


Cx + D 


(x-I) 2 (x 2 +4) Jf-I (x-l) 2 x 2 +4 

X' by (x-2)(x 2 + 2x + 4) 

2x : +5x + 3 = .4(x-l)(x 2 + 4) + 5(x 2 +4)+(Cx + X))(x-l) 2 
Put x-l = 0 =5 x = — 1 in II 

2(l) : +5(l)+3 = 0+5(l + 4) + Q => 2+5+3 = 55 => 10 = 55 
Rearrange II 


II 


5 = 2 
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COLLEGE MATHEMATICS-11 


199 


intergration 


2x 2 + 5x+3~ a{x 2 + 4X-X 1 -4}b(x 2 +4)+(Cx+ D)[x 2 -Ix-l} 

lx 1 +5x +3 = Ax 3 +4Ax~Ax 2 -4A+ Bx 2 + 4 B + Or 3 ~2Cr +Cx+Dx' -2Dx + D 
2.v 3 + 5x + 3 = (A + C)x i + (-A + B - 2C + D) x 2 + 4.4 + {-2D)x + (~4A + 4B+ D) 
Comparing co-efficient 
x 3 ; Q = A+C m 

x 2 ; 2 = —A + B — 2C + D IV 

Jr; 5 = 4 A + C-2D V 

Constant ; 3 = -4A 1 4B+D VI 

From 11 C— A VI 

IV become 2 — ~A + B-2 {—A ) + D 

2 =—A +2+2A+D 
2-2= A+D 

0 = A + D VII 

Pm B-2 in VI 


3 = -4 j 4 + 4(2) + D 
3-% = -4A + D 
Solve VI & VII 


=> 3 = -4/1 + 8 + Z) 

=> —5 = -4 A + D VII 

-5=-4 A + D 


-0 — —A±D 


~5 = -5A 


A = 1 


From III 0 = I + C 

From VII 0 = l + £> 
(1) become 


C = -l 


D = - 1 


2x 2 i 5.t + 3 


I 


2 -jc-1 

T + — 


(jr-l) : (x 3 + 4) ■v-l(x-l) 1 x 2 ±4 

t 2 x 2 +5x+3 , 


— In |x —l| • 


fjy i f j 

( -V — I ) 2 cix- 
_ f 2 v Jr 

f * 

COL -t- £. 1 ] 

x- 1 J 

tfatf i 

' x 2 + 4 

f . J 

-I. 2 

1 x 1 

+ 4 

J .r + 

2 ** 

x 2 +4 

~—Tan~ l —+C 

(*-l) 2 


2 

2 


.r* + 4 


dx 


( 2 ) 


r dx 
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COLLEGE MATHEMATICS-1 1 

Ix'-X-I 


INTERGRAT10N 


25. 


Now 


I 


{.v + 2) : (.v i +.v + l) 

2x 2 -x-7 


dx 


Bx + C Cx+D 


(x + 2)‘ (x 2 + x + l) * + 2 (jc + 4)' x 3 +x+l 
Multiply by (x + 2)' (x 3 +x + l) 

2x 3 -x-7 = /I(x+2)(x 2 +x+l) + i?(x 3 +x + l) + (Cx+ J D}(x + 2) 2 II 

Put x + 2 = 0 => x = -2 in II 
2(-2) 2 -(-2)-7 = 0+tf((-2) 2 -2+l)+0 

8+ 2-7 = fi(3) => 3=3 B => [fi=]j 

Rearrange I! 

2x 3 - x - 7 = /lx 3 + Ax 2 + Ax + 2 Ax 2 + 2Ax + 2 A + Bx 2 + Bx+B + Cx‘ + 4Cx 2 

+4Cx + Dx J + 4Dx + 4D 

Comparing co-efficient 

x 3 ; 0 = A + C III 

x 2 ; 2 = A + 2A + B+4C + D IV 

x; -1 = A+2A+ B+4C + 4D V 

Constant ; -7 = 2 A < B 1 4D VI 

V-IV 

2 - 3.4 + ZI+4C + D 
- 1 = -34+ ZJ ± 4C ± 4D 


A— i 


3 = -3 = 

Put value of B and D in VI 

-7 = 2A -3 +4{-l) 

-7 = 2 / 1 -3 =* -4 = 2/1 A = -2 

Put value of A in 111 

0 = -2 + C 

1 become 


/l - -2 


I 


2x 3 - x - 7 


(x ) 2) (x 2 f x+1 ) 


dx = | 


-2 
v + 2 


2x-i 


=2 f ( i+2 r*+j 


(,v + 2)‘ 


2x - 1 + ] + 1 

x 2 + X + I 


X' + X + 1 


dx 


dx 
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COLLEGE MATHEMATICS-11 


INTERGRATION 


=-2/n|x-2[+^L+{ 


X 2 +X + \ 


dx+ J 


2 . 1 1 J 
x + x t 1 ) 

4 4 


= -2h|jf-2|+ J— r + JT+ 1| -2 J 


(*•*) 


.r+x+J 






2 


2 



26. 

let 

or 

or 


(*+2) v3 v3 

f 3*+l 

^ (4x 2 + l}(x 2 -x + l) 

+ 1 _ >4* + B + Cx + D 

~ (4x 2 +l)(x 2 lx + l) "* 4x 2 + 1 + x 2 - x + 1 

'X* by (4x 2 +l)(.T 2 - jc + I ) we get 

3x + I = { Ax 4 ZJ)(x 2 — x + ]) + (Cx+Z)){4x 2 + i) 

3x + 1 = Ax 3 + Ax 2 + Ax+Bx 2 ~Bx+H+ 4Cx 1 +Cx + 4 Ox 2 + /J 

3x + l = (4 + 4C)x 1 +(-^ + # + 4/))x 1 +(/4- B + C)x+(B+D) 

Comparing Co-efficient 

x J ; 0=i(+4C n 

x 2 ; 0 = ~A + B+4D ID 

x; 3=A-B±D IV 

Constant ; 1 - B + /J V 

Adding III & TV 0 - —~A + 4D 

3 = -rf- ifr + C 

3 = C + 4D a wt'iUH vi 

From I! A = - 4C put in IV 

3--4C + ZJ+C => 3-—B-3C VII 
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COLLEGE MATHEMATICS-11 
Add V & VII 

Put Add VI & VIII 

From VIII 4 = - 3C + 1 
=> - 3C = 4 - 1 = 3 

FromV l = i? + l 


I become 

3x + l 


1NTERGRATI0N 


1 = B + D 

3 = -B -3 C 

4 = -3C + yj VM 
9 = 3C + 12D 

4 = — 3C + D 
13 = 13jD 


C = - 1 


D =■ 0 FromV 


0 = /( + 4(-1) 

0 = A~4[a=A\ 


4x + 0 -x + 1 

‘ + ' 


(4x 2 +l)(jf 2 - JC + l) 4 jc 2 +1 jf 2 -je + l 

( r y w + ; ‘ «* = + h-i- * 

J (4x + J 4x"+1 'x~-x + l fc -A‘ + l 

= i S-^-dx - 4 f-T^i + tjj 
1 ■* 4 v* +1 ? J v“ _ y j. 1 J y* — ■ 


2 J 4x*+1 

= — in|4x 2 +1 

2 


|4jt + 1| - - + U-i — t 

1 1 2 J x*.-x+l J ;r~x + 1 


-dx 

x~ -x + l 

■dx 


1 , t* 2 if 2x-l J 1 f 1 f 

2 * 1 2 J .V : -X + 1 2 J r 2 — r + 1 Jr 1 - 


= iln[4jr ! +l|-ij.v ! -.r + l| + i{- 


2 J x*-x + l 

1 


x + l 


-dx 


1 , . 
■V -X + - + 1-- 


-dx 


= -ln|4.t : +l|--|.r J -x + l|+- [- 
2 I I 2' 1 ? J 


HW 


<ix 


= ^!n|4x : + l|- ^-jx" - .v + [I+- j--7a/t 

2 I 1 2> 1 2 y/3 

2 


/■ T . ^ 

2.r- I 


^3 

2 


+ C 


1 


2 

1 


= — In 4x + 1 — - 


I 


^-x + ll+l.^TiHT'f— -x4=)+C 


3- ' 73 * ** ' L £."73j 

^InUx 2 +l|--lx 2 - x + 1| + -!=’/ off' 1 — ~ 1 + C 

2 1 1 2 1 1 73 
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COLLEGE MATHEMATICS-1 1 


INTERGRATION 


27. 


Now 


Or 


r , 4x 3 +1 — 

(x‘ + 4)(.v J + 4 jc + 5) ' 


4x + l 


Ax + B Cx + D 


(V + 4)(jc 2 +4jc + 5) jt+ 4 jr+4.v + 5 
Multiply by (x 2 + 4)(.r 2 + 4x + 5) 

4.v + 1 = (A x + B)(x ’ + 4 x + 5) + (Cx + D)( x ' + 4) 

4.r + 1 = Ax 3, + 4 Ax 2 + 5Ax + Bx 1 + 4 Bx + 5 tt + Cx 2 + 4C 'x + I)x 2 + 41) 
4.v + 1 = (A + C)x 3 + (4 A+B+ D)x 2 + (5 4+45 + 4C)jc + (5 B + 40) 

Comparing co-efficient 
0 = 4 + C II 

x 2 ; 0 = 4 4+5 + D II! 

x : 4=54+45+40 IV 

4x111 -V 

0 = 164 + 4B + 4D 

-1= ± 5B + 4D 


VI 

VII 


- 1 = 164 - 5 
=> 6-1 + 164 
From II , C ~ -A 
Pm VI F VIII in IV 
4 = 54 + 4(1 + 164)- 44 
4 = 54 + 4+164-44 
4-4 = 174 


VIII 


0 = 4 


5 = 0 


Put in II 0 = 0 + C => ]C = 0 
Pur in VII 5 = 1 + 1 6(0) => 

Pul in V , 1 = 5(1) +4 /> = 

4x+l 


I Become J- 

1 


(Jtr 7 +4)(.y ? +4a- + 5) 


1-5 = 477 =>^1 = 40 => /; = -i 

dx 


»'.iS±L 


■<¥ 


+ 4 JT+4.Y + 5; 


f-^ — -dx- [— 

J v- -i-r?v 3 J v- 


-T +(2) 

= -TwV 1 -- f 
7 7 J 


jt* + 4.r + 4 + l 
1 


- dx 


2 

2 

7 


-dx 


2 ^ (,t + 2)' + ] 

-—'I an 1 — - Tan' 1 (x + 2) + C 
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COLLEGE MATHEMATICS-11 


204 


28. 

Now 


r ** . 

6ar Ax+Jl Cjt + jP 

(x 2 + cr)(x ! + 4a 2 ) x 2 +a 2 x 2 + a 2 

'X' both sides by (x 2 + a 2 )(x 2 + 4cr 2 ) 

6a 2 =(^x+5)(x 2 + 4a 2 )+(Cx + Z5)(x 2 +a 2 ) 

Rearranging 

6cr ~ Ax'- +4 a l Ax+Bx 7 +4a ? B + Cx 3 + Ca 2 x + Dx 2 + Da 2 
6a' = (A+C)x z +4a 2 A+a 2 x+(B + ti)x 2 +4 a 2 B+Da 2 
Comparing co-efficient 


x 3 \ 0 = A+C 

II 


x 2 ; 0 = B + D 

in 


x ; 0 = 4 a 2 A + Ca 2 


IV 

Constant; 6a 2 = 4a' B+ Da 2 

V 

'X' tv by a 2 and solve with II 



0 = Aa 2 +-£«-■ => | 

T=o 


-0 *-4Aa l ±-e+* 


— 7! 

rut m II 

C = 0 

0 = -3Aa‘ 


1 

'X' IV by a 2 and solve with V 



Cm 2 = -45« 2 ±-Da-' 



-6a- = Via 2 



„ ~6a 2 „ j 



=> B - , - 2 => 

5 = 2 


-35a" 



Put of value of B in ITT 0 = 2+D 

1 become 



6cr Ox + 2 

Ox -2 

(x 2 +a ; )(x 2 +4a 2 ) x 2 +a 2 x 

2 + 4a 2 


- 2. — Tan'* — - -5-.— ! — 7Vjh + C 

a a -2-fl » 2a 

= — 7a«"‘ — -—Tan -1 — + C 
a a a 2a 


INTERGRATION 
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COLLEGE MATHEMATICS— II 


29. 




2x 2 - 2 


-v 4 + .v 1 + 1 


dx 


-fa 


-J 


2x -2 


X + X* + 1 + X 

2x 2 - 2 


jdx = f — 

- x' J r 


2x 2 -2 


x 4 + 2x ? 4- 1 - X* 

2.v 2 - 2 


-dx 


(x 2 + l)~ -(x) 2 (x" +l + x)(x 2 +l-x) 


dx 


r 2 x 2 -2 Ax + B Cx+D 

Supposey-^; CT-r r = — +— r— 

(x' +X + l)(.Y ~X+ l) X'+X + l X -X+l 

’X’ both sides by (x 2 +x + l)(x 2 - x + l)we get 
2.V 7 -2 -(Ax + Z?)(x 2 - x + 1) + (Cx + Z))(x 2 + x + l) 


fNTERGRATIQN 


Rearranging 

2x a 2 - Ax 2 - Ax 1 + Ax + Bx 2 -Bx+ B + Cx 3 + Cx 1 + Cx + Dx 2 + Dx + D 
or 2x 2 -2 = (A + C)x 3 +(-A + B^CfD)x^+(A-B+C^S^x+(B+D) 

Comparing co-efficient 


x 5 ; 0=/f+C 

TT 

Put V in 11 

x 2 ; 2 ^-A+B + C+D 

111 

-2 = -A + C + B + C 

x ;0= A- B+C+D 


IV 

-2 = -A + C + (-2) 

Constant; - 2 = B + D 


V 

2= A t C - 2 




-2 + 2 = —A + C 

-A + C = 0 

VI 



Solve II and VI 




0=^ + C 

From II 0 

— A + 0 


Q = -,4 + C 
0 - 2c z => 

Put II in IV 

=t> 0 — 0-B+D 

Solve V & vn 


C = 0 I 

0 = A + C-B + D 
VII 

-2 =~B + D 
0 =—&+D 
-2= 2D ^ 


From V - 2 = B - 1 
=> J? = -2 + 1 = -l 

I become 


j [,) = ft | 
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COLLEGE MATHEMATICS— II 

2.V 3 —2 


INTERGRATION 


30. 


Now 


Ojr -1 

-+* 


(.v 3 + x + l)(x 2 -x + l) x 2 +x + l x 2 -x+l 

2.r-2 . r -l . r - 1 


f t-t \ / , xdx= f — dx + f — 5 — 

J x 3 +x + lVx* -x+ll ■* x“+x + l r- 


(x 3 +x + l)(x 

— r^— 5 — \-r^— 

J X+.Y + I J X - X + 1 

--J-T-TTT *-! 


>) 

dx 


,v +1 


-dx 


-1 


X - + X+- + 1-- 
4 4 


i 1 . 1 

x -x+- + 1 — 


ok 


=-J 


-iic- J 


-I 


m hh 


4 4 

dx 


1 


2 J l 4 J 


dx- J 


m 


2 / 

+ 


S) 

4 


-rfv 


2 x + l 


1 


I 


* — ~Tan ] ^= - 

V3 V3 ^3 


7cro 




2 x - 1 

2 

2 


- + C 


1 ^ r 2.V + 1 S' 2 2,t + 1 S' 

- — j=7flf» - — — x-^r — -=Ian l x-=> 

V3 * & S * V3 


= — \=Tan 

V3 


2x + l 2 


I 


:£ 

3x-8 


— %=Tan 


2 x-l 


■n vs 

dx 


(x J -x + 2)(x* +x + 2) 

3x-8 Ax + B 


+ C 

I 

Cx+ D 


(x 2 - x+ 2 )(x J + x + 2 ) x*-x +2 x 3 + x +2 

Multiply by (x 3 -x + 2)(x 2 + x+2) 

3x - 8 = (,4x + 5)(x J + x + 2) + (Cx + D)(x 2 - x + 2) 

3x - 8 = Ax % + Ax 2 + 2 Ax + Bx 1 + Bx + 2B + Cx 3 - Cx 2 + 2Cx + Dx ' - D.v + 2 D 
3x-8=(^+C)x 3 +(^+B+C+0)x 2 +(2yf+fi+2C-D)x+(25+2D) 

Comparing co-efficient 
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COLLEGE MATHEMATICS-H 


INTERGRATIOH 


or 




n 


m 

IV 


0 

0 = A + B-C + D 

*; 3-2A + B+2C-D 

Constant; ~8=2B+2D 

* by 2 ~4^B + D 

From til 

0= A + B-C + D 

0=A-C+B+D 

Put V B + D = -4 

Q — A~C~4 

A -C = 4 VI 

11 + VI 
A 4<r = 0 

A+-e-=4 


2A~4 => 

V + VII 
i? + = —4 


/f = 0 


B+-& = 4 


2B = -l => 

- 

2 


Put value of A in It 



0= 2 + C 


C = -2 


Put value of B in VII 


£> = -3 - ~ 
2 


D-^Z 

2 


Now from IV 


Put A + C = 0 


i become 


3=2A+2C+B-D 
3 = 2 (A + C) + B-D 

3 = 2(0 )+B-D 
B-D = 3 


VII 


www.iqbalkalmati.blogspot.com : 






www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS-1 1 
3.V-8 


INTERGRATION 


31 


J 


(x : - x + 2)(x 3 + .t + 2) 


dx = J 


, 1 
2x — 
2 


_ 7 ^ 

2x-~ 
2 


.v* - x + 2 x + x + 2 


dx 


-f 


I 

2.V-1 + 1 + - 
x 3 -x + 2 


J x ! -x+2 j 2 


7 'l 


•*-J "3 


2.V + 1-1+- 

2 

a:' 1 + x + 2 


dx 


i-i 

2 




ii, 
x - x+ — — l2 
4 4 


U 

2 


x J +x+2 


x 3 +x+-— -+2 


dx 


4 4 


-/n|x J -x+2|+l J ’ —dx+ln |x2 + x + 2[ + -j J ^ 2 ~ 


(-;) 


— dx 

( 1 V 7 

l 2j 4 


*=//ijx 2 -x+2j+-^ J 


f Zr-1 

l 2 . 


fv? 


— <&+/«|x 2 +x+2|+- J 


2 I'xa+iV (V? j 

V 2 JVJ 


■dc 


= /rt|x ! - x+2 |+— .^*Tari 
1 1 2 4 


2x-l ^ 


2 ) 


+ //7 jx* +x+2j+^-.-^7oH 


'2x + l' 


2 . 


V? 

2 


+ C 


=/rt|x 3 -x+2|+^.-^raff‘' 1 [ ^^x-^l+Znl.v 2 +x+2!+-.-L7o>f' 2r+1 x-l 

1 2 V7 l 2 f?) 1 ' 2 V7 2 77 

= In \x* - x + 2| +~j=-Tan 


+C 


-1 2x-i 

H 

r 3x 3 + 4x 3 + 9x + 5 
J (.v 1 +.v + l)(x J + 2x + 3) ( ) 

„ .. 3x 3 +4.r‘ +9x+5 ^x + i? 

Consider 


+ In lx’ + x + 2| + 4- Tan ' 


m 


Cx + D 


(x 2 + x+l)(x 2 +2x + 3) (x J + x + l) (x J +2x+3) 
Multiplying both sides of (/)(x : + x+ i)(x 3 1 2x+ 3/ we have 
3x 3 + 4x 2 +9x + 5 = (4x + S)(x 3 + 2x + 3)+(Cx + F)(x‘ +x + l) 

= 4(x J +2x 7 +3x)-f?if(x 2 + 2x+ 3) + C(x 3 +x a + xj + Z)(x 3 + x + l) 
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COLLEGE MATHEMATICS-11 


INTERGRAT10N 


(0 


3x* + 4x 2 +9x+ 5 = {^ + C V +{2*+ B4& + B) x 2 +(3^+C + D) *4- 3B4D ...(H) 

Equating Coefficients of x*, x\ k and constant terms of (iij we have 
A+C = 3 (a) 

2A + B+C + D = 4 (b) 

3A+2B + C + D = 9 (c) 

3B+D = 5 (d) 

Put C = 3 - A in (b) and (c) we get 

2A + B + 3-A + D = 4 => A+B+D = \ (c) 

3A + 2B+3-A + D~9 => 2A + 2B + t) = 6 

Multiplying (e) by 2 and subtract from (f) 

2A + 2B+ D = 6 
2J + 2.S + 2£> = 2 

d = 4 - fu^n 

Since 3B + D = 5 35-4=5 => 35 = 9 => 5 = 3 

Putting values of B and D in (e) we have 
A + 3-4 = 1 => .4-1 = 1 =■ [a = 2| 

Also C =3-/1 = 3-2 = l => |C = l| 

Hence (I) can be written as 


dx 


r 3x*+4x 2 +9x4-5 r 

2x+3 x — 4 

J (x 3 +x+])(x 2 +2x+3) J 

| 

(x 2 +x + l) x 2 +2x+3 


friri 2x+I , _ t 1 ,1 rj^Sbr+3^ , _r 1 . 

"" J x 2 +x + \ t + "J X 2 + X + ] C X+ 2 J x 7 A?Zx+3 dX ~ ' a” +2x + 3‘ A 

= to(^ +i + l) + 2j a ' ^ 


,x +x + - + - 
4 4 


=/n(x 2 +x+t)+/«(x J +2x+3)' 2 +2 J 


1 


f x+ >U^l 

l 2 ) ( 2 ) 

( 


y(A--5 J 


2x+l+2 

1 

dx 


(x+l) 2 +(V2)‘ 


1 

X i 

2 


V3 

2 J 


5 r / 

- 7tf/J 

V2 


= /n(x 2 + x + l)(x : +2x + 3) ‘+2 x-~Tm 


X+l\ 

V2 J 
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COLLEGE MATHEMATICS-1 


INTERGRATION 


i A - 

l. Jt-r 1 + t)d&e - + jldx 


x 

T 


+ l^=t[ w '- (1) 'W 2 -'] = ^ 8 -'l +1 


-i(7)+l = -+,^|2 = — - 
3 3 3 3 


1 v 1 v 1 

2. J(.v 1 +l)dfr= j\v l dx + J ldx 


v ; 5? 

f 

-1 

. 

JC^+l 



r il 3 

*W-i =4 

1 , 

+ M-i = 

4 

- + 1 

3 


. 3 . 

i 


-<-d 4, ]+[ 



Ji 




= -[l-l] + 2 = 0 + 2 = 2 


U | C 1 ^ 

J‘ v dx = J(2a*- 1 )' : tlx = - J(2a- - 1 )' J dx (Sargodha 2010,11) 

2 x - ir' T m _i[ l _ 

-l J_, 2 C2x — 1 


qv-i r J 

-2 + 1 


.1 


1 


-1 


2[2(0)-lJ 2 
_1 


■1 


{-a 


_ L _ i ,_ ir_i l_i 

2(-2)-l J 2L0-1 — 4-1 J 

] 


-5 + 1 


It 


2 

5 
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COLLEGE MATHEMATICS-11 
2 2 


INTERGRATION 


4. J yl 3 - xdx = J (3 — xfi = - J(3 - jc) 1 dx 


-t 

•H 




(3-x) 


1 + 1 

2 


H5 


(3-*) 

3 


K 


=-|[(3-2>*-(3-(-6#] 






VS ^ v5 

S. J = J (2/ — 


/j 


- J (2/ — 1)' 2 - 1 | (2/ - 1 p 2d! = i- 


Js 


( 2 /- 1 ) 




2*1 

2 


(2f-l) 

5 

2 


K 


s/3 




= i[(2(/5 - l/> - (if* j = j[(2V5 - 1 - 1 


^5 


6. j xjx* - Xdx = J (.v 1 - 1)' 2 .riiv 


| ^ j, | 

J (x 1 — 1/ 2 2xdx = — 




¥ 


J2 




-- V 

(v'-lV 2 

3 

i 
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COLLEGE MATHEMATICS-!! 


^[(5 - if 2 - (4 - 1)*] =![(#- (3)^] 

a \[ 2 ** - 33>2 ] =\l 21 - 3 ^] - K 8 " 3v ^] 

J— ~ — dx - — J _ dx {Sargodha 2008,09) 


2 f x +2 


= -ln 2 
2 


= ^ [in I* 1 + 2|| = [in |(2) J + 2| - ln(l) 2 + 2] 
= [ in 6 - In 3] = ^In “ 

hhhm ^' 

3 3 3 

= J.vVv+ jfdx-2jldx = 


x_ 

3 


nJ r 
+ 
J2 ~ L 


iic 


- 2+1 


-2 + 1 


■M 


"j[(3) 1 -(2) > ] + 


to -1 ) 

-1 




= j[27-8]- 

19 f2-3 1 ) 


3 V 6 J 
27 _ 9 
6 2 

jc + - \[x^+T+ldx 
-i\ 2 J 


-2(3-2] 

1 fi 1 ^ 

-2(l) = j(19)-(j--j 

-2 = — -f— 1-2 = — +-! — 2 = 

3 l, 6 J 3 6 


n3 


L*J: 


-2 


38 + 1 


-12 


* 

= +x + lj 3 x + ^ dc = ^j(x 2 + x + 1)^2 x + ^jdx 


= jj(* 3 +x + l)%* + I)<ir = j 


I' 


(x 2 +x + l)^ 

- + 1 
2 


tNTERGRATlON 
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COLLEGE MATHEMATIC S-ll 


INTERGRATION 


10 . 


11 . 


12 . 




(.r 2 + A- + if ' 1 


3 

2 


= 7 X 7[ ( * 2+Jf+ ^] ( 


I 


=^■[(1+1+1)^ -<i-i + 1)^1 

J j- dx 3 r dx 

J v 1 + 9 - J 

it 1 ^ j j 


3 3 


J.v 2 + (3) 2 

a 


Tan '--Tan ' 


(Sargodha 2010,11,12) 

= -\Tan\X)-Tan 1 0] 


•Ifi-oU* 
3\ 4 J 12 


% 


% 


| Cost dt = [S int] = Sin ~ - Sin ~ (Sargodha 2009,10,11) 

3 6 

% 

_ >/3 1 >/3-I 

2 2 2 

HfB)* 

f{x) = x + — then fix) = 1 + (- 1)jc 2 = 1 — — So 
x X 


f 1 V* 

1 

[> iPl 

*■+- 



l x) 


V 

1 , 


3 

+ 1 



2 


2 

m — 

t 

- - 



r iV*l 

2+ i - 


V 2j 

l 2j 


5^ 3/ 

2 -®* 


7-272 

2v2 


5^5 -4x2 

272 . 
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COLLEGE MATHEMATICS-!! 


13. 


14. 


15. 


- 2 - 

7 




5 V 5-8 


2V2 

jin* dx Jlln x dx = Jl .Ildx 

1 0 

: , 1 

= [In .v . .v]| - J — dx — [.vln.vj" - Jl dx 

i 1 

= (2 In 2 - 1 In 1) - [x]* = (2 In 2 — 1 x 0) — (2 — 1) 
= 2in2— 0-1 =21n2-l 

j(e 1 -e J J dx = Je ' 2 <£v - Je /2 dvr 


■>a r -1? 


//* /*£ 

" 7T 
L 2 J 0 L 2 i 


1* . *0 


= 2 




e 

L JO 


+ 2 




1 


= 2 e^ 2 — e% + 2 e e /2 j = 2[e ! -e°]+2(e ’-e 0 ] 


= 2 (c-l) + 2 

hHM 


1 , , 2 _ _ 2 . 

— 1 \—2e+ — 2 — 2e 4 

\e J e e 

e M) 


* J 


*1 


Ce>£0 + Sffifl 
1 + Cos 26 


dO 


j Cosd + SinO 


\Cos 0 


2 u J lCoi r C Gw-tfJ 

/T/ 


4 


i Sind I 
•+ -x- 


CosO CosO CosO 


\ .1 f* 

\dO = — J (Seed + SecTanO)dO 

/ 2 0 


= - J SecO dO + ^ J SecOTanOdO 
^ 0 ^6 

= --[in |&cd + TanB ^ 4 + — [ SecO]^ A 
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COLLEGE MATHEMATICS-1 1 

* Now 


16. 


17. 



In ( Sec ^ + Tan'^j- In(SecO + TanO) +^Sec^~ SecO j 

= ^[ln(V2+l)-ln(l + 0)]+^(72 1) 
^^[ln(V2+l)-ln(l)]+^(%/2-t) 

= i[ln(^+l)-0)] + l(72-!) = ^[ln(>/2+l)]+^(^-l) 

=|[ln(^+l)+(V2-I)] 

*4 4 

j Cos 3 0 dd = j Cos'd dd &*> 0 

n i) 

J (I -Sfn 2 $)CosO = J Cosdiid - J SirTdCosOdO 


' Sin 2 % Sin o' 


= [Shtd$ - — j- =^S/n^— SinO 


12-1 _ II 
24 ”24 


Cos'BCot'OdO 


] 

% 

% % 

= | Cord{Co sec 2 6 -1 )dO = [ {Cos'OCo see 1 9- Cos~0)d0 


% 

% 


5*4 


* \Cos l O.—^dO- \ Cos- Odd 
j Sift'd J . 


% 


% 
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COLLEGE MATHEMATICS-!! 


INTERGRATION 


18. 


= jcot 2 OdO- 


lW 


% 

*A 


% 


'/a 


7k 1 i 

= J (Coscc 7 0 - 1 )d0 - - J(I + Cos! 9)dQ 


"A 

"A 


% 

% 


74 74 I ! 

= J (Co sec 2 GdO- \\d9 — J CaslQdQ 


% 


% 




= - Cot - + Cot Sm2 — - Sin— 
4 6 U 6) 2{ % 

= „, + 73 -lf^V 

2\. 4 6 J 


f, S) 

2 


, rz 3 k -%-jt I '/j 

= -I + V3 + + — 

8 43-4 4 8 

-8 + 8^3 - 3/T + 2;r - 2 + >/3 9 V3 - /r - 1 0 


8 


8 


| Cos 4 td0 = | (Cos 1 -t) 2 dt~ J f 1 + Coy2 M 

<1 0 D \ ^ / 


dt 


*■/ 


r 1 + 2Cos2t + Cos 1 2/ , 

- J : * 


4 


t + 2Cos2l + 


] + Cos4t 


dt 


1 + C'os2t ~ 2£ o.v'/ 
I + Coski = 2 Cos 2 2/ 


% 


41 


2 + 4 Cos 2/ + 1 + CosAt 


dt 


B 

% 


- ^ j(3+4Cos2t+Cos4t)dl 


■# 


4Sin2i Sin4l 
4* ; + 


J 
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COLLEGE MATHEMATICS-II 


1 NTERGRAT 1 QN 


19. 


ZO. 


Sirrt — Sin4 — 

3— + 4 — - 0 _ 4iSVn2(0) 57«4(0) 

4 2 4 2 4 


3/r 

- — + -4~ 

4 


1 ' 


V*2v 
3^ + 8 
32 


° + °Uf^ +2 l 

2 4 j 8^4 J 


4 2 4 


'X 


_ 4-8 ^1 

si 4 J 

| Cos 1 e Sine dd = - j Cos 1 8(-Sin0)d0 
0 


Cos'O 


Jo 


Cos--CosO 

3 


T (,) ' 


Mf 

| (1 + cos'eyran'eae 

I 

% % 

— [ (Tan' 0 + Cos 2 0Tan 7 O)d0 = 


o 

■/ 


'-O)d0= j^Sec 2 9- 

= JSecV#- Jltf0 + 1( ] - Cos2d )d0 

0 Q o V ^ / 




- Tan TanO 

4 


1 4 J 2 


* 4 0 ,^2(0) 
4 2 2 


UJ 2 U 2 J 4 8 4 


8~2;r + /r-2 6-;r 


8 


S 
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COLLEGE MATHEMATICS-11 
Sec 8 


21 . 


22 . 


23. 


? 


' Sind + Cosd 


d9 




Sec-Q 


% 


Sm9{Siti8+CosO) 


de !-i 


(Sargodha 2009,10) 

Sec 1 8 


= f Scc ' 9_ d Q = [ln| 7 crn 0 +l|] 

J (7a«0 + 1 L ' U 

— )n | Tan ^ + 1 j - In (Tan9 + 1) 

= ln(l + 1) - ln(0 + 1) = ln(2) - ln(l) = In 2 - 0 
= to(2) 

5 

J|x-3jrfx 


o — ' (SinO+Cos&) 
Cos& 


'"/a 


-l 


- J-(jc-3)(£c+ |(x-3)(/x 

t ^ 


l 


■H 


-l 

^3 


-if- 


J-l 


^-3* 


-h L 


x 2 

— + 3* 

JJ 


3 r 




_ + 3(3,- 


~j + 3)-l)] + ^--3(5)-f +3(3) 


= _i+9 + i+3+— -15-^+9 
2 2 2 2 
-9 + 18 + 1+ 6+25-30-9 + 18 _ 40- 

2 - 2 - 

, f y \ , 

J - — ^2 ( ix= J(a* lj + 2)fr l dx (Sargodha 2008) 


VA 


= 3 |(x l ' 3 + 2) : \ x h tx ~ 3 


(x^ + 2) 


% 


3- 

-3- 


((l) K + 2)- 


i \K 


\* 


UJ 


+ 2 


} 
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COLLEGE MATHEMAT1CS-JI 


24. 


25 . 



4 

i V*# 1 

J" 



r 1 V 

- 

(I + 2) 3 - 

i +2 


- 

3 3 - 



\ 

UJ J 




^2 J J 


„ f5V „ 125 
= 27 =27 = 

W 8 

J 2 - 

J— dx 

J JC + 1 


216-125 91 

8 8 


x" 

2 


3^_]_ 

2 2 


2 ^ 


— (3 — 1) — (Io(3 + 1) — ln(l + 1)) 


= ~ — - 2(ln 4 - In 2) 

= -^-2(ln2’-In 2) = ^--2(2ln2-1n2) 


= 4 — 2 - In 2 = 2- In 2 
3a~ z - 2,v + 1 


tlx 


Let 


■IXJC’ + I) 
3x 2 ~2x + 1 


A Bx + C 
- 4 - ■ 


(.r-lXx 2 + l) x-l jr + 1 
'X' both sides by (x - l)(x 2 + 1) we gel 
Ir -2x + 1 = A{x 2 + 1) + (Bx + C){x - 1) 

Put x-l—Q^>x-lfni 

3(I) 2 - 2(1) + 1 = ^((l) 2 + 1) + (Bx + c)(0) 

3 - I + 1 = A (2) i- 0 => 2 = 2A => |A = l] 
Rearranging I 

3x 2 -2x + l = Ax 2 + A + Bx 2 -Bx + Cx-C 
Comparing co-efficient 


INTERGRATION 
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26. 


27. 


COLLEGE MATHEMATICS-!! WVfil 

v*; 3 = ^*1? => 3= 1 => li? = 2 


2 = ~R + C =>- 2=2 + C =>C = -2 + 2 = 0 C =0 


3 .y - 2 .V + 1 


1 2jr + 0 

■+- 


(.v — l)(x 2 + 1) JC — I * ! +l 

J(jc-l)f.t 3 +I) : J U-1 x 2 +\) 

r 1 , r 2.t , 

I :fr + f— ; dr 

jx-\ fx 2 +1 

= [to|.x-l|]’+[ln|.t i +l|| 

L _iv^ + n * = ln(3 - 1) - ln(2- 1) + ln(3 ! + 1) - ln(2 ! + 1) 

= tn2-ln(l) + lnlO-ln5 

= in2-0 + lnl0-in5 

2x10 


= In 2 + In 10 -In 5 = In- 
■ 20 * 

- In = In 4 


i cos -x n 


Sinx 1 


U 

Jf* 

A 




A 


Cosx Cosx Cos 

■'4 74 

J Secx Tanxdx- J Sec 2 x dr 

o u 

= [ 5 cc.v] u 4 - [ 7 fl«.v] n * = | Sec ■j - Set'O - ^ Tan —■ - TanO j 

= V2-I— (l-0) = >/2-l-l = V2-2 


o 1 + Smx * Cos 1 x J y Cos x 


Sinx 
Cos 1 x j 


tlx 


% 


*A 


J (Sec 1 - TanxSecx)dx = J Sec 2 xtix = J SecxTanxdx 
a ao 

- [ 7 bn.r ] Q ' * - [Secr ]^ 4 = Tan ~ - TanO ^ Sec— - SecO j 

= I -0fV2 -1)= I - V2 + 1 = 2- V2 
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COLLEGE MATHEMATICS-!! 


28. 


29. 


JV4-3a- 

V4-3a-4 


-3a 


=dx 


'(*4— 3a- 4 , f 4-3x V 1 j 

i yfc-3x 0 J V4-3t j V4-3a 

= _ W 4 ~ 3x x t i - 3 ' r dx + 4 f(4 — 3x)~‘ 1 dx 
Z V 4-3a 0 


--(y]j {4 “3x )X {-3 ) ^ + 4 


“ll 

l/+t 

(4-3xK 2 

l + i 

2 jo 


(4-3x/ +l 


± + , 

2 




' 

r f I' 

if 

(4 -3a# 

4 

(4 -3 a/ 1 

3 

3 

3 

1 


2 

0 

. 2 Jo 


= | [(4 - 3(1 )) & - (4 - 3(0# ] -|[(4 ■ - 3(1)# - (4 - 3(0)) ^ 
=|[(4-3)^-(4.-0)^]-|[(4-3)^-(4-0)f 2 ] 

= |[(* # _(4#]~|[(1# -(4#] 


-14 , 8 -14 + 24 _ 10 

~9 _+ 3 " 9 9 


I 


Cosx 


-dx 


Sinx{2 + Sinx) 

Put Sinx - t => ( V».vv tic = t/f 


(Sargodha 2011) 


ws 
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COLLEGE MATHEMATICS-^ 

rr 
2 


WJien x - — then t = Sin— = 1 
• 2 


When x = — then t = Sin— ~ — 
6 6 2 


„ 1 

So |- 

Sinx( 2 + Sjnx) ^ / (2 + /) 

1 


Cosxdx 


- J— 


Z.e/ 


-4 /* 

■ = — + ■ 


/(2'4-Y) / 2 + / 

'X' both sides by t (2+t) we get 
1 = A(2+t) + Bt 
Put t = 0 

1 = ,4(2+0) +0 =>1 = 2/4 => 
^wf 2+/=0 => / = -2 m // 

I = ,4(0) + J3(— 2) 
t become 


/(=— 

2 


2 


1 


1 zl 
,_Z + _2_ 


/(2 + 0 / 2+t 


t i 1 

r t(2 + t) J 


ti 


>4 


/(2 + /) 

J '• J 

= - J -dt~- f - — ^ — «/r = — [ln/l' L . -—[ln(2 +/)]',,. 

2 J/ 2 (j 2 + / 2 l - -H 2 l li 2 

f | [\Y1 

ln(l)- In — ln(2 + l)- in 2+~ 

l. 2 k 


n 

-1 \ 

2 _ 

2 

t 

2+t 


J 


rf/ 


0- In - — In 3 + In — 
2 2 


= ^[-(in<l) - In 2) - In 3 + In 5 - in 2] 
= -i[- ln(l) + - In 3 + In 5 -4^3*] 
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COLLEGE MATHEMATICS-! I 


1NTERGRATI0N 


= -[G+ln5-ln3l = -ln- 
2 l 1 2 3 


30. 


I 


Sinx 


-dx 


0 (I + Cosx){2 + Cosx) 

Put Cosx = I => Sinx dx = dt 
When x = 0 then l = Co.?0 = I 

When jc = — then t=Cos~ = 0 

2 


'l 


2 

-dt 


■ U 

-h 


dt 


-f 


i 0 + 0 ( 2+0 , 0 + 0 ( 2+0 

+dt 1 


Take- 


B 


, J (l+0(2+0 (1+0(2 + /) 1 + / 2+t 

'X'be (1 + 0(2 + /) we get 1 = A(2 + t) + 5(1 +/) 
Put 2 + t = 0 / = -2 then I = /1(0) + (1 -2) 

Put l+/ = 0 => / = -! //ien 

U^2-lH0-=> ir^ a 
1 1 -1 
0 + 0(2 + /) ~ 1 + / + 2 +/ 


1 


I J1.1+/ 2+t) 0 J 1 +/ d 2+/ 


ii (1+0(2 + /) 

= [lnjl +f|]j -[ln)2 + /|]; 

= ln(l + 1)- ln(l + 0) - (ln(2 + 1) - ln(2 + 0)) 
= ln2-lnl-ln3 = 21n2— ln3 

= In 2 2 ~ In 3 = In 4 - In 3 = In — 
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COLLEGE MATHEMATICS-II 


1NTERGRA! ION 



y = + 1 x = l to x = 2 


(Sargodha 2007,09,10,11,12) 


2 

Area = J(i 2 +l)fl£r 

t 

3 1 

= jVtix -f Jlt£x = 


l3j, 


■h; 


0 


_ 8 1 8-I+3 _10 

_ 3 3 + " 3 _ 3 


_>’ = 5 - .v J , x = — \ to x = 2 


-1 


* *. * 

Area = J(5 -x l )Jx= \5dx~ ^dx 

- \ -I -I 


-I 

= 5(2 -(-!)) 


2 


2 

\x 2 dx = 5 

-T 


i 

-i 

T 




|^ J H?° 

* 15 ^ - y) = 15-3=125'? unit 
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COLLEGE MATHEMATtCSHI 
3. y- 3-Jx, x - 1, .v = 4 


225 


1NTERGRATI0N 


(Sargodha 2008,10,11) 


X 

0 

1 

2 

3 

4 

5 

y | 

4 

5 

3\f2 

3-73 

6 

3 Vs 



= 2[S-1] 


4. y — Cosx (Sargodha 2008,09) 


X 

-90° 

-60° 

-30° 

0 

30° 

60° 

90 s 

>■ 

0 

+0 5 

+0.8 

1 

0.8 

0.5 

0 




-n K 

x- — to x - — 

'2 2 

x = -90° tax = 90° 

Yi 

Cosxdx = 


1 

Area * I 

4 


= 2 Sq units 
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226 


INTERGRATtON 


5. 


y = 4x - x 1 

Put _y = 0 => 4x - = 0 => x(4 - x) = 0 

x = 0 or 4-x = 0 => x = 0 or x = 4 



S - 



6. y = x 1 + 2x - 3 (Sargodha 2011) 

Put y = 0 => x* + 2x - 3 = 0 
.v ! + 3x ~ x - 3 = 0 => x(x+3)-l(x + 3) = 0 
(x+3)(x-l) = 0 => x + 3 = 0 or x - 1 = 0 
.v = -3 or x = I 
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COLLEGE MATHEMATICS-tl 


INTERGRATIQN 


7. 


Area = J{x J +2x- 3 )dx = JVdfc + 2 J xdx - 3 J Idx 

-3 -3 

^4 


r ^ 

-3 

' 

r 21 1 

X 

+ 2 

jr 

3 

-3 

W 


I C-3) 3 


3 

-2 

3 


+ 2 


(0* 


2 

2 J 


-3(1 -(-3)) 


I ( - 0 ( i Q^i 

+2 'Hrf 


J 


= i + 2Z +1 . 9 _ 12= i 

3 3 3 3 3 

32 

- — 5b wwtt 
3 


v = jt j + 1, X = 2 
Put _v = 0 =* v’ + ! = 0 
.v 3 + 1 3 = 0 or (x + l)(.v 3 -x + 1) = 0 
x + 1 =■ 0 or x : ~ x + I = 0 




-I 




H*& - 


-i -j 

4 4 


+ (2-(-l)) = i5_i + 2 + l 

4 4 


16 1 . 16—1 + 12 27 0 
+ 3 = — = i£/ IMJ/JT 

4 4 4 A 
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COLLEGE MATHEMATICS— H 


228 


Put y - x(x 2 ~ 4 ) put y = 0 => 
x(x 2 - 4) = 0 or x = 0 or x 1 - 4 = 0 
x = 0t>r;c 1 = 4^j; = ±2 
.* = -2,0,2 


INTERGRATION 


X 

-2 

-1 

0 

1 

2 

> 

0 

3 

0 

-3 

0 



9.y j? = Jf(x-1_(.r + l) 

Put >- = 0=> *(*-l)(*+l) = 0 
* = 0 or * - I = 0 or * + l = 0 


* = 0 , 1,-1 

y = x(x- 1)(* + 1) = x(x 1 - 1) = x 3 - * 
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COLLEGE MATHEMATICS-il 

o 1 

Now Area = J(jr - x)Jx- J(.y* - x)cix 


■V £ 

4 2 

- 0 - 0 - 


— 1 


* 4 


(“l) 4 



f(0 4 

(l) 2 ') 

4 

2 J 


2 

2 J 


- 0-0 


I 1 1 I — 1 + 2-1 + 2 2 l c 

= — -i + - = - — ~ — Su units 

4 2 4 2 4 4 2 


INTERGRAT1QN 


I?- ^ ,/y = 3 - * => y - ^3^7 

x — — 1 to x = 2 


X 

-1 

0 

I 

2 

3 


2 

17 

1.4 

1 

0 


2 l. ., 

A rea - J v/3 -xdx - J{3 - ,v) ■ dx 



— ~ J(3 -2)'^ -(3 -( - 1))^ = - j)l -(3 + i) 5 ) = ——(1-4^) 
— j(l - 2*‘&) = -|(1 - 2 J ) = - | (-7) - y S? Mfli/5 
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COLLEGE MATHEMATICS-11 


230 


11 . y = Cos — , x = -7i to n 

2 


INTERGRATION 


X 

- 90 ° 

i 

- 60 ° 

- 30 ° 

0 

30 ° 

60 ° 

90 ° 

y 

0.70 

0.86 

0.96 

1 

0.96 

0.8 

0.7 



2 = 




= 4 Sq units 


2 ( 1 -(-!)) = 21(1 + 1 ) 


12 . y = Sin2x, 


jc = 0 to — 
3 


X 

0 

30 ° 

60 ° 

90 ° 

y 

0 

0.86 

0.86 
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COLLEGE MATHEMATICS-)! ifli 

>- = J 2 nx-x 2 

Put y = 0 =3 \j2ax-x 1 = 0 => lax -x 2 =0 
x(2«-.t) = 0 => .t = 0or2a-x = 0 

x = 0 or x = 2a 


INTERGRATIQN 




Area — j^Jlxxx-x^dx = J yjlax- x 1 -a 2 + a 2 dx 
0 0 

Jrf S« 

= J yj-( 2 ax + .v 2 + a 2 )dx = J \j-{a 2 + .r 1 - 2 ax)dx 
o o 

la 

= | yja 2 -(.t - a ) 1 dx Put x - a = o.S’mS etc = aC.osBdO 


When x = 0 then 0 -a — aSinO => Sm0 = -1 => 0 — Sin '(-1) = — — 

2 


x 


When x - 2 a then 2a = uSinQ => SinO - l => 9 - Sin (— 1) = — 

2 

% % 

= j '/a 1 - a 2 Sin 2 BaCosOd 9 = | ■Ja 2 { 1 -sin 3 0) aCosOdO 




-% 


*4 % % 

= J 4 a 1 Cos 2 0 aCosOdO - J aC’osff. aC.osBdO = J a 1 Cos 1 6d0 


A 

% 


% 


- T( 

-*A y 


I +Coj 2£? n |^ _ a 7 

2 J ”T 


0 + 


Sin-Q 


1 % 


°L 

c- 

Sin 

* + 2 ___ 

r-»'l s '" 2 (f )] 

2 

2 2 

L 2 J 2 



6 )_ 


a 

T 


x Sinn x Sini—x) 

— I -f 1 — - 

2 2 2 2 


]= — [- + 0 + - + O 

J 2 [ 2 2 J 


u 2 ( - 2 -it ^ na~ _ 
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COLLEGE MATHEMATfCS-N 


INTERGRATION 


J i.ar' y=cx~\ 


fol 


V -Vj 


00 


(HO 


(M 


fy- 


dx 


= e(l )-0 = c 


1 l v 

From (/) cx - 1 + y => c - - — — 

* 

„ dv 1+v dv , 

6 o — - — - => x— - ! +>' 
x dx 

t 1 -i 

v‘ + v = c — = c — .x 

X 

Taking derivative 

2 v-^+ j=°-i-n.v-’ 

( 2 > + 1 )^= 4 - 

OX X 

=> .v 2 (2y + l)— = 1 

<r/.t 

=> a 3 ( 2 >'+ 1 )— - 1=0 

dx 

y l ~e u +2.V + 1 

Taking derivative 

-l dy 7 , ~ * 

2y— = e .2 + 2 

dx 

+ &y 2 

f/y *, , 

= e +1 

dx 

2.T 1 

=> v--e =1 

dx 

y - cex 1 
Taking derivative 

dy is,*. . 

— =e.e (2x) 

i ix 

From 1 ce : 1 - yso 
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COLLEGE MATHEMATICS-} I 

i#=2> 

dx x dx 

-—-2y=0 
Jr dx 

(v) .v^rfl/Kc'+c) 

— = Sec 1 (e* + c)—(e I + c ) 
dx 'dx 

= {\ + Tan(c I +c))(e x ) 

Use l 

= (I+/)e* 

<Jy . i+y 

dx e"’ 

dr 

2 ' 

1 


(Sargodha 2011,12) 


dr = -ydx 


—dy = -dx 

y 

Taking integral both sides 

\-dy = - fldr 
i y J 

ln|>| — x+In|f] 
in|jrj=-In|c| = -x 

In— = -x 


(Sargodha 2008) 


3. 


=> — -e 1 =>y = ce 
c 

ydx = xdy = 0 
=> ydx - -xdy 


(Sargodha 2010) 


-dx = —dy 
x y 

Taking integral 

\-dx = ~\—dy 
J jr i y 

In | .v| = — In |jy| -+- In ^ 
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J 




COLLEGE MATHEMATICB-H 

In | jc| In j>^[ = In c* 

In(x^) = Inc 
=> xy = c 

dy _ I — jc 
dx y 

=> ydty = {\—x)ck 
Taking integral 
\ydy= fa- x)dx 

T={ x - j) 40 ' 

Xby 2 

y 1 =2x-x 1 + 2c, 

=> y 2 =2 x-x 2 +c 
y 2 =x(2-x)+c 

dx x 1 

1 , 1 . 

=> —dy -~dx 

y x 

Taking integral 
j—dy = jx 2 dx 


r y 

\a\y\ = 


j: 2 +1 
-2 + 1 


+ lnc 


-i 


In | vj - in c = — j- 


2c, = c 


y =e -% 


-y 

' y-ce /z 


Siny Co sec x~ - 1 
dx 

Siny—^—dv- dx 
Sinx 


(Sargodha 2008,09} 
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h f S> 3'$ 


s. 



COLLEGE MATHEMATICS— II 

Smydy = Slnx dx 
Taking integral 
jSiny dy = Js/n* dx 

-Cosy = -Cosx - C, Cosy = Cosx + C { 

7. xdy + y( x - I)rfv = 0 

xdy = - ) - 1 )dx 


INTERGRATION 


-dy=- i 
y 


(x-Y 


dx 




xj 


dx 


Taking integral 
\~dy~-\\dx+ f— 

Jy J J x 

ln_y = -.Y + ln;t-H Inc 
lny-huc-lnc^-x 

CX CX 

Vjfl X(fy 

T 1 + 1 y dx 

* l + l ^ 

= — dx-—dy 

y+l X y 


In— = -x 


= e 


• y = cxe~ 


x 2 +1 


dx- 


y+Y 


dy 


y J 

Taking integral 

v 2 1 'l / i 

— +- dx^ f 1 + — \d)> 

, •* *F \ y ) ' 

f ( x+ i) m 


f 


x 


y + In y ~ —■ ■ + In x + In c 


In C . v = — + In cx 
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COLLEGE MATHEMATICS-II 




10 . 


A 


\nye y ~ lncx = — 


2 


cx 


y?L= e ‘% 

cx 


ye* = cxe 




1 dx 1 „ 2 \ 

~T = A +y) 

x ay 2 

1 \ l 

■=> — -? dv=-xdx 

U+-V J ' 2 

Taking integral 


TanT'y-—, — +c 


1 * 2 


2 2 


Tan'y ~ —+c or y- Tan 




-+c 


, i dx 2 

2x v — = a - 1 


2 xdy 


dy 

ji 


x 1 -] 


x ~ J 


dx 


2ydy = {\.-x 2 )dx 

Taking integral 

2 JW= J(l-x 2 )* 


-) 


-2 -1 

riv 2 jq' 

— + — = x 

dy 2y+\ 


dy 


■ x- 


Ixy 


u 2y+l 
dy _ ^xy + x-^xy- 
dx 2y+l 
dy _ x 
dx 2y+l 


INTERGRATION 
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{2y + \)dy — xdx 

Taking integral 
J(2_y+l)t^= jxdx 

2/ x 2 

1 =— +c 


12 . 


2 X ‘ 

y +y=—+ c 


Ay+ i)=y+c 

(x 1 - yx l )^-+ y* + xy* =0 

(x : 1 -yx 1 )^ = -(y 2 +xy 2 ) 

dx 


13. 



_ 2 _] 

dy = 

(\ 



y 

fj 

ly 

j 

f± 

_y] 





y 1 j 

y 

vi 


dx 


, 1 , 1 
-y-+— -x~+- 

y * 


Taking integral 

jy~ 2 dy + ^—dy— jVt&T- J— dx 

- : —j-+lnj>'j = : ^Y + lnj.v|+c 

=>lnv + — = -+lnx+c 
y x 

See 2 x Tanydx + Sec 1 yTunxily = 0 

Sec 2 yTanxdy = -TanySec 2 xdx 


(Sargodha 2011) 
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V 


14 . 


dx 


iljx 

Tony Tartx 

Taking integral 

I'*'’* 

J Taw ' J 7 

\ji(Tarty) - - Inf 7cm-) + Inc 
Inf Tarty) = -h\(Tanx) - Inc 
In TanxTany = In c 
=> TanxTany = In c 


y-A - i 

ax 


i 

v +— 

■ <Ik) 


y-x— = 2y*+2~ 
dx dx 

y ~ 2y =X ^ 2 Jr 

v-(l-2y) = (x+2)‘-f- 
dx 


fJ-V — L 

U+2j *1- 


1 


2 y) 


A 

- — h 


dy 


D 


Solve — - 

y(l-2y) y 1-2 y 
=> 1 - <4(l-2y)+Bv 

/• >ut v = 0 => 1 = A(l - 0) + 0 Qij] 

Pul 1 - 2_y = 0 => y = — 


1 


B = 2\ So 

\ 

dy 


\=A{Q) + B 

f-i-U- 

V*+2j 1 2y j 

Taking integral 

J — ^ — civ = f— dy+ f — J — dy 
J x+2 J v' h-d\> 


INTERGRATION 
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15. 


16. 


J-L&sJ- Ldy-'p*± 

j x+2 J y ■ h~2 y 

In |* v + 2| = lny - In |l - 2y\ - In 
In c + \n(x + 2) = In y - ln(l - 2y) 

lne(x+2) = ln 


i-2y 

c(x + 2) = — 

I“2 y 

1 + Cosx Tarty — - 0 

dx 

Cosx Tarty— = — l 
dx 

Tatty dy - — 

Cosx 

j£«H£* 

1 


'Cosy 

r-Siny 


dx 


\—^dy^ f 
J Cosy -I Cosx 

ln|Co3^j = J&fcv dx 

In j Cosy\ = In | Secx + Tanx\ + In c 

In | Caryl — In c(Secx + Tanx ) 

=> Cosy = c{$ecx + Tanx) 

^*±-3f i+x*] 

tlx ^ dx J 

dy - _ dy 
y~x— = 3+3x— 
dx dx 

-3-x4 + 3*ife 


dx 


dx 


-\=ir± 


dx 


y-3= 4x 

I*-JL 

■r >--3 


4' 


(Sargodha 2012) 


intergration 
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1NTERGRATION 


17. 




19. 


Taking Integral 

ddc = 4j-i-dy 

J x J y~ 3 
lnc+In|jcj = 4In|^-3| 

Inct = lnCj^ — 

(y -3/ = cx => y -3 - {ex/ 4 

y=3e&M*3ctJ* 

dy 

Secx+Tany— = 0 

dx 

Tony — - -Secx 
ax 

Tarty dy - —Secx dx 
Taking integral 

f^<6-=fstac* 

J Cosy J 

In | Cosy | = In | Secx + Tanx | + In c 
ln(Cos>>) - In c(Secx + Tanx ) 

=> Cosy = c(Secx + Tanx) 

(e x +*'■*)— = e* -e' x 


dx 

e~ —e 


-* L *-* 


dx 


tit = In 


V e +e J 

Taking integral 

dy 2 

--x = xy 
dx 

— = x+xy 2 =i<l + /) 
dx 


e +e 


+c 


1 1 


dy-xdx 


1 +y* 

Taking integral 
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J<rr^ = fc* 

r 2 

Tan 1 v — - — f c 
2 

Atf ^ = &x = 0 
7art"'(l) = 0+c 
I become 


20 . 


21 . 


71 

— = C 

4 


Tan~'y = 


/.J _ 

x 7t 

— + — 

U 4 


( particular Soi ) 


dx 1 

— -lx => — dx-14t 

dt x 

Taking integral 

J^dcMaji dt 

ln.v-2/+lno 
lnx-lnc = 2/ 

ln- = 2 r =>- = £* 
c c 

x -- ce* put x = 4 & t = 0 
4 — ce° => |4 = c| 

x = 4e 2 ' 

ds 

— + 2tf = 0 
dt 

ds 1 

— — - 2 st => -ds = -2ldt 

dt s 

Taking integral 

£*•*?* 


In.v = 2-— +lnc 
-2- 

lnj-lnc = -/ 2 


In— = -/ 2 
c 


3 -„ >* 

— — e 

c 
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INTERGRATION 


s^ce 

Put S = 4e &(-Q 


4 e-ce l) => Ae-c 


S = 4e. e =4e 


~' ! - A 0 ^* X 


S = 4e 


,1 -r 


dp 

22 . Let p be munbei .5 of bacteria tbeo — = kp (According to the given condition) 

dt 

—dp-kdt 

P 

Taking integral 

\-dp = k\\dt 
J P J 
In p= At + In c 

in £ = *, =>&=* 
c e 

=> p = ce h 

Put p - 200, r - 0 {Condition I) 

200 - ce° 


c = 200 


I become p = 200e lu 

Condition II => p- 400 when t = 2 

■inn 


So 400 = 200e J1 


- 200 - 


■~e 


e u = 2 =>Jne’*=in2 
=>2 k ln2=>2A(l) = In2 

k ~ — In 2 II become 

2 

p = lOOe^ =200/ 2<ln2) 

p= 200e ta ^ =200.2^ 

Put t = 4 then 

p = 200.2 1 ' 2 => p = 200.2 3 


p = 200x4 = 800 
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integration 


23. Let v is velocity & g is acceleration of gravity then we know that 

— = acceleration 

dt 

dv 




dv - —gdi 

> ^dv = ~g jdt => v = ~gt+c 
Put v = 2450 & / — 0 then 
2450= 0+c, =><:,= 2450 
v = -gf +2450 
v = -980f+2450 
g - 9.8meter ~ 90,0cm so 


v = -980/ + 2450 


Let ii be the height 

dh 

v=— =-980/ + 2450 

dt 

dh - (-980/ + 2450)cfr 
\dh = -980 jtdt + 2450 JW/ 

t 2 

h ~ -980. - — 1-2450/ +c t 
2 

/i = -490/ '+ 2450/ + e. 

Put h — Q, / = 0 
0 = 0 + 0 + c 7 => c, = 0 


h = 2450/ -290r 


980/ + 2450 =>/ = 


From max height v = 0 then 0 = -980t + 2450 from I 
2450 5 

~2 

Put In H 

/5\ 


980 

( 25 } 


h - 2450 - -490 

w 4 j 

= 6125-3062.5 
/; = 3062.5 

So max height = 3062.5cm -*-by 100 to convert int meters 
= 30.62m 
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TEST YOUR SKILLS 


INTERGRATIOM 


Marks 100 


OBJECTIVE 

Q.No.l Given below are a few possible answers to each statement of which one is correct, 


identify the correct one, 
1 . 



(a) anti-derivative 


integration 


(c) Both (a) & (b) 

(d) 

None of these 

2. 

If V (x) =/(x), then $(x) is called an 




(a) derivative 

(b) 

integral 


(c) differential coefficient 

(d) 

None of these 

3. 

J(ttv + bT dx — .if n * _i then 




(a) (av + Ar'+c 

(b) 

(av + A)” 1 ' 

' - — + c 



a(w + 1) 


(o «s±s£*, 

(d) 

(ax +■ bf 

— * € 


a 

a{n+ i) 

4. 

\iicc 2 (ax + b)dx - 




(a) Tan(ox + b) + r 

(b) 

— Cos(at + A) + c 
a 


(c) — Tan(ox + J)+c 

a 

(d) 

- - Tan (at + h) 

b 

5. 

1 Coscc((jlv + h)Cut(ax + b)tLx - 




1 

(a) — Sec(ar t b) t-c 

a 

(c) --Cosec(av + b) -t c 

a 

(b) 

-Col (ax + b) 
a 


(d) 

Cotfar + b) + c 
a 

6. 

JSec x fix - 




(a) In |Secx + Cot x) +c 

(b) 

In | Tan * + Cosec x] ±v 


(c) in 1 Secx+ Tan.v| +c 

(d) 

In I Sin x -i Cotx|+c 

7. 

J Cosec x dx = 




(a) In | Cosecjr + Cotx| 

(b) 

In | Cosec jr-Tarur|+c 


(c) in|Sin.v-Coi.T|+p 

(d) 

1 n | Cosec ,t - Cot x | +c 

8. 

}***<&■ 




(a) 

(b) 

-e"‘*+c 

a 


(c) 

h 

(d) 

J « 

—e + c 
a 


( 20 ) 
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INTERGRATION 


9. 

f <lX + b dx- 



^ ax 1 + 2 bx-\-c 


-Inlar +2bx + c\+c. 
2 1 


(a) («v 2 +26.v + c) 

{b) 


(c) In ] ax 1 + 2bx + c [ +c. 

(d) 

(ax 2 + 2 bx + c) 
2 

10. 

\u x xdx- 




lira 

(b) 

a 1 ' 

- + C 

2 In a 


(c) a^+C 

id) 

2gT +c 

11. 

f 1 dx- 

^{1 + x 2 )Tan~ l x 




(a) ln| I f .t 2 |+c 

(b) 

(1 + X 2 ) 1 +c 


(c) Tan"'x + c 

(d) 

In | Tan 1 x j +c 

12. 

}/<*)£'( *)<£* * 




(a) f[x)g{x\ 

(b) 

/MffM-JfiW/'OO* 


(c) /{x)g{*} + \%{x)fXx)dx + c 

(d) 

None of these 

13. 

flux dx = 


- 


J 

(a) xlnx + c 

(b) 

xlnx-x + c 


(c) xlnx + x+c 

(d) 

In x + x + c 

14. 

JVfSin x - Cos .\i<£v = 




(a) e'Cosx + c 

(b) 

e‘ Cos x + c 


(c) e* Sin x + c 

(d) 

-e* Sin x + c 

IS. 

b 

\f a < c < b. jf(x)dx^ 

a 




c 

(a) \f(x)dx 

a 

<b) 

t 

J /ixim 

t 


c b 

(c) |/(x)rfx - \f(x)dx 

(d) 

\f(x)dx + \f(x)dx 

tf C 

16. 

5 

|/(X)4!X = LL 

0 




4 1 

(a) J/(x)</* + \f(x)dx 

0 0 

(b) 

2 $ 

\f(x)iix < J/(x)dx 

o 2 
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P * 

(0 

5 

* % 

17. If \f(X)dx - 5 then 3 J /( jrjrf.v = , 


IHTERGRATIOW 


* s 

( d ) jV (x)dx+ \f(x)dx 


18 . 


19. 


(a)* 7 

(c) 4 

j Sec x Tan* dx = . 

(a) -1 

(c) 1 

f dx 

ll + x 1 ~ 


(b) 10 

(d) 15 


(b) 0 

Cd> 2 


(a. § 

« i 

20. The solution of .v— = 1 + ^ Is 

dx 

(a) y = cx 
(c) y- cx - l 


(b) 

(d) 


K 

4 

K 

3 


(b) y - cx + 1 
(d) None of these 


SECTION I 

SUBJECTIVE 

Attempt any 25 (twenty five) short question from Question 2,3 and 4, at least 12 short questions 
from question 2, 12 short question from question 3 and 13 short question from question 4. All 
question carry equal marks. (25x2=50) 

Q.No.2 ' 

I. What do you mean by the word "Integration"? 

Give a function y - f[x) then distinguish between dy and 6y 

Using differential find — ; x A + y 2 = xy 2 
dx 

find the approximate Increase into the volume of a cube if the length of its each 
edge changes from 5 to 5.02. 

f id the approximate increase In the area of a circular disc of its diameter is 
ii reased from 44 cm to 44.4 cm. 

E\ aluate J(2jc+3) >i d , .t 

Ev tluate — — — = 

J y/x + a +-Jx 


». 

iii. 

iv. 


VI. 


vii. 
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viii. 

Evaluate 

JCosec xdx 

IX. 

Evaluate 

Jsec xdx 

X. 

Evaluate 

f — - — dx 
J x\nx 

xt. 

Evaluate 

r ■ fa 

J (I + x 2 )Tan“'A- 

xii. 

Evaluate 

f C ° SX dx 

- 1 Sin x In Sin x 

Q.No. 3 



i- 

Evaluate 

JxCos xdx 

!L 

Evaluate 

\xe'dx 

ill. 

Evaluate 

JSin _! xdx 

iv. 

Evaluate 


V. 

Evaluate 

jV (Cos x 4 - Sin x\ix 

vL 

Evaluate 

je '(Cosx-Sinxjc&r 

vii. 

Evaluate 

Je 2 * (- S in x + 2 Cos x)dx 

viii. 

Evaluate 

fe“ T fiScc T x + - — 

J [ W.r - 1 

IX, 

Evaluate 

rCot -Jx , 

1 T* * 

X. 

Evaluate 

xdx 

xi. 

Evaluate 

J e* 

xii. 

Evaluate 

3 

J(.r 3 + 7ix 2 )dx 


-1 


Q.No . 4 


u 


if. 


Evaluate 

Evaluate 



INTEGRATION 
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iii. 

Evaluate J(,r+|.t|)(£c 

Iv. 

-*1 

Evaluate Jsin(a + A).«k 

V. 

Solve x— - 1 +y 

dx 

vl. 

i dy _ . 

~~2y = 0 
x dx 


248 


INTERGRATION 


ydx + xdy = 0 
dy 1 — x 
dx y 

(e'+O^- e*-e* 
dx 

1 + CosxTanx — = 0 

dx 

Define differential equation and define order of differential equation,. 

2 

Evaluate frdx 
2 

Evaluate J(jr* + |)rfj 

i 

SECTION II 

Attempt any 3 (three) questions. (3x10=30) 

Q.No.5 

(a) Solve 2x 1 y~- =• x 2 - 1 by differential equations 

dx 

(b) Using differentials find — when — - inx=lnc 

dx x 

Q.No.6 

(a) Using differentials to approximate the value of cos29° 

(b) Find the area between the x-axis and the curve y = \j2ax-x 1 when a >0. 
Q.No.7 

(a) Evaluate the indefinite integrals f. V-* 0' + ^, , > m 

1 y 

r 

(b) Evaluate the definite integrals t dx 

\ sin.t(2 + sin .r) 


vii. 

viii. 

lx. 

x. 

xi. 

xii. 

xili. 
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Solve — = — x 2 + .v — 3, if y - 0 when x - 2 
dx A 


COLLEGE MATHEMATICS— II 
Q.No.8 

(a) 

(b) Evaluate Jogs'’ xjsmx </v,(sm r > 0) 
Q.No.9 

(a) Evaluate Jo 11 [-sin.v + 2cos.v]t/r 

i 

(b) Evaluate J(x+| x |)e/x 


INTERGRATION 


1. 

2 . 

3. 

4. 

I| 

5. 

6* 

7. 

S + 

9, 

10 , 

11 . 

12 , 




Previous Board Questions 


Use differentials to find the value of — if x 7 + 2y 3 = 16. (Lhr - 2008) 

dx 

{Lhr- 2005} 
{Lhr - 2005) 


Find dy for y = x. 1 , x = 2, dx = 0.01 

Evaluate f— — dx . 

J x + 2 

Evaluate J(sinx — cos x)dx. 

dx 


Evaluate 


J 


V2 


X + X 


* X 2 — j 

Evaluate ~dx 

J (X —1) 

f >/2 

Evaluate 

J sinx4Cosx 

Evaluate Jcosecxdx 
Evaluate jVa 2 -X' dx. 

Evaluate J/l COs2x dx. 

(Lhr — 2009, 2009, Faisalabad - 2009, Mirpur - 2009, Multan - 2009) 

i 

Evaluate Jsin 3 xcosxdx. 

D 

Find the area bounded by the curve y = x 3 + 3x 7 and the x-axis. 


{x>0). 

(x>1). 


-dx 


(Grw - 2005) 
{Mirpur - 2009] 

(Multan - 2009) 

(Faisalabad -2009) 

(Faisalabad - 2009) 
(Lahore - 2009) 


(Multan -2009) 


(Mirpur - 2009) 


13. Evaluate J (In x) 2 dx. 


(Lahore - 2010) Group - ! 
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15. Integrate I (2x + 3) lj ^ 2 dx 

16. Evaluate J /nx . ~ dx 


250 


INTERGRATIOM 


(Lahore -2010) Group - 1 
(Lahore - 2010) Group - II 
(Lahore - 2010) Group - II 


17. Find the area bounded by the curve y = cos x from x = -rtox = ~ 


18. 


Solve 


dx "4 x 


+ x- 3ify = 0 where x = 2, 


(Gujranwala - 2010) 
(Gujranwala-2010) 


**************** 


■v 

. ■ 

'■ Lil <* 
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4 r . Ipk C t- 1 ^ l ' 'i-/ 

INTRODUCTI ON TQ AN LYTIC GEOMET RY 


Introduction to Analytic 
Geometry 




Definitions: 

i. Co-ordinate system: 



Draw the plane two mutually perpendicular fines intersect atO origin divides plane in 
four equal parts. These lines are called axes and system Is called co-ordinate system. 


Translation 


Let xy-co-ordinate system be given and 0'(h, k) is any point in plane. Through 0' 
draw new perpendicular lines O'x and O'y parallel to Ox and Oy. New axes O'x and 
O'y are called translation of Ox and Oy. 



The measure of steepness {ratio of rise to run) is termed as slope or gradient 
denoted by m - Tana 


Trapezium: 


A quadrilaterals having two parallel and two non-parallel sides. 


5. Homogeneous Equation^ 


Equation /( jc, y) = 0 is called homogeneous equation 


33 


Important 


adiulMFT 


1. 

2 

3. 

4. 


Distance - d - yf(x : - .r , ) : + (y 2 -y x f | point to point) 

,A,jc 2 + A,.t, A,y, + A-,>, 


Ratio {divide internally) = 


v A, + Aj A, + A-. j 


,k i x 1 -k 1 x i A^-A.y, 


A, -k 2 A, - A, 


Ration {Divide externally) = 

MidPow.fjP^ai&j 

' av, + bx z + ex j ay } + by 2 + cy\ ^ 


5. Centroid 


v (/ + b +■ c cf'Urb + c j 


(Sargodha 2010) 
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X = x~f il 

6. Equation of Translation 

Y = y-k 


7. L^ualion of Rotation 
S. Slope - m — Tana 

9 . 

10. m = — If line (ox + by + c = 0) is given 

b 


X = xCasO + ySinO 
Y = yCosd - xSin9 

(if two points are given) 


11. Two tines are parallel if m ] =m i also a,b 2 -a 2 b^=0 

12. Two lines are perpendicular 


m \- m 2 = 


13. Collinear ; slope of AB = slope of AC 

14. Slope intercept from y = mx + c 

X X 

15. Two intercept from — + — = I 

a b 

16. Equation of Line (y-y t ) = r«(x-x t ) 

V — X y — y 

17. Symmetric from ■' — - — — - r 

Cosa Sina 

18. Normal from xCosa + ySina = p 

ax. + by, + c 

19 Distance - d (from one point to line)= 1 — V ' 

4a 1 +b 2 


20 Area of Triangle A = ^ 


21. 7 anQ=™ 2 ® 


*2 y 2 1 

y 3 i 




22 m l + m 2 = — — & m } m 2 = — 
b b 
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INTRODUCTION TO ANLYTIC GEOMETRY 


23. TunO = 


a + b 


24. h : - ab = 0 then tines are coincident 

25. a + b = 0 then 0 — 90" 

26. Joint equation ax' F 2hxy + by 2 - 0 


■ 

1. 

W 

00 

(iil) 

(iv) 

tv) 

(vi) 

(vii) 

(viii) 

m 

(*) 

2 . 


Vi. 

*$9 


Exercise 4.1 


Objective Type; 

x > 0 the right half plane (x > 0 mean x Positive) 

(.v > Oand y > 0) first quadrant (Because both x and y positive in l 11 quadrant) 
x = 0 The y- axis (Because x is zero on x axis) 
y = 0 The X— axis (Because y is zero on x— axis) 

x < 0 and y > Othe second quadrant (Because x negative and y positive in 
II quadrant). 

x - y point in the first and third quadrant. 

(For example (1, 1), (2, 2), (-3, -3), (-4. -4) 

|x| - first and third quadrant or second and fourth quadrant 

(Because [(!,!),(— I ,— \),for / and III and (1,-1), (-1,1) jar H and /J'j 

| v| > 3 (on x axis less than equal to —3 and greater than equal to 3) 

(Because |x| > 3 => ±x >3. x > 3 and — x > 3 , x k 3 and x < -3) 

x > 2 and y = 2 (In (irst quadrant x greater than 2 and y = 2). 
x and v have opposite sign (The // and IV quadrant) Example 
(2, *2) or (—2,2) 

(a) A (3, 1), B (-2,-4) (Sargodha 2008, 10) 

d - \AB\ = Vc-2 -3)- + (-4 - 1) 2 = s/25 + 25 - 
.... t ~ f3 + f-2) l+H)l f 3-2 1 - 4 'j (1 -31 

{ 2 2 ){ 2 2j U 2) 
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(b> y4(-8,3),if(2 J “l) 

d = \AB\ -= V(2-{-8)) 5 + {- l-l) 7 - ^(2 + ay +(-l ~3) a 
Mid point of ^ = = = (-3.D 

fc) 


(Sargodha 2009, 11) 


d =\AB\ = ^l(-3V5-(~s/5)) J + 
= 1 |(-3V5 + >/5)-’+^ 

w 


i \\ 2 

5- -- 

l l 3JJ 


= ./(- 2^)= + n6 ' ! 


Sl 4xJc"«- J 2 0 + 256 /!80 + 256 


9 f ' 9 

2'/T09 




f436 
V 9 


Mid point of ,45 = 


' -Vs+c-a^j -r 5 ' 
2 ’ 2 


14' 

-Vs— 3 Vs T 

2 ’ 2 


'-4V5 1* r 

. 2 ’3>J 


-M 




/ 


(a) Suppose 0(0, 0) and Given 4(7176 , 7) 

Then |04| = 7(Vl 76 -0) J +{7-0)' - 7176+49 = 7225 =15 
Thus j4(a/t? 6 1 7) is at 15 unit from origin. 
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(b) 


(C) 


(d) 


Suppose origin 0(0, 0) and ,4(10,-10) 

Then \OA\ = ,/( 10 — 0)' + (-IO-Q) 2 = VlOO + lOO - V200 - 1 0^2 
,4(10,-10) is NOT at 15 unit from origin. 

Suppose origin 0(0, 0) and A(l, 1 5) 

Then |04| = 7(1-0)*+(I5-0) 2 = n/T+ 225 =^226 
A( 1, 1 5) is NOT at 15 unit from origin. 


15 15) , , 

— I and 0 (0, 0) then 


(Sargodha 2010) 


Then 




15 

■fl 


unit 


A is NOT at 15 unit distance from origin. 

4. (i) A (0,2), C (0,-2) (Lahore 2010) 

\AU\ = /(^3 - 0) 2 -+■ (—1 — 2) : = s/3+9 = yf\2 

|BC| = V(0-v1) ! +(-2-(-1)) ! =V(W3) ! +(-2+1) 2 
= V3+I = V4 = 2 
|^C|=7(0-0) 2 t(-2-2) : 

—tJo + (-4) J = vTo - 4 

Now \Arf +|BC|‘ ={Vl2f +(2) 3 =12+4 = 16 = (4) 3 =| AC\ 2 

PYTHAGORAS theorem satisfied So ABC is right triangle. 

(ii) A (3,1), B (—2, —3), C (2, 2) 

|/LS|=V(“2-3) : +(-3-l) 2 => /(-5 ) s +M) 2 =V25 + 16=V4l 

|i#Cl = N /(2-2) 2 +(2+3) 2 = ^) 1 \{S) 2 = % /l6+25=V4l 

“ - 1/(2 - (2)) + (2 - (-3)) 

|C4|= v /(3-2) 2 +(i-2) a =VcO^+C-]) 2 =VTTT- V2 

Since |/li?j = jifCj So ABC is isosceles triangle. 
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till) A (5, 2), B (-2, 3), C (-3, - 4), D{ 4, - 5) 

| ,4S| = ^(-2 - 5) 2 + (3 - 2) J =j{-7?+Q) 2 =y^9+\=j50 
| flC| = V(-3-<-2))' + (-i-3) 2 = >/(— 3 -i-2) 2 +(-7) : = VlT49 = V50 
|C^=V( 4 -(~ 3 ))'+(- 5 -M)) 2 =V(4+3) : +(-5+4j=V(7) 2 +(-l) : = '/SO 
|XZ3| = V(5-4) ! +(2-(-5)) y - VO) 2 +(7) 3 = VTT49 = VsO 

|„42?j -|C£>j 3nd ji?Cj=|/4/5j So ABCD is a parallelogram. 

Now for Square Check diagonals 

|/IC| = J(-3-5) ! +H-2) ! =^(-8)-’+(-6 )’ 

- \/64 + 36 = VIOO =10 
I /snj = ^/(*4- (-2))' + (-5 - 3) 2 - yj(4+ 2 )’ + (-8) 2 = V36 + 64 = VfoU = 1 0 
Since |.4C| - |/?D| So ABCD is also a Square. 

5. Suppose vertices are A (.v, 5 (jt, ,/j), C(.v J , - p J )and given mid points are 

D{t,~ 1), £(-4,-3), F(-I, 1) 

D is mid Point of AB so 1= -^ &-1 = . #*£ 2 

2 2 

=>*| -kv, =2 I & yi+)\--2 II 

E is mid Point of BC so -4 = * 3 &- 2 ^ =■ -3 

2 2 

=>jc,+.v 3 =-8 /// & +^--6 IV 

F is mid Point of AC so —I - * 1 ' 3 &■ I =— — — = -3 

2 2 



=>.v, +x y --2 V & 3'i+> ? 3=2 
Solving / & III 


I -III 


*,+X = 2 

_^±.Y, = +8 

.v,-.v 3 ^lO-(o) 


Solving IV IkV 


VI 


00,-0 

/ 


^(- V n ^’j) 

A 


/ 


fl (W 2 > £(-4,-3) 

- V A 1 ' / 3 " 
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-/ - 1 ° 


2x t =8 


*,=4 


Put Xj =4 in I 

x 2 — 2— jc t = 2 - 4 = -2 


x 2 ~ -2 


Put JCj =4/rt P 

Xj =-2-x, =-2-4 = -6 x 3 =-6 

Solving II Sc IV 
11 -IV 

y \+/-~ 2 

X-y. 3 = 4 -(/>) 

Solving b&IV 
b+IV 

y,+/=4 

2^=6 


y ( =3 


Put y, =3 /w /+ 

Put y 1 =-2-y ] =-2-3 


y 2 =-5 


Put y x =3 in VI 
y 3 = 2 ~y i =—2+3 


^ 3 = 1 
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4r 6. A (V5,- 1% K (0, 2), C(/i, -2) 

|.4B[=/(0-V3) 2 +(2-(-i)) : =V3+9 = Vl2 

| 5C| = v/(/z - O) 2 + (-2 - 2) 2 = yjh 1 + (-4)* = 4h 2 + 1 6 

MC| = V(-V3-A) 2 +(-!-(-2)) j 






^3-2/i^ + Zr +(-l + 2) 2 
= yjh^-2^3h+i + 1 = ^h 2 -2-Jlh + 4 

Now According to the given Condition 
l/iflf+I^Cf =|5Cf So 

(Vl2 ) 2 + (V/j 2 -2V3A+4) 2 = (\£*7T 6) 2 

12 + /r-2V3*+4 = /j^6=>A 2 + l6-12-7r 2 +2>/3A-4 = Q 
2V3/t + 16-16 = 0=>2V3/( = 0 



/t = 0 


// = ? ,4(— 1, A), jB( 3, 2), C(7, 3) are Coilinear 
Given points are coilinear if 



.V, 1 



-1 

h 

1 

-Tl 

^ 1 

= 0 

=> 

3 

2 

I 


v, i 



7 

3 

I 


Or — 1(2-3) -/r(3- 7) + 1(9-14) = 0 
Or -l(-l)-/7(-4) + l(-5) = 0 =>1 + 4 /i-5 = 0 
4/i-4 = Q : 


A = I 


4A = 4 

Suppose centre is 0 and 0 is mid point of diameter so 

'-5+5 -2-4' 


Centre 0 


■t 


2 

= (0,-3) 


2 J 



B( 5.-4) 


Radius =|0/l| = J(-5-0) J 4 (■ 2 -(- 3)) 2 = 1 /(-5) 2 +(-2+3) 2 

= VU+T = V26 
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9. A(l 1,1), 2,7), C{-6, -7) 

According to the given Condition 

\AB\* 4-\AC\ 1 = |5C|* 1 

Now \AB\ = V(2-A) 2 +f7-l) 2 =V4-4 /i + /i 2 +36 = V40-4/I + /; 2 

|j?C'| - V(-6 - 2)* + (-7 - if = V(-8) r + (-14)'’ — V64 + 196 - ^260 

].4C| - Jc-6 - /r) 2 +t-7 - 1) 2 = V36 + 12/i + /j 2 +64 = V/r + 126 + 100 
Put in / • 

(V40-4/jf /r + (vV + 126 + 1 00) 2 =(V260) 2 

40-46 + 6 2 + 6 2 + 126 + 100 = 260 26 2 + 86 + 40 + 100-260 = 0 

26* + 86-120 = 0 + 6y 2 , 6 1 + 46 -60 = 0 
6" +10/7- 66 - 60 = 0 => 6(6 + 10)- 6(6 + 1 0) - 0 
(6 + !0)(6-6) = 0 =>6 + 10 = 0 or 6-6 = 0 
6 = -10 or 6 — 6 


10. .4(9,3), *(-7,7), C(-3, -7), Z><5,-5) 


Mid point of AB is E 


(-7 + 9 7 + 3^1 


Mid point of BC is F 


2 2 

= £ (f'T) =£(l ’ 5) 

-7 + (-3) 7 + (-7)'| 




Mid pomt of CD is G 


Mid Point of AD 


is H ^ 


i 2 1 

2 

f -7-3 Z^Tl.r 

l 2 ’ 2 


(-3 + 5 -7 + (-5)^ 

2 ’ : 

2 J 

(9 + 5 3 -5 ^ 

( 

= H 



U ; 


C-5, 0) 

*$H .jfo -12 

= u 


J \ 


2 2 


2 / U 2 

0 


= <?(!, 6) 


Now for parallelogram 


(Erl = sj{-5 - ] ) 2 + (0 - 5) 1 = y (-6) 2 + (-5)* = V36 + 25 = V6l 
|H?| - V0- < -5)) 1 + (“6 - 0) 3 =■ V{I+5) : +(-6j- = n/36 + 36 = ^72 
| G H | - V(7 - 3) 2 +(- i + 6) 2 = V(6)'+(5) : = V36 + 25 = 
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|//£|- y(! -7) 2 +(-S-(-I I )) 2 = V (- 6) 2 +(5 + 1)’ = v36 + 36 = V72 
|££| = |(//y | and\M = \m\ so 


|ro| - yjo -s) J +(/f-o) 2 = Vm )*+^ = V/t 2 +16 

Given that ABCD is parallelogram so j/itfj =|CO| 

Or V20=>/^+T6 =? V +16-20 => h 1 =20-16 - 4 => \h^2 
To check square 

\AC\ = V(5-t-3))' +-( O-O) 1 =V(5 + 3> 2 +0 - V64'= 8 

|BC| - VO “ O' + (A - (-2)) 3 = VO - D J + (2 + 2) = > + (4) 1 = 4 
j .4 ( ’] * |/i/j| So ABCD Is not square 

12. Suppose third vertex is C (x, y), Given triangle Is equilateral so 

\ab\=\ac\~\bc\ 

\AB\=\AC\ 1 & |4C[=|£C| U C 




x* + y 2 + 6x -21 = 0 III 

From 11 |/IC| = |ZfCl 




V 


^/9 + 6A- + a: 3 + t y 2 = ^/9-6x + x 3 + y* 


r 


Squaring both sides 

^f- 1 + ^i 3 + 6.v + 9 = -3r 7 + -y. J - 6 a +9 

6x + 9 + 6*-9 = 0 => 1 2.v = 0 => .v = 0 

Putin HI (0) 2 +/ +6l0)-27 = 0 =^> ,3 =27 ^>y = yf21 
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y =*. ±3y/3 


So two triangle are possible with 
Vertex C(0jV3) &. C( 0, -3>/3) 


13. Suppose points <T ( jc, , j’ t ) & D(x 1 , j\) trisect tine A/* (Guj 2010) 

C divide AB in ration 1:2 | | j 

So co-ordinates are 

_ 1( 6) I 2( -]) = 6-4 _ 4 
1+2 3 _ 3 

1(2) + 2(4) 2 + 8 


✓K-1.4) 


X, - 


10 J 4 I0> 


^ 1 +2 3 

Now D(x ,, _y 3 ) divide AB in ratio 2 : 1 
So co-ordinates are 

_ 2 ( 6 ) 4 1 (- 1 ) 12-1 11 

" 3 


44 4) 


yi = 


1 + 2 3 

2(2)+ 1(4) 4 + 4 8 

2+1 3 ~3 


So D 


11 8 

3 ’3 


D 


5( 6,2) 


D 


5(6,2) 


14. Suppose C(x,y) is required point which divides AB in ratio. 
Three fifth (3 : 2) 

So co-ordinates are 


x _ 3(5) + 2(-5) _ 15-10 _ 5 _ } 
3+2 5 _ 5 ~ 


-4(-5,8} 


4 


C(x,y) 


; _ 3(3) + 2(8) _ 9 + 16 = 25 = 5 

y ~ 3+2 “ 5 ~ 5 ~ 

C(l, 5) is required point. 


*(5,3) 


15. Suppose p(x t y) is required point which lies 
(i) On same side 

B become mid point so 


(Sargodha 2011} 


5 = 


l+.Y 


6 = 


4 + y 


A( 1,4) 


5(5,6) 


2 2 
=> 10 = 1 + . v 12 = 4 + ^ 

x~9 y = 8 

So //(V, 8) is required point. 


p(x,y) 
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1 

nK^y) 


INTRODUCTION TO ANLVTIC GEOMETRY 

\ 1 

A{14) /i(5,6) 


, _ 2(5) 

2 + 1 

{ _ 2(6) + IQQ 
2 + 1 


10 + .Y IO + .V 


=> 4 = 


3 3 

I2 + > 


= 1 => I O+x = 3 => x = 7 


3 


=>12 = 12 + >' => y = 0 


So p(-l, 0) is required point. 


16. Suppose P(x r y) is point equidistance from A,B and C then 

|/Vi| = (/ , 27[&|/ > Sj = |/*c| 

Now \PA\ = 

V(.v-5) ! + 0'-3) ! =V(.v-(-2)) ! f 
By taking square 

=> (.t-S) 2 + (y-3) 2 = (.r +- 2) 2 + (y-2) 2 

x 1 -10.V+25 + y 2 -6y + 9 = x 1 +4x + 4+y 2 -4y+4 
or x 2 i 4 .y + y - 4y + 8 - r + 1 0.v - 25 y 2 t 6y - 9 = 0 



14.v + 2y-26 = 0 or 7jr+y-13 = 0 1 

Now \PB\ = \PC\ 

By squaring 

V(.v-(-2)) 2 +{y-2) 2 = V(.t-4) 2 + (>»-2) 2 => (x + 2) 2 +(>- 2)*’ - (x - 4) 2 + (y - 2) 2 
.v 2 +4.t + 4 + y -4y + 4 = jr-8.Y + l6 + y 2 -4y + 4 
or x 2 + 4.t + 4 + y 2 + 4 y-x 2 +8,ic -16 ~y 3 + 4y - 4 = 

12.V-12 = 0 =* 12.y= 12 => x = 1 
-,,'n/ 7(1) + >'-13 = 0 =>y-6 = 0=>,y = 6 

So required point is P( 1, 6) 

Now rauius =\PA\ = >[( 1 - 5) 2 +(6-3> 2 = ^/(— 4) a + (3) 2 
= Vl6 + 9 = V25 = 5 


17. /i(4, -2), B(-2t 4), C(5, 5) * a C 

Suppose centre is C’(.y.3') 

\AB\ = c = V(-2 - 4) : + (4 + 2) 2 = V36 + 36 = ^ = 6^2 
\BC\ = a - \J5 -(-2)* + (5 - 4) 2 = V49 +1 =V50 = 5>/2 
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|/fC| = ^=V(5-4) 2 +(5-C^)) 2 =#) 3 + (54^ r =ViT^ = V50-5^ 

Now +bx i t^A _ s 72(4) + s72(-2) + 672(5) 

a+/> + c 572+571+672 

m ■" ■ 

t _ 20V2— 1072+3072 40^ 5 

*672 16^ 2 

£7 + & + C 

_ 5V2(-2) + 5v/2(4j + 672(5) _ -1072 + 20 72 t-loT? 
5V2+572+6>^ ” IfiTl 


4 () 7 ? 5 

= = — So required in center is 

167 ? 2 


'5 5 
<2^2 


) 


18. 


(Sargodha 2012} 


4(W<) C Z> E 
Case /; Suppose ("divides 


^(-W 2 ) 


_ r ( 3 *i +x, 3+, + vA 

l 4 ’ 4 J 


AB in ration 1 : 3 then -4 C 

( ,f 3.v, + .V; 3j'. + y 2 A 

A 1 + 3 ’ 1+3 A 

Case //; 

Now Z) divides AB in ratio 2 : 2 so mid point 

2 

— + 


-1- 


/ 


D \ *i+*2 y>+yi 

{ 2 ’ 2 

Case II ! ; 

Now A divides AB in ratio 3 : 1 
3 




+- 






Then e[ X ' * 3 * ? 3 'i +3 > , A = E ( *i +3y : • v i +3 -^ l 
{ 1+3 ' 1+3 J 4 ’ 4 J 


3(x 2 ,y 2 ) 


#(*,,. v,) 
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X = x-h y Y = y-k and X = xCosB + ySinO 

Y = yCosB - xSinB 

For translation and rotation respectively. 

1 ' /*(3, 2), 0'(), 3) j Lhr 2Q10j Sgd 2010 j 

Here x = 3,y = 2, h - 1 , }(- 3 
X = x-/i = 3~l=2&Y = y—k = 2-3 = -l 

Answer is P(2, -I) in XV co-ordination 


(ii) 


(W> 


(iv) 




P(-2, 6 ), 0\- 3 , 2) 

.v = -2, y - 6. h =-3. k = 2 
X -x-h- -2- (-3) - -2 + 3 = I 
r-y-k =6-2=4 
P{\. 4) in XV co-ordination 
-8), 0'(-4 t -6) 

X =x — h — — 6 + 4 = -2 

y= y-k =-H + <> = _2 

/’(l, 4) in XY co-ordination 


(Sargodha 2011) 


KI-iH-H) 


3 5.17 

Here X = y*= h = x=- 


X =x h 


2 i 2) 2 2 2 2 


y = k- s 7 - 5 ~ 7 -~ 2 - ) 
” 2 2 2 2 

Answer is P{2, - 1 > in XY co-ordination 
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2 . 


(«> 


(iii) 


(iv) 


(i) change XY co-ordination into vy co-ordination into xy P{8, 10); G'{ 3, 4 ) 

Here a- = 8. y = 10, h = \ k =4 
* = * + * = 8 + 3=11& y=K + £ = 1 0 + 4 = 14 
Answer is /'(1 1. 1 4) in xy co-ordination 
Pi- 5 ,- 3 ), 0 '<- 2 ,- 6 ) 

= -5. r=-3, ft = -2, * = -6 
x — X + h-—5-2=—7 

y- Y + k --3-6- -9 

P(- 7. -9)in.vy co-ordination 

'(-hml?) 

-3 -7 I -1 

Here X = — , Y = — ,h = -,* = — 

4 6 4 6 

„ , 3 1 -3 + 1 -| 

4 4 4 4 

■ ^ 3LI = z* = ri 

y 6 6 6 3 


2 


So answer 


■ »r 1 - 4 i 

IS P — , — 

l 2 3 J 


in,yv co-ordination 


P(4, - 3), OX- 2, 3) 

.V =4, r = -3, & = =3 

.Y = 2f + /i = 4-2 = 2 
y- Y + A=-3 + 3 = 0 
V J (2. 0) in Ay co-ordination 


S. (i) *<5, 3)5 0 = 45- (Sargodha 2011) 

Here x = 5, y = 3. 6 = 45“ 

Y = *CW0 + ySm0 - 50w45 u + 3 SirflS* = 5 i - + 3 . = ^4 = -|t = ~=- = 4^2 

}' - \CosO - xSinO - 300*45" - 5SJw45 n - 3 . 4 = - 5.-- - ^ = _ -/2 

m ^2 ^2 /2 ys 

So answer is P(4yf2.—> Jl) in XY co-ordinate. 


www.iqbalkalmati.blogspot.com : \J m S L. 




www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS-11 


I NTRODUCTION TO ANLYTtC GEOMETRY 


(ii) 


(Hi) 


P(3, -7),0 = 30*,. r = 3, y = -7 

„ S , i 3^3 -7 
X = xCosO+ySinO - 3Cw30 w + (-7)S/n30 rt = 3 : — - 7. - = — - — 

fn | 7 y/3 — 3 

Y - yCosO - xSinO - -7CosW" - 3S/n30° = -7.— -3.— 


So P(X,Y) = P 


f 3%/3 - 7 -7^3-3^ 


in XY co-ordinate. 


i»( 15 , 10 ), 9 = Tan' => TanO - jL 

1 S 

So 8 in 8 — — . CosO — 

2 2 


Now X = xCuiif + ySinO = 1 5 CosO + 1 OSinO — 1 5 — j ^ ^ ~ — " 


Y = yCosO - xSirid ~ 1 OCosO - 1 5Sw£? = 1 0 
( 15^3 + 10 KK/3-15^ 


S') 


So P(x,y) - P 


) 


in XY co-ordinate. 


(i) P(-5, 3); 0 = 30" 

Here AT = -5,r = 3 

X ~ xCosO + vSinQ -5 = .tC(j.v30 u — a'57w30" 

Or -5 = .r.— + v.— => - IQ = Sx + y 1 

2 ' 2 

S I 

Y = \CosG - xSinO =>3= yCW30° -xSinlCT 3 = - x.- =>6 = Sy-x — // 

2 2 V 

Solve I & II ’A"' by S we get 

6S = S* Sy - Sx 

Or 6S = 3>- - Sx 111 

Adding I & III 

- 1 0 * y + S-* 
bS = 3 v - >/¥-*- 
6S -\0 = Ay 
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675-10 3r(3yf3 -5) 
=> y- — : — == — z — - 

4 4, 


375-5 

Put value of 

3*73-5 



3*73-5 


in I 


-10 = 


+ 75.V 

2 

-20 


Or -to = ^fc = 373-7 _ +273x^-20 + 5-373 = 273. 
-20 

„ , e -15-375 -5x75x75-375 

Or -15-3V3 =2*j3x=> x = — — - = 

7¥(-573-3) -3-573 


x - 


So P(x,y)=P = 


2-Jl 2 

f -3-575 373 -5 ^ 




7 


In xy co-ordinate 


2 2 

- 775 , 575), 0=45" 

A' =-775, r=s75 

We know that A" — xCoj 0 + > , 5’/>?0 & )’ — ^vCoi'0 - #SirtO 

7 75 = xCoi’45" + >Sm45 1 ' 575 = ,t< oa- 45" - x.S , m45 t ' 


7 75=^+-f 
71 _72 

Multiply by 72 

-7(2) = x+> 

.v -f v = -14 7 

Solve / & // 

^ + v = — 1 4 

^ + .y = 1 0 
2 v = -4 


5 75 = -f-f 
75 75 

Multiply by 75 

5(2) = r-.v yr 
- x + y = 1 0 II 


y — “2 


Put in x— 2 =—14 => x = -12 

P(-12,~2) in xy co-ordinate system. 
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Note: 

1. 


(ii) 


(IS) 


y, — y, 

•>! - slope = Tan a = ~ — ~ 
x 2 -x, 

(i) (-2,4), (5, 11) 

Here x, — -2, y, = 4, x, =5, = II 

„ Jk-y, 11-4 11-4 

Slope = m ~ — — — 


Now 


Tana - m 


n 


5 - (-2) 5 + 2 -7- 

> Tana - 1 



=> a = Turf (1) = — 
4 



a= => 7art _l (-9) = 96 1 ’.34 
(4,6), (4, 8) 

*i = y\ = 6. =4, ^ = 8 

8-6 2 

= « - — — — = — = oO 


Slope = m 


x, -x. 4-4 0 


Now Tuna = ;ji 


TWrrct = ao 


a = rtfn"'(«*)~^ = 90" 

2 

Slope of sides 

Slope of A H = — — — = — — = - 
-4-8 -12 3 


Slope of BC = 
Slope of CA ~ 


- 6-2 ' - 6-2 -8 
-2- (-4) -2 + 4 ~ 2 ' 
6 - [- 6 ) 6 + 6 _ 12 6 
8-(-2) _ 8 + 2 _ 10~5 
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COLLEGE MATHEMATICS-11 

For medians 


Mid point of BC is j|^- 4 + ( = p 

Mid point of AC is A '<3,°) 

Mid point of AB is F^— ^ 8 ,X— j = = F(2,4) 

Slope of median AD - — — — - — — - — 

-3-8 -11 II 


INTRODUCTION TO ANLYTIC GEOMETRY 

(- 4-2 2-6'! 


Slope of median BE - 


0-2 _ -2 -2 

3-(-4) 3 + 4 7 


Slope of median CF = - - £ 

2-(-2) 2 + 2 4 2 

For Altitude 

Altitude from A is perpendicular to side BC so 

Slope of altitude from A = — — = — 

-4 4 

Altitude from B is X are to side AC so 

Slope of altitude from B = — - = - — 

6 6 

5 

Altitude from C is _L are to side AB so 
Slope of altitude from C = — j- = -3 


3. {a) Pts are ^(-1,-3), 5(1,5), C( 2,9) 

, a d 3 — (—3) 5+3 -8 

Slope of AB — - — — — - 4 

1 -( I) 1+1 2 

9-5 4 

Slope of BC = - — - - — - 4 
2-1 1 

Slop AB = Slope of BC 

So A, B, C lies on a line or collinear. 
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COLLEGE MATHEMATICS— II 

b) 


INTRODUCTION TO ANLYTIC GEOMETRY 


d) 


4. 




/i(4,-5), tt( 7,5), C (10,15) 

K) 

' 3 

-12 

10-7 ~ 3 


— 5 + 5 

Slope of AB = 

7-4 

15-5 

Slope of BC = 


Slop AB = Slope of BC 
So A, B, C are collinear, 
,4(-4,6), 5(3,8), C(1 0,10) 

Slope of AB ^ 


Slope of BC = 


3 + 4 
10-8 


2 

7 


10-3 
Slop AB = Slope of BC 
So A, B, C are collinear. 

A(a,2h), B(c,a + b ), C(2c-o,2a) 

a + />-2/> a-b 
Slope of AB ~ 


Slope of BC = 


c-a 

a—b 


2a — 


c-a 

a-b 


2c-u—c c—a 

Slop AB = Slope Of BC 
So A, B, C are collinear. 

.4(7,3), 5 (A, -6), C(-4,5),£>(-M) 

c, , -6-3 

Slope of AB= — 

k-7 k-7 

4-5 -1 1 

-2 2 


Slope of CD - 


-6 + 4 

For parallel 

Slope of AB = Slope of CD 

ysLaAs* - 9x2 = A-7=>-I8 = A-7 
k-7 2 

k = -18 + 7 

For perpendicular 

{Sk jeofAB) (Slope of CD) = -1 


*=-11 


-9 = -2A + 14 =>-2A =-9-14= -23 => 


23 
A = — 
2 
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5. 


6 . 


m, = Slope of AB - — — = — - — 


.4(6,1), fl(2,7),C(-6,-7) 

7-1 6 3 

2-6 - 4 _ 2 

-7-7 -14 7 

4 


i INTRODUCTION TO ASLYTIC GEO METRY 

(Sargodha 2011) 


m, — Slope of BC = 
m % — Slope of CA — 


- 6-2 -8 
1 - (-7) 1 + 7 


6 — (- 6 ) 6 + 6 


_ 8 _ 

12 


2 

3 


-3 1 

So m. xm ,— — — 1 
' 5 T 3 

Two sides are perpendicular so ABC is right triangle. 
Suppose fourth point is D(x, then 

2— (-1) _ 2 + 1 3 -1 

-2-7 _ -9 _ — 9 ~ 3 
4-2 2 2 

3 



0{x,y) 


Slope of AB = 
Slope of BC = 
Slope of CD = 
Slope of /ID = 


l-(-2) 

y-4 

X — 1 

y-(-l) 


1 + 2 


7+1 


4(7, -1) 


jc- 7 x-7 

Given figure is parallelogram so 
Slope of AB = Slope of CD & Slope of BC = Slope of AD 
-1 y-4 _ 2 *■ + ! 

3 x-\ 3 x-7 

or -l(x- l)-3{>'-4) & 2(x-7) = 3(> j + 1) 

-x + 1 =3^-12 & 2x- 14 = 3^ + 3 
or x + 3>--I-I2 = 0 & 2x-3>r- 14-3=0 
x + 3_y - 1 3 = 0 / & 2x-3y— 17 = 0/7 
Adding / & 11 

x + -3^-- 13 = 0 
2x -4y- — 17 - 0 
3x — 30 = 0 


3x = 30 x = 10 


Put in x + 3>’-13 = 0 

10 + 3^-13^0 =- 3^-3 = 0 

3/ = 3 = I 

So required fourth pt is D(I0,I) 


CU4) 


B{~2, 2) 
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COLLEGE MATHEMATICS-11 


Suppose fourth vertex Is D(.v, fitter* 

-1-2 -3 


INTRODUCTION TO AN LYTIC GEOMETRY 

C( 6,3) 


3 + 1 

3 + 1 

6-3 = 

y-3 

x-6 

2 -y 


4 

3 



Slope of A B = 

Slope of BC = 

Slope of CD - 
Slope of^.l = 

—I — x 

In rhombus opposite sides are parallel 
So slope of AB = Slope of CD & Slope of BC = Slope of DA 

= & 4 2 ~>' 

4 x-6 3 -l-x 

=> (-3(x-6) = 4(y-3) & 4(-l-x) = 3(2-^) 

-3* + 18 = 4y-12 -4 -4.x = 6- 3 y 

3.v + 4^-!2-l8 = 0 or 4* - 3>' + 6 + 4 = 0 
3j + 4y-30 = 0 III or 4x-3j' + IQ = 0 
'X‘by3 & 'X' by 4 

Adding I &. II 
9x + 42 ^- - 90 = 0 
16x-42y + 40 = 0 
25,t-50 = 0 
=> 25.v = 50 


aa-i) 


or 

or 

or 


x - 2 


Put value of x in III 
3(2) +4^-30 = 0 
6 + 4 - y— 30 - 0 
4y - 24 = 0 
4.v - 24 ; 

Fourth vertex Is D(2,6) 

Now Slope of diagonal ,4 C = 


4_y = 0 


y~6 


3-2 


1 


6 — ( — 1 ) 6 + 1 

Slope of diagonal BD = - — - — = 


7 


2-3 
1 


-I 


■ = -7 


(Slope of AC){Slope of BD) = — (—?-) = -1 
Hence diagonal AC & BD are 1 ar 
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COLLEGE MATHEMAT1CS-U 


INTRODUCTION TO AN LYTIC GEOMETRY 


8 . 


9. 




(ii) 


2-1 

2-1 


1 


1 


Give n3me /t(-3,-4),if(fi,2) and C(4,5),Z>(-2,-I) 

c, *■ a a 4 ~(-2) 4 + 2 , 

Slope of line AB - — — - = — — - 6 

Slope of line CD — 

-8-4 -12 

Slope of line AB ^ Slope of CD 
So not parallel 

And {Slope of line AB)(Slope of line CD) 


“flH 


So not perpendicular 
So answer (iit) None 

Give name 4(l,-2),2S(2,4)and C(4, l),Z>(-8,2) 
2-4 -2 

6-(-3)“ 9 


Slope of line AB-- 


Slope of line CD = 


-7-5 -12 


= 2 


-2-4 -6 

Slope of line AB * Slope of CD 
So not parallel 

And (Slope of line AB)(Slope of line CD) = 2. 

So not perpendicular 

(a) pt (7,-9) (Lahore 2010) 

Equation of horizontal line is y = y^ => y = -9 

(b) (-5,2) 

Equation of vertical line Is .v = x, x = -5 




(c) Line bisecting first and third quadrant 

Co-ordinates in first A(a,a)\n third B(-a f ~a) 

T . -a -a -2 a , 

Then fit — = 1 

-a— a -2a 

Now equation of line is (y —y l ) = m(x - .v, ) 
(y-a) = l(x-a) 

Through pt {a, a) & Slope 1 or y-a=x-a 

v - -a- + * - .v -> 
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COLLEGE MATHEMATICS-11 


INTRODUCTION TO AN LYTIC GEOMETRY 


(d) Line bisecting second and fourth quadrant 

Co-ordinates are A{-a,a ) in third R{a, -a) 

-3tf- 


Then m = 


-a - a -a - a 


= -1 


A{-(i)n) 


U — ( — (j) (l + Q 

Now equation of line is y - y = m(x - x, ) 
y-a =— l(jr+a) 

Through pt (-«,<:/)& m - -1 ;y-o = -l(x -(--«)) 
y-a = -l(x 4- a) 


y=-x 


B(a)-a) 


10 . 


tb) 


(c) 


(d) 


(a) pt ,4(x, = (-6,5), Slope = m - 7 

Equation of tine is (> -y ( ) =m(x -x ( ) 

,y-5 = 7(x-(-6)) =? j y-5 = 7(x + 6) 

Or _y-5 = 7.v+42 => 7x + 42->> + 5 = 0 

lx — y + 47 = 0 
pt Slope = w = 0 put(x t ,y,) = (8,-3) 

Equation of line is (y-y,) = wi(.v -x, ) => y-{-3) = 0(x-8) 

y + 3 = 0 

pt (-Vj,^, ) = (-8,5),«i = <x> 


(.v- v,) = ^(-v-x l ) 


^A = .v 

m 


4-5 


00 


“ x-(-8) 


0 = x + 8 => x + 8 = 0 
pt /i(-5,-3), 5(9, -1) 

-l-(-3) _ -1 + 3 _ 2 
9 -(-5) 9 + 5 ”l4 


Slope - 


7 


Equation of line through (x Pi y,) = (-5,-3) & m = ^ 


y - (-3) = — (* - (-$)) 


• y + 3 m 


X + 3 


=s* 7(y + 3) = .v + 5 => ly +21 = x+ 5 
or ,v + 5— 7y — 21 — 0 => jr — 7j/— IS = 0 
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COLLEGE MATHEMATICS-11 


INTRODUCTION TO ANLYTIC GEOMETRY 


(e) 


(f) 


(B) 


11 . 


y-intereept mean _v, — , y, ) = (0,-7) 

y - y, =m(.t-x 1 ) & m =-5 

- (-7) - -5(x - 0) y + 7 = — 5.v 

5x+y i 7 = 0 

x-intercept -9 mean y v ~ 0,(.v, ,>’,) = (—9, 0) in = 4 

y-% -nj(.v-.v,) 

y-0 = 4{x-{-9)) => > = 4{.r + 9) = 4x + 36 
/+36 = 0 

x-intercept = a = -3 & y-intercept = b = 4 
Equation of line having two intercept is 


x y . x y . 
— +— = 1 =? — + — = 1 
h -3 4 


a 


A 

-12! 


'X by -12 
or 4.y-3>*-= -12 

C is mid point of AB 

So co-ordinates are C 

S — 5 3 

Slope of line AB ~ 


. 4 )*™ 


■3 ( y 


^ | = -12 


(Lahore Z010) 




2 

2 


D 


9-3 6 

Slope of perpendicular bisector CD - —2 
Equation of lar bisector C£>through C 


■ 4 ( 3 , 5 ) 


8 ( 9 , 8 ) 


( 13 A 

6.— and slope -2 

. 2.J 


y-y, = m(x-Xj) 

y~*-2(x-6) 

W" by 2 2> , -13 = -4(x-6) 

2y - ) 3 - -4.y + 24 => 4x + 2;y - 1 3 - 24 = 0 
4 .t + 2y -37 = 0 


e 



12. A (-3 , 2 ),/?($, 4), C(3, -8) 

4-2 2 

5 + 3 " 8 


Slope of side AB = 


2 

4 
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COLLEGE MATHEMATICS-!! 


INTRODUCTION TO ANLYTIC GEOMETR Y 


Slope of side BC — 
Slope of side CA = 


-8-4 -12 

3-5 -2 

- 8-2 -10 

3 + 3 6 

/ 


= 6 


Equation of side AB is through pt A & Slope — 


>'" 2 = 7t Jt + 3) 

4 


4,y-8 = x + 3 


=> .v-4>»-l 1 = 0 
Equation of sides BC (through pt B) 

(j--4) = 6(*-5) y-4 = 6x-30 

Equation of side AC through C is 

(y+8) = y(jr-3) 

3,y + 24 = -5.V + 1 5 
=? 5.x + 3>-+9 = 0 
Slope of BC = 6 Since Altitude from A 

is ± ar to side BC so Slope of altitude = -— 

6 

Equation of altitude from A is 

(>'-2) = -|(x + 3) => 6(^-2) = -(* + 3) 
6 

by-\2 = -x — 3 : 

-5 


6x- y~26 = 0 


Slope of CA = ■ 


.v + 6>> - 9 = 0 

Slope of altitude from 


3 

B which is ± ar to CA = — 

5 

Equation of altitude from B is 
3 

>'-4 = -(x-5) => 5j'- 20 - 3,v- 15 =>3x-5^ + 5 = 0 

Now Slope of AB = — Slope of altitude from C - -4 
4 

Equation of altitude from C is 
( v + 8) = -4(x - 3) =i> >- + 8 = -4.v + 12 

=> 4x + y~4 = Q 
D,f.,F are mid point of AB, BC & CA 
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COLLEGE MATHEMATICS— II 


f-3 + 5 9 + 4 

So Co-ordinates of — - — , — jz? = (l,3) 

-js-C 4,-: 


So Co-ordinates of £ 


(5 + 3 4-8' 




So co-ordinates of F 


3-3 -8 + 2 


2 ) 


F = (0, -3) 


Medians are CD, AE, BF 
3 + 8 

Now Slope of CD = ■ 


11 


1-3 -2 

Equation of median CD through C is 

^ +8 = li(.v-3) 

=> - 2y - 1 6 = 1 1* - 33 
=> ll.r + 2y-17 = 0 
- 2-2 

Slope of AE = ■ 


4 

7 


4 + 3 

Equation of median AE through A is 
4 

y - 2 = — (.t + 3) => 7^-14 = — 4jc — 1 2 


^ 4x + ly -14 + 12 = 0 => 4x + 7.v-2 =0 
-3-4 -7 7 

5 


Slope of BF = 


0-5 -5 

Equation of median BF through B is 
7 

>-4 =— (x— 5) => 5_y — 20 = 7* - 35 
=> 7.v-5^-35 + 20 = 0 => 7jr-5y-15 = 0 

13. pt (-4,-6) 

Slope of given line =--^ 

2 

Slope of required line - j 
Equation of required line is 


y + 6 = -(x + 4) 


3>' + 1 8 = 2x + 8 
2.v-3^+ 18-18 = 0 => 2x~ 3y-lQ = 0 
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COLLEGE MATHEMATICS-II WTFm 

14. pt (11,-5) Slope = -24 

Slope of required line which is parallel =-24 

Equation of required line is 

y-(-5) = -24(.v-I l) => y + 5 = -24 + 264 

y + 5 + 24.V-264 = 0 => 24.v +y— 259 - 0 

15. As D and E are Mid points of AD and AC So 

„ J , , -1 + 6 2 + 3^ 

Co-orainates of 


J -\ + 6 2 + 3W5 5_ 

{ 2 *2 J U’2 

„ x Wf-1+2 2-4^ ( 1 

Co-ordinates of E\ * — — *—1 

\ 2 2 J \2 

Now \BC\ - V(2-6) 2 +(-4-3) 2 

= V65 


ft 5 y 

f , 5> 

,2 2 J + 

-1 — 

l 2 J 


1-5 ' 

2 j 


■i 


16 + 49 



Slope DE = 


-7 = 7 

-4 4 

Izl 

2_2 7 * l 

5 1-5 


-2- -4 4 


2 2 2 
Slope of BC = Slope of DE 
So BC is parallel to DE. 
Both result proved. 
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COLLEGE MATHEMATICS-!! 


INTRODUCTION TO ANLYTIC GEOMETRY 


16. Suppose / denoted liters and p denote price then 


(/, ,/>,) = (560, 12.50), (/, , Pl ) - (700, 12), p = 12.25 


/,-/, 700-560 140 

-.5 2 

— x — Now equation of line through (560, 12.5) is 

140 2 

p-Py=m{l-l') 


By cross multiplication 
l40(/>-l2.50) = 0.5(/ - 560) 

140 

12.50) = /- 560 

-280(/>- 12.5) + 560 = / 

/ = 560 -280(/7 — 12.5) 
is required equation 
Now at p - 12.25 

1 40(1 2.25 - 1 2.50) = -0.5(/ -560) 

=> 140(-0.25) - 0.5(/ -560) => -35 - -0.5(/-560) 

=> /-560 = ^- = 70 ->/ = 70 + 560 = 630 
-0.5 

Hence at p = 12.25. He can sell 630 liters. 

17. Let P = Population & t = Years 

Then (/>,,/,) = (60,1961), = (95, 1981) 


p-12.50-— (/-560) 


140 



95-60 35 7 


1981-1961 20 4 


Lquation of line has 




4 4 


7 r- — 

(a) When i~ 1947 then p - 6Q + — (1947 — 196 1)=> p = 35.5 Million 


4 



www.iqbalkalmati.blogspot.comL/'— '>/ 





www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS— II 

18 . P denote price and t denote year 

(p„/ l ) = (U 980 ), (p t ,t 2 ) = ( 4 , 1996 ) 
m _ ti Zh _ 1996-1980 16 

Pt~Pi 4-1 3 

Equation is 
(t-l l )=m(p-p l ) 

/-I980 = y(/j-1) => 3/ -5940 = I6p-16 

1 6 p = 3 / - 5940 + 16 = 3 /- 5924 
3 5924 

p = —l — is required equations. 

16 16 

At t = 1990 

3 ( 1990 ) 5924 5970-5924 46 


INTRODUCTION TO AN LYTIC GEOME TRY 


19. 


20 . 


P = 


16 


16 


= — = 2.8 Million 
16 16 


We know that 

Freezing point of water - ( 0 , 32 ) -> (C,,/j) 
Boiling point of Water = ( 100 , 212 ) -» (C'j,F 3 ) 
C for Celsius and F for Fahrenheit 
' 212-32 [ 80^9 

100 5 


Slope =■ 


100-0 
Equation of line is 
F-F, =m(C-C,) 

F -32 = ^(( 7 - 0 ) 

=> 5 F - 1 60 = 9 c => 5 F = 9 c + 160 

F = -i(9o + 160) 

Required equation of line. 


Let .v represent score and y year 

= ( 592 , 1 998 ), (x,,^) = ( 564 , 2002 ) 
2002-1998 4 _ 1 

-28 ~7 



( 100 , 312 ) 


m - 


564-592 
Equation of line 
y-Fi = m(x-x { ) 
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COLLEGE MATHEMATICS-11 


INTRODUCTION TO ANLYTIC GEOMETRY 


21 . 

(i) 


<ii) 


(iii) 


=> y-1998 = -(*- 592) 

=>7j>- 13986 = -* + 592 
=> 7j' -13986 + .v— 592 = 0 
* + 7y- 14578 = 0 
=>* = -7y + 14578 
Required equations 
Now at y — 2006 

x = -7(2006) + 1 4578 - - 1 4042 + 1 4578 

x - 536 Sca re 

(aj 2.v — 4_y + l 1=0 

Slope intercept form 

4y=2x+\l 

2 11 
y = — x + — 

4 4 

I 11 

v=— x+ 

' 2 4 

Two intercept form 

2* -4/4 1 1 =0 
2*-4y = -l 1 
+ by -l 1 

2 * 4 y _! 

-II -11 
-II It 


■. ‘ y = mx+c 


*+*=\ 


a 


2 4 

Normal Form 

2*-4/+li=0 
2.v - 4y = -1 1 

V both sides by 2) : +(-4) 2 
V4+16 = ^20 


-x 


y/20 ' v /20 y V20 


-II 


-2 4 


s[w } V20 


II 


-2 


Where Cos a - — == , Sin a ~ . — 

V20 V20 

-vCo-va + v 1 sin a = p 


V20 

4 11 

and /? « 


720 
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(b) 

(i) 


0)) 


(iii) 


Tana ~ 


Sina _ >/20 
Com “2 
^20 

4 V20 


= -2 


"V20 -2 

a - tan“'{-2) = -63.4“ 

Or .tCosI 16.5" + ySinl 16.5" = 

4jc + 7.v-2 = 0 


11 

2 V5 


-4 2 

7 v = -4 jc + 2 => v = — x + - 

7 7 


is required slope intercept form. 

4* + 7>- — 2 = 0 
4x+ly = 2 
Divided by 2 

4 7 , „ 7 

2 2 7 2y~] 


is two intercept form 


4jc + 1 y — 2 = 0 
Or 4.t f 7_y = 2 

Divide both side by y/P + 7 : = Vfi5 
4x 7y 2 



V65 V65 V65 


4 7 

Put Cosa — , — & 57«a - - — & p = 


V65 

jtCcwci + ySVnar = p 


V65 


Now Tana = 


Sina _ V&5 _ 7 


Cosa 


Vfi 5 
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COLLEGE MATHEMATICS-II 

a = Tan 'f! . 75) = 60.26" 

So jrC’ai'60.26" + ySih6Q26 n = 


INTRODUCTION TO ANLYTIC GEOMETRY 


(0 

(i) 


fii) 


(iii) 


V65 


Where p — —= — - is normal form. 

V65 

15>-8at+3 = 0 

1 5> — 8jc 3 = 0 or 15.y = 8;r-3 

8 3 

i - — x 

15 15 


or 


8 1 

y = — .v — 

15 sl 


is required slope Intercept form. 
I5 jt-8jc + 3 = 0 
or 15.y-8jr = -3 


- 8 

— 5-y-f — x= t 
3 


or 


3 -1 

8 5 


is two intercept form. 

15y-8x+3 = 0 
or 1 5 y - 8x = -3 

Divide by + 8) ; = ^225 + 64 - V289 


— ._JL -dL 

1 7 V 17 V 17 

J£ 

17 


I ' 


Put Com* = — . S7«« - — — 
17 17 




Tana - 


Swa i7 -15 

Cover -8 g 
17 


« -Ta>> ’(- 1.875) = 2‘y8. 75" 

I become 

v lV{ 298.?5 ) t ySi.n 298.^5") = 

Where n — 

17 

is Normal form. 


+3 

17 
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COLLEGE MATHEMATICS-11 


INTRODUCTION TO AN LYTIC GEOMETRY 


22 . 


(a) 


(b) 


(c) 


(d) 


<«) 


Rememb er] Parallel /«, = nt 1 

Perpendicular »i|W 2 =-l 
—a 

and Slope — 

h 


2.v + j’-3 = 0, 4x+2^ + 5 = 0 

n 

1 = T = ' 2, 

W, = »r 2 Parallel 


-a _ -a -4 

Ml=T = -2, H-j-y- 


-2 


3>' = 2jc + 5, 3x+2j7 — 8 = 0 

r -3 

2.v - 3>'S = 0, m 2 = — 


2 -2 2 


m i = 


-3m, -3 3 


w,/w, = 


f-¥— 1= 

L 3 JL 2 


-I Perpendicular 


4» + 2.v - 1 = 0, x - 2y -7 = 0 
2 a + 4y - 1 = 0 5 a- - 2y - 7 = 0 


-2 -l 


/«, = — - 


w. 


zl-i 

4 2 ' -2 2 

m, * »i 2 Neither Parallel nor perpendicular 

4,v — jr + 2 = 0, I2 a-3j? + 1= 0 

—4 . — !2 

m i •= — = 4, m, =— — - 4 

m f = m 2 Parallel 

12.v + 35.v-7 = 0, lOS.v- 36j' + 11 = 0 


* 


-12 

~35~ 
35 

m, - — 

* 12 
/, 


rtu - 


-105 

-36 


3'X 


m y m 7 — 


as Jlp-J 


-1 Perpendicular 
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COLLEGE MATHEMATICS-11 

23. (a) /, ; 3x - 4.)’ + 3 = 0, 

l, ,3x- 4y + 7 *= 0 

3 

For /..when a = 0 then v = - 

J 4 

7 

For /j, put a = 0 then y = — 

4 

When y = Othen a — -1 

-7 

When y = Othen a —-y 

0,|j&(-l,<$ on/, 

[4KI4-* 

Mid point of (—1,0) and 


(b) 


INTRODUCTION TO ANLYTIC GEOMETRY 
(Lahore 2010) 



-a (-1 \ 

and Slope - m - — — ,0 = 
b \ 3 J 

-(?■•)-(*«) 

Slope of both given linem =— — — — 

b 4 

'• 

Equation of required midway 
Line is (y-y t ) = m{x~ a,) 

3 ( 5> 

Or v - 0 - — A + — or 4 y = 3a -+ 5 

3) 




3 0 + 0 


[.vv -4 v I 5—0 


Now Distance between /, and /, = = _ 

\ ! A 2 + /i‘ y[( 3) ? y ( -4 ) 2 

Where ( a,,. v, ) = (-1,0) point of /, and / 3 -3 a-4>' + 7 
/,; 1 2 a + 5_k - 6 = 0 
/,; 1 2.v + 5,r + 13-0 
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COLLEGE MATHEMATICS-H 


INTRODUCTION TO AHLYTIC GEOMETRY 


When jf = 0 then y = — 
5 


When jf = G then .y = 

i 

When y = Othen x — 
When >■ = Othen .v - 
For /, 


-13 

5 

1 

2 

-13 

12 


r 6 
0 


For 




Distance between /, and / ; from 


p[ 2 *°) 0W li 

_ teriHt a 
Vie? ~i3 


awrf /, = I2x+5.y + I3 = 


K8 


+ 5(01 + 13 


V( 1 2) 12 +( 5) 2 


Now Mid Point 


°<?°) 


and 




n_i3 n 

2 LI 0 + 0 

2 * 2 


-(s') 


m = iV/ope - — = — — 
b 5 

Required equation of Mid way line through 


— V 

24 J 


-12 . 

and m is 


( 

(V~y t ) = mix-xj 
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COLLEGE MATHEMATICS-II 

(c) /, ; x + 2^ — 5 = 0 

lj ; 2x + Ay - 1 

When x — 0 then y = — 

2 

When x = 0 then v = — 
4 

When y - Othen x = 5 

When v = 0 then * = — 

2 


d{ from p(5,0)on /. ) 

|2(5)+4(0) — l| _ 9 
^j{2f + (4) 2 V50 



Mid point of (5,0) and 


(H 




2 0 + 0 


m 


-1 

2 


Hi * 

T>° 

4 


Required equation of line passing mid way is 
iy-y^^rnix-x^) 


- 11 
=> 2y = -x + — 
4 


x + 2 v - — = 0 

4 
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COLLEGE MATHEMATICS-11 FTiTH 

24. Pt(-4»7) 

2x-7>" + 4 = 0 

—a 2 

m = Slope of given line - — - — 

hi 

2 

Slope of required line (Parallel) = — 

Equation of line is 
O' 

y — l = ■^■(.v + 4) => 1 y- 49 = 2,t + 8 

2x- ly + 49 + 8 = 0 => 2a--7^ + 57 = 0 

25. Pt (S, -8), /l(-15,-8),2f(10, 7) 

7 - (-8) 15 3 

10 + 15 25 5 


INTRODUCTION TO ANLYTIC GEOMETRY 


Slope of AB ( given line) - 


Slope of required line which is perpendicular to given - — 

3 

Equation of required line is 

,y+8=— j(.v-5) =p3>' + 24 = -5* + 25 

=> 3/+ 24 + 5.r - 25 = 0 
5jc+Xy-l=0 

26. Given line 2x - y + 3 = 0 

Any line X ar to given is 

.* + 2 i y+c = 0 

Note: Given line is 

2.v->' + 3 = 0 

-a - 
m - — - 2 

h 

To find .T intercept put y = 0 => x = -c 
To find y intercept put x - 0 => 2.v + c = 0 


Slope of X ar line = 

2 

Now y = mx + c, 

Given product 


y=- 
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COLLEGE MATHEMATICS-11 


289 


INTRODUCTION TO ANLYTIC GEOMETRY 


27. 


v = — — x + t\ c 1 - 6 — > c - 6 

2 

2 y = -x + 2 c, 

Put value of c in 1 
Or 


x + 2 y+c = 0 


.V + 2 y ± >/6 = 0 

Or x + 2y + %/6 =0 & ,r + 2y — \[h = 0 

Suppose required three vertices are B(x, , t )» C( , >' 2 ), D(x i , y t ) then 
Since E is mid point of AC so 

2 =!± 5 . &l = ±L!i 
2 2 

4 = l +x 2 => x 2 = 3 & 2 = 4 +yj => v 2 = -2 i’o (x 3 , .v 3 ) = (3,-2) 

y. .f *4 

Slope of AD = \ = — => x 3 - 1 - ><3 - 4 => x., - - 1 + 4 = 0 

x 3 - ! 

-+1 


x 3 ~y 3 +3 = 0- 

Siopeof BC = \= 2 y ' => 3-x, =-2-jp, ^-2-^+x, -3-0 
3-x, 


- v i ->'|- 5 = 0 

Slope of AB = — - = ^ — — => -(x, - I) = -7v, -28 => -x t +1 = 7_p, -28 
7 x, 

7 - 28 + x r - 1 = 0 => x, + ly x - 29 = 0 > III 

Slope of DC = -— = — - — — => ~(3-Xj) = — 14- 7 _v 3 
7 3-Xj 

"3 + x_j — -14 - 7 ,Vj 

Xj + ly 3 -3 + 14 = 0 

x 3 +7^ + 1 1 = 0 >IV 

Solve I & IV 

IV -I 

** + 7_y, + 1 1 = 0 
_+iT y- ±3 = 0 

8^3 + 8 — 

= > 8y J = -8 
Put in / 


0 

I 
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C OLLEGE MATHEMATIC 3-1 1 


.v,-(-I) + 3 = 0 

+ 4 = U ^ = — } 

Solve I1&.III 
■** + 7 v, - 29 - (J 

_ -*■+ + > j + 5 = 0 
8^, - 24 = 0 


x j +• 1 + 3 “■ 0 


=5 8_V, = 2-< ri _)'[ = 3 


INTRODUCTION TO ANLYT 1C GEOMETRY 


Put in II 

- 3 - 5 = 0 ==> x, - 8 = 0 

x^Z 

Hence required co-ordinates are 

mini - mm m®,y^ - a - a-d 

28. Above Line 

Remembe r | IF sign y in given equation & our answer is same. 
Below Line 

And IF signs are different 

(a) (5,8);2.v-3j' + 6 = 0 (Sargodha 2008, 11) 

Sign of co-efficient of y — -3 — -ve 

Now 2.v — 3>’ + 6 - 2(5)-3(8) + 6 - 10-24 + 6 = -8 = -ve 
So point is above the line 

(b) (~ 7,6);4.v + Sy — 9 = 0 (Sargodha 2008, 12} 

Sign of co-efficient of y - +ve 

Now 4x + 3 v-9 = 4(-7) + 3f6) - 9 = -28 4 1 8 - 9 = -1 9 = -ve 
Signs are different so point is below the line. 

29. (a) (0,Q),(-4,7);5.v - 7x + 70 = 0 

Co-efficient of y in equation has sign = -v* 

Pul Pt(0,0)so 5x- 7;- + 70 = 5(0) -7(0) +70 = 70=. 

Pt is below line 

Put pt (-4, 7) so 5.v - 7 v + 70 = 5(-4) - 7(7) r 70 = -20 - 49 + 70 
= -69 + 70= I ++ve 
Pt (-4, 7) is below line 
Both are below so both are n same side. 

(b) (0,0),(-4,7);5,v 7* + 70 = 0 

Co-efficient of y in equation has sign - — ve 
Put Pt{0.0)so 5x-7i + 70 = 5(0) - 7(0) + 70 = 70 = +v* 

Pt is below line 
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COLLEGE MATHEMATICS-!! 

Put 


30. 


32. 


INT RODUCTION toanlytic geometry 


pt (. 4,7) so 5x ~ 1 y H, 70 - 5(-4) - ■ 7(7) + 70 - -20 -49+70 

= —69 + 70 = ] + +ve 

Pt (-4,7) is below line 

Both are below so both are n same side. 

(6,-1), (tx-4y + 9 = 0 
Here x, =6, y t =-l 
a - 6,b = -4,c-9 

d = K +c| 

d = 


U> 


J 


|6(6) — 4(- 1) + 9| |36+4 + 9| 49 49 49 

4i 6) 2 +(-4) : ^36+16 Vsl ^2x2x13 ~2 Vb 


31. .4(5.3), £(-2,2), C(4, 2 ) 


Here a- = 5, y =3,. 

5 

r4‘ 

1 

II 

=2, 

i* 

n 

> 

H 

Area of triangle = — 
2 

x t y, 1 

_ 1 

~2 

5 3 I 

k h 1 

k >3 i. 

-2 2 1 
4 2 1 


= |f5(2-2) - 3(-2 — 4) + 1 (-4 -8)] = |[5(0)-3(-6) + l(-J2) j 

= — (0 + 1 8 - 12) = ^-(6) = 3 Square unit 

.4(2,3),£(-l,l),C(4,-5) 

Here .v, = 2, **3,*, =-],^ = l,* s *=4,* =-5 

Area of triangle = — 

2 

= 2 [ 2(1 ~ - 3H - 4) + 1(5 - 4)] = y [2(1 + 5) - 3(-5) + 1(1)] 

] 2g 

= — [12 + 15 + lJ- — - 14 ^ 0 Square unit 
So points are not collinear. 


*1 

y ^ 

1 

1 

2 3 1 

*2 

y 2 J 

j 

2 

-i 1 1 

*3 

y 3 

1 


4-5 i. 


V- 
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COLLEGE MATHEMATICS-11 


I NTRODUCT IO N TO AMLYTIC GEOMETR Y 



1. 


(ii) 


(iil) 


(i) *-2.y + l = 0 / 

2x-)’ + 2 = 0 II 
Multiply //by 2 and solve 
4 * -- 3^*- +4 = 0 

_ x + -2^*- ±1 = 0 
3x+3 = 0 


{Sargodha 2010) 


=> 3.v - -3 => .t - ~1 


Put value of ,r in / 

-X- 2y+t = 0 => - 2 y = 0 =6 

(-1,0) is point of intersection. 

3x+ .y + 12 = 0 / 

.v+2 < y-l = 0 II 
Multiply / by 2 and solve 
6x + -3?*- + 24 = 0 

_.v± -5y-+ 1 = 0 
5.t + 25 = 0 
5.V + 25 = 0 


(Sargodha 2009, 10) 


5.v = -25 x — -5 


Put value of x in II 
-5 + 2y - 1 - 0 2y -6 = 0 =* 

So (-5,3) is point of intersection. 
,v + 4.r-T2 = 0 I 
x-3y+3=0 II 
x + 4y-l2 = 0 
_.r + 3y±l=0 
7y-15 = 0 


X= 3 


(Sargodha 2012) 


15 
y ~ 7 


Put in / 
if 15 ' 


-12 = 0 


www.iqbalkalmati.blogspot.com : 








www.iqbalkalmati.blogspot.com 


COLLEGE MATHEMATICS— II 

60 

*+ 12 = 0 

7 


2 . 


INTRODUCTION to amlytic geometry 


60-84 „ 

.V -t = 0 : 


x — - 


24 


24 15} 

— is point of intersection. 

7 7 ) 

(a) 2x + 5j-8 = 0 I 
3.v - 4y - 6 0 II 

Multiply / by 3 & IJ by 2 and solve 
6*- -s- I5_y- 24 - 0 

-6*- + 8;--+i2 = 0 

23^-12 = 0 


{Sargodha 2011) 


12 
> _ 23 


Putin / 


2x + 5 


12 ' 

U3. 


1-8 = 0 


x=- 


62 

23 


So point of intersection is 


62 12') 


V 23 23 J 


Now slope of 


62 n' 
23 '23; 

-9 — 


and (2,-9) is 
12 -207-12 


m = 


23 


23 


2 - 


62 

23 


46-62 

23 


-219 -23- 

-x- 


219 


■ 23 * —16 16 


n I q 

Now equation of line through (2,-9) and = 

16 


219 

= — (x-2) 


219 

•y + 9 = — {x-2) 


16 ' 16 
1 6(>- + 9) = 21 9(x - 2) -^.1 6> 4 ] 44 = 2 1 9.v - 438 
or 21 9x-16.r = 4144-438 2l9.v- 16,y = 4582 

=>2l9x- 16^-582 = 0 
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294 


INTRODUCTION TO ANLYTIC GEOMETRY 


(b) x - y — 4 = 0 & 7.v + y + 20 = 0 

Solving then x — y- 4 = 0 >1 

Multiply i by 3 & II by 2 and solve 

7* + y + 20 = 0 - _ , , . . 

= t-> .v = -2 Put value of x tn I 

8.v+I6 = 0 

-2-y-4 = 0 
=> y = -6 
x = -2 & y = - 6 


(i) 


(it) 




Point of intersection is (-2,-6) 

Given line is 6.v+y— 14 = 0 

Slope of Given = -6 => m = Slope - -6 

Slope of required line which is parallel to given = —6 

Equation of line through (-2,-6) & m = -6 

y-{-6) = -6(.r-(-2)) + 6 = -6(x + 2) 

=o y + 6 = -6*— 12 => 6x +y + 1 2 + 6 = 0 
=? 6.v+y + l 8 = 0 (Required line) 

Slope of Given = -6 


1 

Slope of required line which is _L or to given = — 

6 


Equation of line through (-2,-6 ) &m = — 

6 


y - < -6) = i (x - (-2)) =>y + 6 = ~ (x + 2) 
u 6 

=> 6y + 36 = jc + 2 => X — 6y-36 + 2 = 0 
=> jr-6y — 34 = 0 
Any line through Intersection of 
Given lines (at + 2y + 3) = 0 and 3.v + 4y + 7 = 0 is 
lx + 24+ 3) + *( 3 * +4y + 7> 0 
or x + 2 y + 3 + 3 kx + 4Ay + Ik = 0 
r x + 3A.r + 2y + 4 ky + 3 + 7 A = 0 
(3* + l)x + (2 + 4A),y + 3 + 7A = 0 
To find x intercept put y = 0 => (3 A + l)x +3 + 7 A - 0 

-(3+7*) 

x = — 

3A+1 
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To find y intercept put x = 0 
=> (2 + 44) v + 3 + 74 = 0 => 


~Q + 7k) 
2+4 4 


( 3 1 m 


Given both intercept are equal so 
-Cm 74) -(3 + 74) I 

34+1 2 + 44 ^34 + 1 (2+44) 

=S> 2 + 44 = (34 +1) or 2 + 44 = -34 + 1 

or 44-34 =1-2 


4 =-l 


Put value of 4 in 1 

(.v + 2y + 3) + {- l)(3x + 4 y + 7) = 0 

or x + 2 y + 3 — 3x - 4 y — 7 = 0 or —2x — 2 y — 4 

or2x + 2y + 4 = Q~by2 x+y + 2 = 0 

3. First we will find Intersection of 

T6x~l0_y — 33 = 0 1 
1 2x + 1 4 _>-' + 20 — 0 11 
' X' / by 14 and 11 by 10 we get and add 
224x - 440+- - 462 = 0 
1 20x + 440+ + 290 = 0 


344x -172 = 0 
344x = 1 72 +>* = 

ft 


172 


Put in 1 I 6 




344 
1 0 v - 33 = 0 


8 - 1 0+ - 33 = 


10+ = -25 


-25 

y = ttt => y * 


10 


-o 


Point of intersection is 


i+1 

2' 2 J 


Now we will find intersection of x y + 4 = 0 111 
III -IV 

+-v+4 =0 

_ ‘.v+ 7_yi2 — 0 
6y + 2 = 0 

—0 _i 

^ b y — — 2 => y — — — = — - 
6 3 
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I NTRODUCTION TO AN LYTIC GEOMETR Y 


I 

(3 \"lky 


= o 


0 - 1 0+ - 25 = 0 


& x — 7y.+ 2 = 0 /F 
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COLLEGE MATHEMATICS-11 

Put value of v in II lx 


INTRODUCTION TO ANLYTIC GEOMETRY 




1 


x + — + 4 ■=* 0 
3 


1 + 12 „ -13, 

x H — - — = 0 => x = — — So point of intersection is 
, u (\ -5^1 J -13 -\) 

Slope through — Jand J 


m = 


m 


Ji 

5^ 

3 l 

2 ) 

-13 

1 

3 

"2 

13 


6 _ 
-29 “ 

13 

X 

6 

6 



1 5 

— + 

3 2 


-2 + 15 

6 


-13 1 -26-3 

2 2 6 

S -13 


29 


liquation of required line through 


— . — I and m - ■ 

12 2 


13 


29 


5^1 

x+— 

2 


j_3 r _j_ > 

29V 2j 


!M~8 


„ n 145 „ 13 on ,, 145 13 rt 

29 v+ - =-13.x + — => 29 v I 13x f =0 

2 2 2 2 

13.v+ 29 y+ l - 45 ~ ■ 3 « 0 => 1 3x+ 29y + ~ = 0 

=> I3.V + 29.V+66 - 0 


4. y = m , x + c, , y = m 2 x +c lt y = m t x + c 3 

Arranging them /«,.v — y + c, =0. m,x - y + c 7 — 0, y + c, - 0 they are 
concurrent if 


"i 

A 

C l 


»h 

-1 

c, 

a. 

h 


= 0 

m 2 

-1 


"j 

*3 



m } 

-1 



/)?, {-c. + c 2 ) - ( - 1 )(m 2 c y - m y c 2 ) + c\ ( -nu + ) - 0 

w, (c, - c } ) + m,c s - my, - hi,c, + tnfa - 0 

(t\ Cj ) t - c, ) + H), (f, - c, ) = 0 

Required condition. 
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COLLEGE MATHEMATICS-11 


INTRODUCTION TO A NL YTIC GEOMETRY 


5. 2x - 3_y - 1 = 0, 3jc - - 5 = 0, 3 A* + p}' + 8 = Othey meet at a point or concurrent if 

[Sargodha 2008, 09) 


*1 

* 1 

V 

2 

-3 

-1 

*2 

*2 I 

= 0 => 

3 

-1 

-5 

*3 

A 1 


3 

P 

8 


or 2(-8 + 5 p) - (-3)(24 +15) + (-l)(3/> + 3) = 0 

or 10/; — 1 6 + 3(39) — (3/J + 3) = 0 =? 10/7-16 + 117 — 3/; — 3 = 0 

-98 


or 7/7+98-0 p -14 => p--14 


6. 4.v — 3^ — 8 = 0, 3.v - 4_>' — 6 = 0, x — y — 2 = 0they meet at*a point or concurrent if 

- 0 so 


For Concurrency 


«, 6 , C) 

a 2 b 2 c, 

Wj by Cy 



4 

C l 


4 

-3 

-8 

o. 

% 

c 2 

= 

3 

-4 

-6 


*3 

C, 


1 

-I 

-2 


- 4(8-6)-(-3)(-6 + 6) + (-8K-3 + 4) = 4(2)+3(0)-S(l) = 8-8 = 0 
So line are concurrent. 


Convert given equation into slope intercept forms: t 

4 X* ***-**- 

3 v = 4 jt - S => v = — .v — m. = — v 


3 3 1 3 

. , , 3 6 3 

4 y — 3x - 6 =3 y — — .v — /», = — 
4 4*4 

y = v -2 => y = (l).t - 2 m, = 1 
Now given condition prove if 0, - 0-, 

0 ] is angle /, to l y so 


{ \ -t 


> 

2 ; 


= Tan' 

. 


4 


HI. 


- f<m 


- y an 


r.n 

4. 

7 

4j 


= tatf 


j^r tl 



y s.j rt (“v 


0, is angle from /rr /, .vu 
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COLLEGE MATHEMATIC S— II 


0, -- Tan 


-i 


m, - m 


1 +m ] m l 


I - Tan 


U ' 

_3 

4 

1 + ,! 

3 


- Tan 


INTRODU CTION TO AN LYTIC GEOMETRY 

4-3 
i 3 


3 + 4 


= Tan 


n 

i 

7 


- Tan 


U 7j (7 

f y 0i=0 2 Hence proved. 1 

/<(-2,3) ( iBl-4,l),C(3,5) each oilier. 

if intersection of medians so first we find equalic 
point (centroid) -- / l, & l4 b 

>»ld /''o/'ni l 'f 1 ^77' /»7 3 

o'* fix* V 


(H) 


Centriod is points of intersection of medians so first we find equation of medians 
then there meeting point 1 
AD is median so 

Slope of /I £> = - ' ■ " 3 =0 

4 +2 

Equation of median AD thourgh A(~ 2,3) is 

_y-3 = 0(*+2) J 
=> y-3 = 0 => >’ - 3 

d -l t ■+ 7 7 

BE is median so slope = - — - = 4- = — x — = - 


HI 4 .L) 



US) 


— +4 
2 2 


9 I % 3 


Equation of median BE is 

2 

y - 1 (-4)) => 3(>| - 1) = 2(x + 4) ^ pat y = 3 


x = -1 


3(3 - 1 ) = 2a i H 6^2.v + 8 => 6-8 = 2,r -2 = 2.r 

So centroid is / (- 1,3) 

Ort ho centre jfrg p„ial t l c*f #./j C&<-h tthcy 

Orthrocentre is meeting point of anglp hisprtnr s so 

Slope of BC = - S ~ l ■ = — =i ^ 

3— (—4) 3 + 4- 7 

Slope of angle bisector AH 

7 

Which is perpendicular to BC = — 

4 

Equation of angle AH is 

(>'-3)--I<,y-(-2)) =>4(> 3} = -?(*+ 2) 
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COLLEGE MATHEMATICS-!! Pit# 

4j' — 12 = -7x -14 => 7x + 4y-12 + 14 = 0 

7x + 4y + 2 = 0 — 1 

5-3 2 2 


INTRODUCTION TQ ANLYTIC GEOMET RY 


Slope of AC ~ 


3 -(-2) 3+2 5 

5 


Slope of 8K {_!_ ar to AC) = — 

l 

Equation of angle bisector BK is 

y - 1 = ■ ~ 9x - (-4)) ^ 2 (y ~1)~ -59* +4) 

2y — 2- -5x — 20=> 5x + 2_y - 2 + 20 = 0 
10x + 4y + 36 = 0 // 

II-I 

I Ox + 4+ + 36 = 0 

7x±-4y-±2 - 0 

3x + 34 — 0 
3x = -34 


x - 


-34 


34 

Put value of X = 

3 

f -“j+4y + 2 = 0 

- — + 4y + 2 = 0 
3 

238 

or4y+ 2-— -0 • 


„ 6-238 

4 y + 0 


, 232 n 

4y — — =0 


— 


232 


232 I 

i = -x- - 

3 4 


58 

3 


So orthocenter is 


f -34 58^ 
3 * 3 






{iii} 


Circumcentre %t uohaf j PC' P?rtJ.,tdo-{ b< JWf L- r 

Meeting point of right bisector is called circumcentre <*tht 

5-1 4 

Slope of BC~- 

3 + 4 7 
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COLLEGE MATHEMATICS— II 


Slope of right bisector OD = — 

4 


INTRODUCTION TO AKLYT1C GEOMETRY 

>1-2,1) 


•4-BJ 


Equation of OD is 

v-3 

4(>'-3) = -7^+iJ 
'A" 'both sides by 2 S.y-24 = — 1 4 jc — 7 
1 4a- hh 8>- — 17 = 0 1 


=> 4 v - 1 2 = -lx — 
2 



14x + 8>'-24 + 7 - 0 


Slope of AC = 


5-3 2 

3 + 2 “ 5 


—5 

Slope of OE = — 

2 

Equation of OE is (Through pt E end Slope ) 

2>--8 = 5a-+|=> 4y -\6 = -\0 .t + 5(‘X' by 2) 

or I O.r + 4 y~ I 6 - 5 = 0 ^ 1 0 + Ay - 2 1 = 0 
'X'by 2 20.t + 8y-42 = 0 II 
II-I 

20rf--8^-42 = 0 
_ 1 4.v± ’8^+ 17 = 0 
6 a-- 25 = o' 


x = 


25 


Put value of x in I 

175-51 


8_V + ■ 


r 25 s 

124 


+ 8y - 17 or -^-17 + 8y = 0 


= 0 => 8y — — = 0 


o 124 


y= 


45+ 


u 


3x4h 


-31 c 

y ~ So circumcentre 


-tf+) 


Now to check these points are colltnear 
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COLLEGE MATH EMATICS— II 


IHTRODUCTION TO ANLYTIC GEOMETRY 


9. 


y 

>>2 

y 3 


-i 

-34 


3 

25 

6 


3 

58 

3 

-31 


r» + »v 

4— 

-V' 

1 

w 

f-U- 

-Y-ll 

l 3 6) 

( 3 

6 J 

\ 3 J 

l 6 J 1,6 

A 3 JJ 


58 31 25 1054 1450 

— + 34 + — + 

3 6 2 18 18 

-348-93 + 612 + 225 + 1054-1450 1891-1891 


18 


18 


_0_ 

18 


= 0 

Hence centroid, orthocenter and circumcentre are colli near (Yes). 
4x - 3y - 8 = 0, 3.x — 4y - 6 = 0, x-y -2 = 0 



b> 

C \ 


4 

-3 

-8 

°2 

b 2 

C 2 


3 

-4 

-6 



c y 


1 

-1 

-2 


= 4(8 -6) -(-6 + 6) + (-3 + 4) = 4(2) + 3(0)- 8(1) = 8-8 = 0 
So given lines are concurrent 
Now for point where they meet 
4x - 3y - 8 = 0 

x — y — 2 = 0 

r y I x y I „ 

- — — — —r — - — => — = — = — => x= -2, v = 0 

6-8 -8 + 8 -4+3 -2 0-1 

Point of concurrency is (2,0) 
x - 2y - 6 = 0, 3x — y + 3 = 0, 2x + y - 4 = 0 


Solving 1 & 11 

Solving 11 & III 

Solving 1 & IL 

x — 2 y -6 = 0 

3x — y + 3 = 0 

x - 2y - 6 = 0 

3x-y + 3 = 0 

2x + y - 4 = 0 

2x + y - 4 = 0 

x y I 

■v y I 

x y 1 

-6-6 -18-6 -1+6 

4-3 6+12 3+2 

8 46 -12 + 4" 1 + 4 

x _ _y_ _ 

-I 

I 

H 

j 

v y _ 1 

-12 “-2I ”5 

1 18 5 

1 4 ~ =8 5 

-12 -21 

x - , y - 

5 5 

1 18 
-v = 5 .y = y 

14 -8 

v = T' y = T 
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COLLEGE MATHEMATICS— II tOK INT RODUCTION TO ANLYTIC GEOME TRY 

(14 -S') J i IS') J - 12 ^ 

So vertices triangles are A = ^ — ^ 5 ’ 5 J- 

18 f-8'l 18 + 8 26 


m, = Slope of AB = 


5 } 5 _ 5 ~—x - = —1 

j_-14 M14 -13 5 -13 

5 5 5 5 


-21 18 -39 

s 5 5 —39 _ 

m 3 = Slope of BC = _ p y = = — = 3 

”5 5 5 

-8 21 13 

m, *Slopeof eA = I 

5 + 5 5 


.-I 


0 . - Tan 


0 2 = Tan 


0. - Tan 


/ \ 

m x - Iff J 

= Tan~' 

1 

f 

U> 

_ ( -L") = 7bn"’ 

f-1 

J +/»,«*, 

t i + (—2X3) J 

r ll-6j 

1-5 J 



, 1 > 

I 

r 6-1 ’i 


f s' 

J m 2 ~n h } 1 

J -2 

= r«n 1 

2 

= ra»’' 

i 

[.I + »!,»., 

i ,l3 -U 

2 + 3 
2 j 

s 

2 ; 


■ ( tjh ~ M| ^ 
l ! + »jW| ; 


— 


-1 


t 1 > 


= Tcm 


/ — 1- 2 ^ 

2 

1-1 


/c\ 


= Tan' 


J 


= ran-'( 1) = 45" 


- 7Vm _l (a)) = 9Q ’ 


10. (a) /,; (2,7), (7,10) {Sargodha 2008) 

l 2 ;tt 1), (-5,3) 

M , , 10-7 3 ,, 3-1 2 l 

»h = Slope of /, - — - = -, ™ 2 ~ Slope of I, - - j—j- = — - - - 


Angle - 0 - (/,/»/, ) = Tint 1 



»i-«i 1 _ T rm- ! 

f 

1 3 
3 5 

= 7 Vw _t 

f - 5-9 ' 

15 

— i C/JJ 

i + mp «, ; 

1 + 

'-FI 

1 - 1 



MsJJ 


k 5 J 


- fan 




15 
4 

K 5 J 


== Tan * - — x — 1 = Tan 1 
, 1.5 

*>. 


'-£W(- 

t-4/ 


1.16) 
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COLLEGE MATHEMATICS-) I ____ 

T 7 /{ t s c 

— - 49 " 23 ' = 1 80'* — 49 ° 23 ' = 1 30 '' 36 ' * 


(c) 


(d) 


INTRODUCTION TO AN LYTIC GEOMETRY 


j n\ 

Acute angle - Tun — 

U J 


= Tan~ x (1.16) = 49°23 f 


(b) /,; (3,-1), (5,7);/,; (2,4), (-8,2) 

c . , , 7-(-1) 7 + 1 8 , 

m. - Slope of l. - — - = — = 4 

5-3 2 2 

2—4 -2 1 

in., - Slope of /, = — — = - 

- -8-2 -10 5 



r i *} 


f 1-20 1 


- 1 9| 


5 

= row- 1 

5 

= Tan ~ 1 

5 


I+-.4 

5 + 4 

9 ' 


\ 5 J 


k 5 J 


^57 


= Tan~ x j j - Tan 1 (-2. 1 ! ) - -64"39' = 1 80" - 64" 3 9' = 1 1 5"20' 

/ t A \ 

Acute angle - Tan ' — = 64'39' 
t 9 J 


/|t(3, 7), (6, 4); /,; (-1,2), (-6,-1) 


m, = Slope of /, = 
m ? = Slope of /, — 


-4 — (-7) _ -4 + 7 3 


6-1 6-1 5 

-1-2 -1-2 _ 3 

-6-H) "6 + 1 “ 5 


0- Tan~ l 


0 = Tan 


nu - m , 

1 + ni^m, j 

3_3 

i 5 5 

, 3 3 

l+-x- 
5 5 


0 = Tan ' 


0 


= Tan ’ = (0) 


25 


17 = 0'' 


/,;(-9,-l), (3,-5); l 2 \ (2, 7), (-6,-7) 

-5-(-l) -5+1 _ -4 -1 

3 - (-9) 3 + 9 12 3 


wi, = Slope of !. - • 


(Gujrawala 2010) 
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COLLEGE MATHEMATICS-41 


INTRODUCTION TO ANLYTIC GEOMETRY 


m, ~ Slope of l 2 - 


-7-7 -14 _ 7 

- 6-2 -8 4 



6= Tan ' ” h = Tan 
i + m 2 m. 


25 

- Tan' ^ = Tan' (5) => 0 = 78.69" 

12 

11. (a) /i(-2,ll), fl(-6,-3),C(4,-9) 

, JB -3-11 -14 7 

Slope of AD - m. = — — = — 

-6+2 -4 2 

-9 + 3 -6 -3 

m l - Slope of 

„ 11 + 9 20 -10 

/Hj = Slope of CA =— — - = — = — 
-2-4 -o 3 


7 1 
- + 

4 3 


21 + 4 
12 

12-7 

12 



0, - Tan ‘ 


- Tan 1 


IWj -ffl, 

U +W V”J 


^ 2 1 5 

= Tan 



7 3 'l 

JL 


f 35 + 6 ^ 

n 

2 5 

= Tan'' 

10 

i-^ 
10 . 

10-21 


o 1 


Rt| 

-“'(S-3T)-" St) 


= -74" 5 8’= 105" 


/ 7 ^ 

Acute angle = ron' 1 — = 7'on _l (l .16) = 49"23' 

W 


- -I f W* — Wl 

4 - Tan 1 —3 * 

^ I + m ? nr. 


-i 


5/ 

'-9 + 50 ' 


\ 

( -3 \ 0 \ 

— - + 

= Tan 1 

5 3 

u3» 



15 ) 


0, = Ton 


\5 


15 + 30 
15 ) 


l 5 ){ 3 J 

= Ta,r'\ lix — — )=U2 t 20’l 

U5 45 ) UsJ 
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COLLEGE MATHEMATICS-11 


[HTRODUCTION TO AHLYT1C GEOMETRY 




So interior angles are 

9 X = 1 05" 0 2 = 42" 20' 0 i = 32"38' 

(b) 4(6,1), (2,7), C(-6, -7) 

7-1 6 3 

m ' 2-6 -4 2 

-7-7 -14 7 

-6-2 -8 4 

_ + 1 — (-7) 8 2 

6 -(- 6 ) 12 3 

0,,0 2 and0 3 are shown in the figure. 


m i = 




2 2 4 + 9 

- + - — - 

-33 6 


6 

0, =90" 


1-1 


■undefined 



3 7 


-6-7 


= 


2 4 ^ 4 t3 ( S) ? 

I + w^j 8 ~ 21 4 [ 13 J 


0 , =63.4" 


7 2 


8 

21-8 


= Jg^gL,- 4 3 - — l*— = — = 1 

3 l+m 2 m 3 l+f 7 ¥?1 + ^ 26 2 

=> <?, = 26.6" 

(c) 4(2, -5), *(-4,-3), C(-1,S) 

Let »i, ,m 2i m } be the slopes of the sides AB, BC, and CA respectively. Then 
_ -3-(-5) _ -3 + 5 2 _ 1 

6 3 

8 


m \ = 


m, =■ 


-4-2 -6 

5-{-3) 5 + 3 


-1 -(-4) -1 + 4 3 
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COLLEGE MATHEMATICS-!! 


INTRODUCTION TO AN LYTIC GEOMETRY 


nr 


5 — (- 5 ) _ 5 + 5 _ \0 
- 1-2 - 1-2 3 

0 t ,0 2 ami 0^ are shown in the figure 

f 10 




1 + W|W 3 I + | 
1 10 - 1+10 


jfjiy W\ 
{ 3 JI 3 J 



8 1 

- + - 

3 3 


1- 


8 


8 + 1 

3 9 9 

. ~ . - —x — -21 

9-8 3 1 


9 9 

TimO, = 87 . 9 " 


TanO, = ” h = 


- 10-8 -18 


10 _ 8 
3 3 


f 1 °! 

f 8 l 

l 3J 

l3 j 


1- S ° 

9 _ 


3 , 9 __ 54 

9-80 • -71 71 



TanO^ 37 . 2 " 

td) *4(2,8), ft(-5,4), C(4,-9) 

Let mi, . mi 3 , mi, be the slopes of the sides AB, BC, and CA respectively. Then 
4-8 -4 4 

' n,> - 5-2 -7 7 

-9-4 -9-4 -13 


MJ, = 


4 -(- 5 ) 4 + 5 


9 
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COLLEGE MATHEMATICS-11 KTT 

8-(-q) _ 17 _-!7 
** ~ 2-4 -2 2 

0 t ,0 2 ami6 i are shown in the figure. 

-17 4 

2 7 


INTRODUCTION TO ANLYT1C GEOMETRY 


12 . 


TanO t - >>h m ' = 

l + WI-WJ t 


1 + 




-119-8 -127 

H r 14 -127 127 

I 68 14-68 -54 54 

14 14 


tf,=67 e 


Tanfy - — 


- i-m 

as 5 ) 


I + 


4 13 36 + 91 

7 + 9 _ 63 


1- 


52 63-52 


127 

11 


63 63 

0-. =85" 


TanO, ^ - 


-13 17 

— « — + 

9 2 


1 + 


1+ 

(- 13^ 

f“ 17 l 


L 9 J 

2 J 


-13 17 

9 ' 2 . 127 
239 


1 + 


221 

18 


0 % - Tan “ 


127 

239 



03 = 28 " 


-4(5,2), 2f(-2,3), C<-3,-4), D( 4,-5) 
3-2 I 
7 


Slope of /IX? = = 


Slope of BC - m 2 - 


Slope of CD — m y - 


-2-5 

-4-3 -7 


-3 + 2 
-5 + 4 

4 + 3 


7 7 
7 
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COLLEGE MATHEMATICS-II 

, „ 2 + 5 7 _ 

Slope of DA = m A = - — - = — = 7 
5-4 1 


INTRODUCTION TO AN LYTIC GEOMET RY 


Q t = Tan 


. i 


-n\ 

J + j 


= Tan' 


7 -(t) ' 

/ 

M2). 

= Tan 1 

J ^ 


^=7bw 


1+^m.J 


-Tan' 


' 1-7 ' 

7 


l+ I?J® 


= Tan 


1-1 

f-1-49^ 
7 

1-1 


= r<j«' 


i ^ 

7+- 

2 


= 7afl' l (*0 = 9O" 


= Tan 1 


f-50^ 

2 

0 

) 


=W=(«j)=9tr 


0, = 7im“ 


& i =Tan i 



- Tan f 


7+_ 

1-1 




= 7apf' 


n 

7+— 
7 

0 


= W =(«)=90" 


=Tcw 


-“1 


^ — -7^ 

7 

1-1 


-Tan' 


'ii' 


=Tan l =(oo)=90' 1 


13. 4-1, -1), 0<-3,O), C(3,7), 0(1,8) 

Slope of AB = m x = — — ^ ^ = — - — ■ — 
1 -3-(-l) -3+1 2 

7-0 7 7 


Slope of BC - wij = 
Slope of CD - ffjj ~ 


3 - (-3) 3 + 3 6 

8-7 1 

1-3 2 


-1-8 -9 9 

Slope of DA = m A =— — - = — = - 

—1 — 1—2 2 ,t 

m, = /» 3 Z>w/ m, * /m 4 

Side AB is parallel to side CD but BC not parallel to DA. 
So ABCD is a trapezium. 

Now foT angles 



0. - Tan 


-il 



= Tan' 


9 1 'l 

2 + 2 

, i » 

V 4 J 


= Tan~ 


r 9+i 


4-9 
4 ) 
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C OLLEGE MATHEMATIC S— II 

4> 


INTRODUCTION TO ANLYT1C GEOMETRY 


14. 


- Tan 


l 2 5 J 


— Tan~'(4) = 75"57' 


0 2 — Tan 


- / 
i 


Ljiw-' 


I + m,/n 2 


I_Z 
2 6 


1 + 


= Tan 


'(=?■?)- 




r _l¥l 


V 

-3-7 > 

= Tan' 

6 

o| 2 

1 

^ 



Tan '(-4) = i04"3 

f 


0. — Tan 


-t 


m 2 - 

1 + m 2 m 3 j 


= Tan'' 


7 1 
6 2 


! + 


f7V l 


:) 


> 

f 7 + 3 1 

— / on" 1 

6 

6-7 


l 12 J 


= Tan 


no i2 


u 


Xyj = 7bw *(4) = 75"57' 


0 A = Tan 


- Tan " 


-i 


- m 4 

y I + Wj/n 4 ; 


- Tan 



\ 

-1-9^ 

= Tan' 1 

2 

4-9 

j 

4 J 


-10 4 


= 7an” (4) = 75 t, 57' 


. 2 -5. 

7.x ->-10 = 0 /, 10 a+>--41 = 0- 


Solving / & 11 
7x-y-10-0 
1 0.v + Vj-4 1 =_G_ — 

* _ y _ 

41 + 10 “ 


1 


100 + 287 7 + 10 


Solving 11 & III 
1 Ox + >'-41 =0 
3.r + 2y + 3 - 0 
x _ y 


51 187 17 

51 187 

x = — = 3 & y 

17 ' 17 

*=3, y = 11 


(Sargodha 2011) 
//, 30 + 2 ^ + 3 = 0 III 

Solving III & I 
3x + 2y + 3 - 0 
3x + 2y + 3 = 0 

l x y 1 


3 +82 -30-123 20 -3 

x y _ \ 

85 " -153 “ 17 

85 « 153 o 

x - — = 5 y = — - = -9 

17 7 


-3 + 20 -30-21 Hi- 3 

x _ y _ J_ 

17 ' -51 ~ 17 

17 , -51 

x = — = I, y = = -3 

17 ' 17 


www.iqbalkalmati.blogspot.com 



www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS-!! 


INTRODUCTION TOANLYTIC GEOMETRY 


So vertices A(3,ll), tf(5,-9) s C(l,-3) 


Now Area of triangle ARC = ^ 




3 II 
5 -9 
1 -3 


1 

yj 1 

y> 1 

i 


= ”[3(-9+3)-ll(5-i)+l(-15 + 9)] 
2 


=^[3(-6) - 1 1(4) + (-6)] = i(-18-44- 6) = ^(-68) 


= -34 Sq units = 34 Sq units (always +ve) 

IS. Circumcentre 

Meeting point of right bisector is called circumcentre 
5-1 4 


Slope of RC = 


3+4 7 


Slope of right bisector OD = — 

4 

Equation of OD is 

y- 




( n 

4(v-3) = -7 x + — => 4_v - 1 2 - -lx — - 

l 3/ 


'A" 'both sides by 2 8> , -24 = -14.t-7 
14 t+8^-17 =-0 I 

5-3 2 

3 + 2 5 

-5 

2 


14*+ 8y- 24+7-0 


Slope of AC = 
Slope of OE = - 


-5 

Equation of OE is (through point E & Slope — ) 

2 


(v 


- 4) -fh 


2(y-4) 


- s H) 


2jy-8 = 5x + ^ => Ay -16 = -1 Ox + 5C A ' by 2) 

or 1 0.v + Ay -1 6 - 5 = 0 => 1 Q.v + 4_y - 21 = 0 
'X'by 2 20* + 8v-42 = 0 II 
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COLLEGE IWATHEMATICS-I I 


INTRODUCTION TO AW LYTIC GEOMETRY 


II ~I 

20jc - -8^ - 42 = 0 
_14.r±^Tl7-0 
6* — 25 =0 


x = 


25 


Put value of x in I 7 44 
175-51 


25^1 


^3 J 


175 

+ 8y-l7 = 0 or - 17 + 8jv = 0 


8 + - 


= 0 


S V _ 1 Z 1 = 0 




124 


y=- 


4-24- 


it 


3 x- 8 -, 

16. (a) ,r+3>’-2 = 0 

2x->’ + 4 =0 
x-lly+14=0 
In matrix form 


-=0 


-31 

y — — So circumcentre 


3 

25 - 31 > 

^6 ’ 6 J 


X 

+ 3^ 

-2' 


'O' 

2_t 

-y 

+ 4 


0 

X 

-Uy 

+ I4_ 


0 



*1 

3 

-11 

JC 


'o' 

Or 

2 

-1 

4 

y 

- 

0 


1 

-11 

14 

i 


0 


A~ 


Mh 


x 

1 3 

2 -1 

I -II 

1 3 

2 -1 
1 -1 1 


-2 
. 4 
14 

-2 

4 

14 


for Concurrent 


- I(-14 + 44)-3(28-4) + {-2)(— 22 + I) 
= 1(30) -3(24) -2(-21) 

-30-72 + 42-72-72-0 
So lines are concurrent. 
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COLLEGE MATHEMATICS-!! 


INTRO DUCT tON TO AHLYTIC GEOMETRY 


(b) 


(c) 


2. r + 3,y + 4 = 0 
x-2y-3=0 

3. v + ^ - 8 = 0 
An matrix form 


2x 3 y 
x -2 y 

y 


3.x 


4 

-3 

-8 


0 
0 

J lOj 



*2 3 4' 

X 


'O' 

Or 

1 -2 -3 

y 

— 

0 


3 -1 -8 

l 

L- J 


A 


A X 

‘2 3 4 

A= I -2 -3 

3 1 -8 

‘2 3 4 

| A\= 1 -2 -3 
3 I -8 
= 2(1 9) -3(1) + 4(7) 

= 38-3 + 28= 63 (Not Concurrent) 
3.v - 4y — 2 = 0 
.v + 2y- 4 = 0 

3x-2jr + 5 = 0 

In matrix form 


= 2(1 6 + 3) — 3(— 8 + 9) + 4(1 + 6) 


3.v 

-4y 

-2' 


'o' 


‘3 

-4 

-2" 

X 


'o' 

JC 

2y 

-4 

- 

0 

or 

1 

2 

-4 

y 

— 

0 

_3x 

-2 y 

5 


0_ 


_3 

-2 

5 

i 

_ j 


0 

L _J 


A X =B 
"3 -4 -2 
A= 1 2-4 

3-2 5 


F3 -4 - 2 1 




I 2 
3 -2 


= 3(10 8 ) - (- 4)(5 + 12 ) + (— 2 )(- 2 - 6 ) 
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COLLEGE MATHEMATICS-II 


IKTRODUCTtQW TO AHLYT1C GEOMETRY 


= 6 + 68 + 1 6 = 90 (Not Concurrent) 


17. (a) 


(b) 


I 0 

-1 

- - 

X 


o' 

2 0 

1 j 

y 

= 

0 

_o 

2 

J 

l 


0 


1 x.v + Qx y + (- 1)(1) = 0 

2xx+0xy+ (I)(l) = 0 

0xjc + (-1X>') + 2(I) = 0 or x+O-I =0 

2.X + 0 + 1 = 0 

0-y+2=0 

For Concurrency 



'I 0 - 

r 



A = 

2 0 

i 




0 -1 

2 

J 




'l 0 

-f 

1 


Mb 

2 0 

1 

= 1 ( 0 - 


0 -1 

2 _ 



= 1- 

0 + 2 = 3*0 


't 

1 2' 

'x 


r o ' 

2 

4 -3 

y 

= 

0 

3 

6 -5 

l 

. 

0 

L Jl 


= 1(0+1) -0 + (-l)(-2-0) 


*+>'+2 = 0 
2* + 4_y-3 = 0 
3x 4 6y — 5 - 0 
For Concurrent 
I 1 2 


.4 = 


\A\ = 


2 4-3 

3 6-5 

1 1 2 

2 4-3 

3 6 —5 

= -2 + 1 +0 ~ — 1 (Not Concurrent) 


= 1(— 20 + 1 8)- )(-! 0 + 9) + 2(12 — 12) 
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Example 1 {4.5) Find angle x~ — xy - 6y ' = 0 
Compare with ax 1 - 2 hxy - by 2 ~ 0 

-1 


INTRODUCTION TO AMLYTIC GEOMETRY 
(Sargodha 2009, 10) 


a, = 1, h = — , b = -*6 


TanO - 


2V/? : 

q + b 




1-6 


.±JUe 

-5 V 4 


„ „ 2 (25 -i. 5 f 

FanO — — J — - — x— — -1 

-5 V 4 5 2r 


0 = 7’on” l (-l) = 135 H 


0 = 45" 


(5argadha 2010) 


For Acute angle = 1 80" - 1 35" - 45" 

Example 2 (4.5) Find a joint equation of straight lines through origin and perpendicular to 
the lines represented by .r - xy - by 1 = 0 

x 2 +xy~ 6y 2 = 0 
or x 2 + 3xy-2xy-6y ! =0 
x(x + 3y)-2y(x+3y) = 0 
(x + 3y)(*-2y) = 0 


Thus lines are x + 3y = 0- 
-1 


■I and .V — 2y - 0- 


■II 


Slope of / = 


3 


Slope of perpendicular line - 3 


y - mx => y = 3.v => y -3x = 0 


Slope of // = — 

2 

Slope of perpendicular to II - —2 

Any line perpendicular to //through (l).0)i$ 

y = mx => y = -2x => y- 2x = 0 
Joint equation is (y+ 2x)(y — 3x) = 0 
y 2 - 3.t y + 2.vy - 6.v 2 = 0 


or 


y 2 - xy - 6x 3 — 0 
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t \ * INTRODUCTION TO ANISIC GEOMET RY 


Exercise 4.5 


IOjc 1 -Sj' 1 = 0 1 


[Lahore 2010, Gujrawala 2010) 

(Wj ) 2 9 
- 3 >:• I 


or I 0.v 2 - 25. xy + 2xy - 5 y* = 0 
or 5 jcC2jc - 5>0 + y{ 2x -Sy)=Q or (2x- 5y)(5x +y) 

2x -5y — 0 or 5a + j/ = 0 ^ V |J )/? £ “J ) ~ ^ * 2 

Are required lines ' i n ^ „ J 

Now compare / 6y £tx J +2/ixy + by' — 0 X "3 ~ o A* — L_ 

-23 

a = 10, 2A»— 23 # /i = — ,* = -5 


7b = 


2\fh^-ub 


a + b 


2 I¥T~ ( ' o)( ~ 5) 2 W^° 

10 + (-5) 10-5 




529 + 200 


0 = ’/rm " 1 ( ^ 1 
5 ; 



2 1729 
5 


^ 27 
‘ 5 '-2- 


27 

5 


3-r 1 +7.vj’ + 2y £ = 0 
3x 2 + 6 xy + a> + 2 v‘ = 0 
3 .v(.t + 2 v) + v(a- + 2>) = 0 
(.r + 2^}(3 a + >0 = 0 
.t + 2>' = 0 or 3.Y + .y = 0 
Are required lines 
Now compare 3 a 1 + Ixy + 2 y‘ = 0 
With ax' +2 kxy+by 1 =0 


(Sargodha 2008, 2010) 

/ L &/%<£-><-* J r ^ 

^ r 'b c i or ~*f$ / 

l- o~ 




a = 3, 2h = 7 => 
2yjl? - ab 


h = -,h = 2 
2 


TanO - 


2 JUJ- t3K2) 


7Vwr0 - 


<j+f* 

=J?-‘ 


3 + 2 


FF 


2 49-24 
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TanO - • 



= 1 


4. 


5. 


?=7Vm‘ l (l) => 0 = ~or \o~=4 S n 

SU 1 + 24xy + 16 y 1 = 0 
or (lx) 2 +2(3x)(4>*) + (4>') 2 =0 
(3* + 4y) 2 =0 
(3x + 4^X3* + Ay) = 0 
3* + 4^ = 0 or 3.v+4>’ = 0 
■=> 3* + 4y - 0 {Coincident lines) 

2x 2 f 3xy -Sy 2 =0 liahore 2010) 

2x~ - 2xy + 5.vy- 5; ,J = 0 
2x(x - y) + 5y(x -y) = 0 
{x-yX2x+5y) = Q 
x - y - 0 or 2x + 5,y = 0 
Ars -squired lines 
Now compare 2x 2 +3*)'-5y =0 
With ar ? +2 hxy+by 1 = 0 

o-2, 24r = 3 => h = -, b = - 5 

2 



6* 1 - 19.vv 15>- J =0 

6 r - 9 xy - 1 0.vv + 1 5y l = 0 
M 2 x - 3 y)- 5 ,) ( 2 .t - 3 y) ~ 0 
(2.v - 3>-)(3 j: - 5y) - 0 
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2op - 3y = 0 or 3x-5>'-0 
Are required lines 

Now compare 6.v 3 - 1 9 xy + 1 — 0 
With ax 2 + Ihxy+by 1 = 0 

a ■= 6,2/r = -19 h = — ,6 = 15 


^ — 19 V 
1 2 


J 

a + b 

21 V 4 21 V 

TanO = — £ = — xi 
2 1 V 4 21 2 

0 - Tan f — 

Ui 


I- 


(^XI5) 


6 + 15 


361-360 


TanO - 


0 = 2.73" 


.r* + 2.VJ- Seca + jr 2 = 0 


Divide byj£/ 1 + 2 — A’eca + — = 0 


X 

f 


Or f — ) + 2Seca(-+l = ol 
< X J \ J 

a = ], b -:Seca, C ~ I 
y —b ± -Jb 1 ~ 4 (ic 


x 


2a 


v _ -2 Sec a ± -J(2Secay - 4(]>(1) 

x 2 ( 1 ) 

y _ —2 Seva ± ^4 Sec 1 a - 4 

7" ~ 

y -2Seca±^4{Sec J a-\) 

x ~ 2 

y -2Seca ± ^4(4Taira) 
x~ 2 
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y -ISeca ± 2Tana 

— = i 

x 2 

y _ ^(-Seca ± Tana) 

x ■2- 

y = (-Seed ± Tuna) x 
y = (-Seva + Tana)x 
and 

y = (-Seva - Tana)x 
Are required lines 

Now compare x 2 +2Secaxy + y 1 - 0 
With ax' +2hxy*>y 1 = 0 


a - ! f h- Seva, b = I 


TanO = 


TanO = 


2-sZ/i 1 -aA _ 2V5ec 2 a-(1)(]) 
o+A 1+1 

2'jSec 2 a - 1 _ -zVTWg 

2 “ ¥ 


TanO - Tana 


0 - a 


7. x l + IxyTana - y* = 0 

Compare with ax 1 + Ihxy+by 1 = 0 



Now any two equations through origin are 
y ~ m,* & y = m 2 x 

Perpendicular to given line are 

1 * 1 
y = — x & y = x 

m, m 2 

=> m { y = -x & m 2 y = —x => m t y + x = 0 
Combined equation is 
(m,y + ^Km 2 >’ = x) = 0 
m t m 2 y 2 + m t xy + m 2 xy + x 2 = 0 
m,m 2 y 2 + (m, + m 2 )xy + x' = 0 
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& m 2 y + .x = 0 
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8 . 


9. 


Put values 

(-!)_>' 2 + (-Tfana )xy + x 1 = 0 
So .Vj" - 2Tunaxy - y 2 = 0 

ax 1 + Ihxy + 1 = 0 (Sargodha 2009) 

-2h _ a 

m l +m 2 ~ — — & m } m 2 = -- 
b b 

Any two equations through origin and 1 ar to given 

Equation are y- — * & y = — x 
m. m. 

, 1 1 

=> + X — 0 & m 1 y + x = 0 

Combined equation is (»i l > , + Jc)(fn J >'+-Jr)s , 0 

m l m 2 y 2 + m \ x y + n h x y + x 1 ~ o 

m { m 2 y 2 + (w, + m 2 ).r>' + x 1 = 0 

Put values — y 2 +[ — 1 — |jty + * 2 =0 
b y \ b ) y 

' X ' by b ay 1 -Ihxy + bx 1 =0 

IQ* 1 - xy -2ly z = 0 & x + y + 1 III 

\0x 2 -xy-2\y 2 =0 
10.r 2 - I5xy + \4xy-2\y 2 =0 
5a(2jc - 3>-) + 7X2 Jf - 3><) = 0 
(2 a- - 3>0(5:t + 7 y) = 0 

2 a - 3 ^ = 0 1 & 5X + 7Y = 0 II 

Intersection point of I Sell is (0,0) 

Because both are passing through origin. To fin 
Intersection point of / & III 
'X' III by 3 and add in / 

2 x--£y- =0 

3a + 3J 1 +3 = 0 

5x+3 = 0 
-3 

=> x = — 

5 

Putin III— + y + l = 0 
5 
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3 5-3 

+ 1 — = 0 => y+ = 0 

5 5 

2 -2 

VH — = 0 => V = 

5 5 


INTRODUCTION TO AHLYTIC GEOMETRY 


. -3 - 2 ) 

is — . — 
l5 5 J 


Intersection point J Sc III 

To solve 1 8c III ' X' III by 7 & subtract 
7x--7y- + 7 = 0 

,5*±^r = 0 

2ar + 7 = 0 

-7 

=> x = — 

2 

Put in II 5 


t) +7 ^° 


„ 35 35 1 5 

7 v = — => y = — x — = — 

2 2 7 2 

Intersection point of II 8c III is 
(-1 5^ 


U 2j 


Area = — 

2 


Now to find area 

i y\ ^ 

■j y% 1 

‘3 1 




z! ± , 

5 5 

=L * 1 

2 2 


0-0 + 1 


f-3 Y -5- 'l 


V 5 Jl, 3-JJ 
-3 71 lY -15-14 > 

2 5j 2l 10 ; 

-29Y -29 29 

J 20 20 . 


Units 
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TEST YOUR SKILLS 


INTRODUCTION TO AN LYTIC GEOMETRY 


Marks 100 


OBJECTIVE 

Q.No.l Given below are a few possible answers to each statement of which one is correct , 
identify the correct one. (20) 

1. In a plane two mutually perpendicular lines are called the 

(a) Radii Coordinate axes 

(c) Medians (d) Altitudes 

If (*» y) are the coordinates of a point P, then the second component of the ordered 
pair Is called 
(a)^ x-caordinate 
*-■'(£) Ordinate 
If y - 0 then the point P[x, y) is on 
(a) Origin 
u*T x-axis 

The distance of a point P(x, y ) from origin is 

(a) **y 


2 . 


3. 


4. 


5. 


6. 


7. 


(b) 

Abscissa 

Id) 

None of these 

(b) 

y-axis 

(d) 

4th quadrant 

(b) 

x-y 

(d) 

x 1 + y 1 

; is 


(b) 

2 

Id) 

3 


W*f -2 

(e) -3 

If distance of a point P{x, y) from y-axis Is 2 then 
(a) 2x = y (b) 2y-x 

(c) x = 2 (d) y = 2 

Let A(x 1( yi) & B{x 2l y 2 ) be the two given points in a plane, the coordinates of the 
point dividing the line segment AB in the ratio K i : K 2 are 


la) 


AT, JC| + iTiJ; + K_ y ; 

Kt + K, ' K, + ~K. 


(b) + A. 3 x l ,A lH y, + K,y t ) 


8 . 


9. 


10 . 


11 . 


7 AT,x ? + K 2 x t K l y 1 + K 2 y , f K t x 2 + K : x, JC,y. + A'.y, "\ 

{ ki-K, ' K.-K^ J 1 ' { Z,+K s ’ K,+Kt j 

The centroid of a A ABC Is a point that divides each median in the ratio 
(a) 3:2 (fc) 3 : 1 

(c) 1:2 (d) 2.1 

If a line / is parallel to x-axis then Inclination a is 

(b) 45° 

(c) 90° (d) 180“ 

If a non-vertical line / with inclination a then its slope is 
(a) Sin a (b) Cos a 

tci Tana (d) Cota 

Equation of a straight line passes through P{o, b) and parallel to x-axis is 
(a) x = a (b) x~b 
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12 . 


13. 


19. 


20 . 


(c) y=b 

If b < 0 & x = b, then the line / is 
{a) On the right of y-axls 
(c) Below the x-axis 

y-yi .. , 

Trrr = r „ ' is called 
sin a Cos cc 

(a) Intercepts form 

(c> Normal form 


{d) x + a = 0 

(b) On the left of y*axis 
(dk Above the x-axis 


<b) Point-slope form 
(d) Symmetric form 


14; If / : ax + by + e = 0 & P(x lt y t ) also OiX + byi + c < 0 then point P is 
(a) Above the line (b) 

(c) No result (d) 

15. Two non-parallel lines intersect each other at 

(a) More than one point (b) 

(c) Only one point (d) 

16. Two non-parallel lines intersect each other at 

(a) Two points * (b) 

(c) One and only one point (d) 

17. Altitudes of a triangle are 

(a) Collinear (b) 

(c) Concurrent (d) 

18. The distance d from the point P{x lt y x ) to live / = ox + by + c * 0 is 

| ax, + by, ■+ c \ ' (i _ t | ax, + by, + c 

V« + b 

| o.V| L by, + e \ 


(a) 


(b) 


(c) 


The lines represented by ox 1 + 2hxy + by 1 = 0, are different if 
(a) hr - ab < 0 (b) hr -ab> 0 

(c) h 2 ~ah = 0 (d) h i +ab = 0 

The line represented by ox 2 + 2 hxy + by 1 = 0 a pair of orthogonal tines if 
(a) a + ft = 0 (b) ft = 0 

(c) a-ft = 0 (d) ft + ft=0 


Below the Ime 
None of these 

More than two points 
At least two points 

More than one point 
None of these 

Parallel 

Mutually perpendicular 


V^-ft 3 


SECTION I 

SUBJECTIVE 

Attempt any 25 (twenty five) short question from Question 2,3 and 4, at least 12 sho't questions 
from question 2, 12 short question from question 3 and 13 short question from question 4. All 
question carry equal morks. ( 25x2-50 ) 


Q, /Vo. 2 

i. Show that the points A( l, t), 0(7, 5) & C(2, -6} are the vertices of a right triangle. 

If. Find the pt. which divide the join of 4(-6, 3) & B(5, 2), Externally in the ratio of 2;3. 
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iii. Show that the pts 4(3, 1), B(- 2, -3) & C{2, 2) are the vertices of an isosceles triangle. 

iv. Find h such that the 4(- 1, ft), fl(3, 2) and C( 7, 3) are collinear. 

v. Find the pt three-fifth of the way along the tine segment from 4(- 5, 8) to B(5, 3). 

vi. The coordinates of a pt P are (-6, 9) the axes are translated through the pt. 0'{-3, 
2). Find the coordinate of P referred to the new axes. 

vii. The xy-coordmates axes are translated through the pt 0(4, 6). The coordinates of 
the pt. P are (2, -3) referred to the new axes. Find the coordinate of P referred to 
the original axes. 

vlii. The xy-coordinates are rotated about the origin through average of 30° if the xy 
coordinates of a pt are (5, 7). Find the xy-coordinate. 

ix. By use of slopes show that the triangle with vertices 4(1, 1), S(4, 5) and C(12, -1] is 
a right angled triangle. 

x. Find the eq. of the st. line if its slope is 2 & y-intercept = 5 

4 

xi. Find the eq. of the st line if it is perpendicular to a line with slope -6 & - is the y- 


intercept. 

xii. Write the eq. of a st. tine through the pt (5, 1} and parallel to a line passing through 
the pts (0, -1), (7, -15). 

Q.No. 3 

[. Find an eq. of a line through the pts (-2, 1) & (6, -4), 

ii. The length of perpendicular from origin to a line is 5 units and the inclination of this 

perpendicular is 120°. Find the eq. of tine. 

iii. Find the pt of intersection of the lines 5x + 7y=35 

3x-7y=21 

Iv, Find the dis take between // lines U = 2x 5y 13 = 0 

l l -2x~Sy+ 6 = 0 

v. Find k so the line 4(7, 3), B(K, -6} & the line C( 4, 5), D(-6, 4) are parallel, 

vt. Find the eq. of the horizontal line through (7, -9). 

vii. Find the eq. of the vertical line through the pt (-5, 3). 

vlii. Find the eq, of the line bisecting first and 3rd quadrant. 

ix. Find the eq of the line bisecting 2nd and 4th quadrant. 

x. Find the eq. of a st. line through (-8, 5) having slope undefined. 

xi. Convert 4x + 7y - 2 = 0 in intercept form. 

xii. Check whether the two lines are parallel or perpendicular or neither. 

/,=2x+ y - 3 = 0 

h4x + 2y + 5 = Q 

Q.No. 4 

i. Check whether the two lines are parallel or perpendicular or neither. 

I : a 3y = 2x + 5 
/ 3 ^ 3x + 2y - 8 = 0 

|j. Check whether the two lines are parallel or perpendicular or neither. 
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h = 4y+2x-l = 0 
i,= x - 2y - 7 = 0 

iii. Find whether the pt (5, S) lies above or below the line 2x - 3y + 6 = 0 

iv. Find the distance from fl(6, 1) to the line 6x - 4y + 9 = 0 

v. Find the angle from l t to l } where: 

/i sx-2y-6 = 0 

f 7 = 3x-y + 3 = 0 

vi. Find an eq, of each of the lines represented by 
2Dx 2 + 17xy -24^ = 0 

vii. Find the measure of the angle between the lines represented by 

x 2 - xy - 6y 2 * 0 

vili. Distinguish between centroid and orthocenter. 

ix. What is the angle between lines represented by 

ox J + 2hxy + by 2 -Q 

x. State the conditions represented by the lines of ox 2 + 2bxy + by 2 = 0 are real & 
imaginary coincident. 

xi. Reduce 2x-4y+ 11 = 0 in normal form. 

xii. State the eq. representing the family of lines through the pt of intersection of 3x 
4y — 10 = 0 


x + 2y - 10 = 0 

xiii. What is the symmetric form of ax + by + c = 0 

SECTION H 

Attempt any 3 (three) questions. (3x10=30) 

Q.No.S 


(a) Find the area of the region bounded by: 

10x 2 -xy-21y 2 = 0 and x + y+3=0 

(b) Find the condition that the lines y = m t x+Ci ; y= m 2 x+Cj and y= m } x+Cj are 
concurrent. 

Q.No.S 


fat 

(b) 

Q.No.7 

(a) 

(b) 


-7 

Find the angle from the line with slope — to the line with slope 


5 

2 


Find the point of intersection of the lines 3x+y+12=0 and x+2y-l=0 


The three points A{7,-1) , B(-2, 2) and C (1,4) are Consecutive vertices of a 
parallelogram. Find the fourth vertex. 

Find a joint equation of the lines through the origin and perpendicular to the lines: 
X 2 - 2xy tana -y 7 =0 


Q.No.S 

(a) Find h such that A(-l, h) 8(3 ,2) and C(7, 3) are collinear. 

(b) Show the points A(0,0), B(2,l), C(3,3), D(l,2) are the vertices of a rhombus. 
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Find its interior angles. 

Q.No.9 

[a) Find the point three - fifth of the way along the line segment from A(-5, 8) to B{5,3) 

(b) Find an equation ot each of the lines represented by 
20X- 1 + 17xy - 2Ay i - 0 


1 . 

Z, 

3. 

A. 

5 . 

6 . 

7. 

8 . 

9. 

10 . 
11 . 

12 . 

13. 

14. 


vtimv i-i re-ift i* mu V) »3S 

Find the distance between the points A (3, 1) and 8 (-2, ^4). 

(Lahore -2007) 

Find the centroid of the triangle having vertices (-2, 3), (-4, 1), (3, 5) 

(Lahore - 2D06) 

Write down l he translated coordinates of a point in plane by shifting origin at (h, k). 

(Multan -2009) 

Find the equations of lines represented by 6x" - 19xy + 15y 2 = 0 

(Lahore - 2009) 

Show that the points A (-3, 6), B (3, 2) and C (6, 0) are coilinear (Gujranwala 2007) 
Find the distance from x — axis to y — 3 - 0, (Gujranwala — 2005) 

Write intercepts form of equation of straight line. (Multan - 2009) 

Write down the equation of line which cuts the x - axis at (2, 0) nd y - axis at (0, -4). 

(Mirpur-2009) 

Find the perpendicular bisector of the line segment joining the paints A (3, 5) and B 
(9, 8). (Lahore - 2010) Group - 1 

Write the translated co-ordinates of a point (x^y) when origin in shifted at O' (h, k). 

(Lahore - 2010) Group -I 

Find the equation of horizontal line through (7, -9). J 

(Lahore - 2010} Group -II 

5 7 

Find the angle from the line with slope ~ to the line with slope - ~ 

(Lahore - 2010) Group - II 

Find the angle measured form the line /j to the line / 2 where: 
fj : joining (1, -7) and (6, -4) 

Ij : joining (-1, 2) and (-6, -1} (Gujranwala -2010) 

Find the lines represented by the homogeneous equation 10x ? 23xy - 5y^ = 0. 

(Gujranwala - 2010) 
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Programming 




Definitions: 


Linear Inequalities 


Inequalities are expressed by following symbols <, >, <,, £ with one or two 
variables are called linear inequalities. 


Boundary of half plane: 


ax -by<c is called half plane region and line ax + by = c is called. Boundary 
of half plane. 


left, Right, Upper, Lower Half Plane: 


Vertical line divides the plane into left or right and non-vertical line divides 
into lower and upper half plane. 


Vertex or Corner Point: 


A point of a solution region where two of its boundary lines intersect is called 
vertex, 


-Negative Constraints: 


The variable used in the system of linear inequalities relating to the problem 
of every day life are non-negative and are called non-negative constraints. 
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Decision Variables: 


LINERAK 1NEQU ALH !ES & LINEAR PROGRAMM ING 


The non-negative constraints play an important rote for taking decision. Sc 
these variables are also called Decision Variables. 


Feasible Region: 


_____ ■ (Sargodha 2010) 

A region which is restricted to the first quadrant is called feasible region 


Feasible Solution: 


Each point of feasible region is called feasible solution. 


Optimal Solution: 


The feasible solution which maximize or minimize the objective function ;s 
called the optimal solution. 


Objective Function: 


A function which is to be maximized or minimized is called an object. ve 
function. 


11. Problem Constraints: 


The system of linear inequalities involved in the problem concerned are 
called problem constraints. 


* 
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1 . 

(i) 



Graph the solution set of each of the following linear inequality in xy-plane: 
2.v + y < 6 > / 

Associated equation is 
2x + y = 6 >11 

Put .r = Othen y = 6 (0,6) 

Put y = 0 then x ~ 3 (3, 0) 

Put (0,0) in I 

o < 6 >r 


(ii) 3x+7>i > 21 >1 

(fi'i Associated equation is 

3*+7y=2l >11 

Put x = Othen y = 3 (0,3) 
Put y - Othen x - 7 (7,0) 
Put (0, 0) in equ 1 




(iii) 
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(tv) 


5.v - 4y Z 2ft > I (Lhr 2010, GuJ 2010) A 


Associated equation is 
/,; 5x-4>- = 20 >/i 

Put x ~ 0 then y - -5 (0, -5) 
Put y — 0 then x — 4 (4,0) 
Put (0,0) in equ I 

0 < 6 >T 



(v) 


2.V+ 1 > 0 > I (Sgd 2009, 11, Lhr 2010) 

Associated equation is 
2x+l=0 >11 

-I 

x — — - 
2 

y=- 5 (0,-5) 

I > 0 >T 


-3 -2 

~i — r 



12 3 4 




(vi) 3 r — 4 < 0 >1 

Associated equation is 
3^— 4 = 0 >11 

4 

-4 < o >r 


4" 

3^ 
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2. Indicate the solution set of the following system 
0) 2.v - 3.y < 6 > I 


2.v + 3>' 5 1 2 + II 

Associated equation are 
2x-3y =6 >111 

2x + 3.y = 12 >IV 

IV =Pputar = 0 then y = -2 (0,-2) 
Put y = Othen x = 3 (3,0) 

IV =>put.t = 0 then y = 4 (0,4) 
Put y - Othen x = 6 (6, 0) 

Put (0,0) in I 

o<6 >r 

Put (0,0) in II 
0 < 12 >T 


of linear inequalities by shading: 



(il) x + j’&S >1 

~y + ,v £ 1 ► II 

Associated equation are 
x + y = 5 * III 

—y + x — i > / V 

HI => put.v = 0 then y = 5 (0,5) 
Put y = 0then x -5 (5,0) 

IV put.v - 0 then y = - I (0,-!> 
Put y = Othen x = 1 (1,0) 

Put (0,0) in /&// 

/ => 0 ^ 5 y F 

// => 0 < 1 >T 
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(Hi) 


3a + 7j>>21- 
x-y <2 


-+// 


->/ 


Associated equation are 
3 jc+7>’ = 21 ► /// 

l,: x~y~ 2 >/V 

111 =5 put -v = 0 then y - 3 


(0,3) 


Put y — 0 then a = 7 (7,0) <* 

/( =$ put x — 0 then y = -2 (0 —2) 

Put v=0then .r-2 (2,0) 

Put (0,0) in I&II 

/=> 0£2I >F 

II =>0^7 >T 



(iv) 




4.v - 3y < 12 >1 

x>— >11 

2 

Associated equation are 
4.v-3,v = l2 >111 

*iv 

111 ^=> put X - 0 then y = —4 
Put y - Othen x ~ 3 (3. 0) 
Put (0,0) in I & II 

Or 12 >F 

0 > _ » /' 

2 
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(V) 


3.v+7y £ 21 ► / 

v < 4 > II 

Associated equation are 
3.v + 7y - X i >11/ 

/, = J & 

III => put x - 0 then v ~ 3 (0,3) 
Put y = 0 then jr = 7 {7, 0) 
Put (0,0) in I&.H 

1 => 0>21 >F 

//=> 0<4 >r 



j Indicate the solution set of the following system of linear inequalities by shading: 

(I) 2x-3y<6 »/ 

2x+3y 512 >// 

Associated equation are 
/,; 2x-3y - 6 >W 

t 2 ; 2x+3y = 12 >IV 



www.iqbalkalmati.blogspot.com : u’/ 




www.iqbalkalmati.blogspot.com 


COLLE GE MATHEMATICS-il 

(II) * + y<5 »/ 

y~ 2x<2 >// 

-v> 0 

Associated equation are 

x+y = 5 >W 

y-2x^2 —>IV 



in put c = 0 then y = 5 (0.5) 

Put y -Othen ,v = 5 (5,0) 
IV => put .Y - 0 then y = 2 .((), 2) 

Put y - Olhen x = -\ (-1,0) 
Put (0,0) m /& 11 
/ => 0 £ '5 — — =» T 

//=>()< 2 >T 

(iii) y + y > 5 >1 

x — y < 1 *// 

y£0 

Associated equation are 
/| ; r+ y~ 5 > /// 

I z ;x-y= I >/K 


III => put .r - 0 then y =. 5 (0,5) 
Put y - Othen x = 5 (5,0) 



(iv) 


/ V =s put .v - 0 then y ~-\ 
Put y = Othen ,v = 1 
Put (.0,0) in I & II 
/ => 0 > 5 — » f 

II ^ 0 > l y F 

3 x + ly <, 21 y I 

x - y < 2 y II 

X £ 0 

Associated equation are 

/,: 3.v + ly = 2 1 >111 

A . -V .v — 2 



( 0 ,- 1 ) 

(K0) 
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(V) 


(vi) 



/// => put.v= 0 then y = 3 (0,3) 
Put y = Othen x = 7 (7,0) 

IV => put x - 0 then y = -2 (0, -2) 
Put y “Othen x = 2 (2,0) 
i’" i , Q,0) in I & II 

?o<;2i > r 

?t 0 > 2 >T 


3x+ly<2i 
x- v^2 


y 0 

Associated equation are 
/,; 3x + 7y = 21 >UI 

/,; x - y = 2 *JV 

HI => put x — 0 then y = 3 (0, 3) 

Put y = Othen x — 7 (7.0) 

IV =* put x — 0 then y = -2 (0.— 2) 
Put y = Othen .v = 2 (2,0) 
Put (0,0) in l & II 

0 < 21 >T 

0 < 2 > T 


3x + 7.y <21 >/ 

2.x- y> -3 >11 

.v>0 

Associated equation are 
3x+7y = 21 >/// 

2x-y = — 3 

HI => put x = 0 then y = 3 (0, 2) 
Put y = 0 then x = 7 (7,0) 
IV =>putx = 0 then y = 3 (0,3) 


Put y = Othen x 


2 A 2 J 


Put (0,0) in I & II 
0<2I — 
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0 > -3 




4. Graph the solution region also find the corner points in each case. 


(i) 2 a*-3j’S6 >1 

2x + 3_r < 12 >11 

,v20 

Associated equation are 

2x-3 y = 6 >111 

2x + 3y=\2 > IV 

III => put.v = 0 then y = ~2 (0,-2) 

Put y - ttthen x - 3 (3, 0) 

IV =?putjc = 0 then y—4 (0,4) 

Put >- = 0then x~6 (6,0) 
Put (0,0) in I Sell 

Gs6 >T 

0^12 >T 



Corner Point: 5(0, -2), £>[—,! 


, ^( 0 , 4 ) 


(ii) 



2.v ±y- +2 
3x l3~ 


=> x - 


IV =>put,t = 0 then y = 2 (0,2) 
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(1*1) 


(iv) 


Put y = 0 then .v = - 1 (-1,0) 

Put (0,0) in I &.! I 

I =>0<5 *T 

II => 0 < 1 » T 


Corner Points: 

B C 

(5,0) (1,4) 


A 

(- 1 , 0 ) 


3.v + 7,y £ 21 >1 

2 x-y£-i >11 

>' > 0 

Associated equation are 


3.v + 7_y = 2 1 >/// 

2.x- y- -3 >IV 

III => put x = 0 then y = 3 

Put y = Othen x = 7 

IV => put,v = 0 then y = 3 

-3 

Put y = Othen x — — . 

2 


(0,3) 

(7,0) 

(0,3) 



Put (0,0) in I & II 

/=> 0 < 2 1 >r 

II => 0 < -3 > F 



Corner Point : 

i^4lW 

3.r + 2>'£6 I 
x + 3.v<6 II 

y> 0 

Associated equation are 
: 3 a - + 2_v = 6 III 

l/,x+3y~6 IV 


Value of Point c: 
9x+6y = 18 

± 2 x ± 6> 1 - ±12 


lx 

= 6 


6 



y = n 



7 



Putting value of x in IV 

6 - * 

- + 3>' = 6=> 

7 
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W) 


III => put x — 0 then - 3 

(0,3) 

* i 1 


Put y = Othen .v = 2 

(2,0) 


C(0,3) 

IV put x - 0 then y — 2 

(0,2) 



Put y = Othen x~6. 

(6,0) 

DM j 

— t 

kb * 

0 2 6 F 


\ _ 5(6,0) 

0^6 T 


^ i 

-3-2-1 1 

3 4 5 6 7 "*-^ 


Corner Points: 

A = (2,0), B( 6,0). C- 


(6 \2 

7’ 7 


5.v + 7 y <, 35- 


-> / 





Put = 0 then x~7 (7, 0) 
/?■'’ => put x = 0 then y — — 1 (0,-1) 
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Put y ~ U then x = 2, (2, 0) 
Put (0.0) in equation /&// 
0 £35 > T 

0 < 2 > T 


Corner Points: 

m- 1), 



Graph the solution region of the following system of linear inequalities by 
shading: 

3 -v - 4 y £ 12 >1 


3.V + 2y 2 3- 
,v + 2y < 9 — 


->// 


+ III 


Associated equation are 
A; 3.v - 4y = 1 2 *1V 


*V1 


3x+2y-3 
/,; .v + 2.v-9- 

/T put.v = 0 then 
>--3 (0.-3) 

Put y = 0 then x - 4 (4, 0) 

i ' => put x - 0 then y - ^ J 

Put y = Othen x= 1 (1,0) 

1 7 5 put ,y — 0 then y 


-I'M 


Put v - 0 then x = 9 (9, 0) 
Put (0.0) in 1,11 & /// 


/ ^ 0 < 12 >T 

//=> 0>3 ► T-' 

///=> 0<9 >'/’ 
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(ii) 


(iii) 


ix-4y$n >1 

x+2y £ 6 * 11 

x + .V > 1 > III 

Associated equation are 
4;3x-4v=l2 >IV 

/,; .v + 2>' = 6 >V 

/,; x + y = 1 — >PY 

IV => put .v - 0 then y - -3 (0, -3) 

Put y~ Othen .v~ 4 (4.0) 

V put .v = 0 then >' = 3, (0,3) 

Put y — Othen x = 6 (6.0) 

VI =? put.v = 0 then y- I, (0,1) 

Put y~ Othen x = 1, (1,0) 

Put (0,0) in /, II & III 

I => 0 < 1 2 >T 

I 

//=> o<.6 ^ — +r 

III =$ 0 > 1 > F 

* . 

2.v + j < 4 > I 

lx - 3 j 2 12 >11 

x + 2y <x 6 > III 

Associated equation are 

/,; 2x + y~4 > IV 

/ 2 ; 2.v-3>'= 12 >V 

/,; .v + 2>’ - 6 >VI 

IV => put x — 0 then y = 4 (0.4) 

Put u^Othen x — 2 (2,0) 

V =? put .v = 0 then y — -4. (0, - 4 ) 

Put y- Othen ,v-6 (6.0) 

VI put ,v - 0 then y — 3. (0,3) 

Put y ~ 0 then ,v = 6, (6, 0) 

Put (0,0) in IJi &l/I 

I ^ 0 < 4 — > T 

// => 0 > 1 2 ► F 




. 


www.iqbalkalmati.blogspot.com : J m f j>’/ 




www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS-11 


340 


LINERAR INEQUALITIES & LINEAR PROGRAMMING 


( tv ) 2 * + .>’£10 >1 

x + y < 7 > II 

-2.t + y £ 4 > III 

Associated equation are 
4; 2r + y=10 >IV 

I 2 ; x+y~ 7 >V 

ly,-2x+y^4 >VI 

IV => put x = 0 then y = ! 0 (0,10) 

Put y ~ 0 then x = 5 (5, 0) 

V => put .t = 0 then y - t. (0,1) 

Put > = Othen x~l (7,0) 

VI => put x = 0 then y = 4, (0, 4) 

Put y - Othen x = -2, (—2,0) 
Put (0,0) in I, II & III 
/ => 0 £ 10 >T 

II => 0 < 7 > T 

III =* 0>4 >7‘ 



(v) 2 a' + 3 < 1 S >1 

2x + y £ 10 > II 

-2x + y<2 >/// 

Associated equation are 
/,; 2x + 3y = 18 >/V 

I 1 ;2x + y = l0 *V 

i y ;-2x + y = 2 »F7 

/f=>put.Y = 0 then y- 6 (0,6) 

Put = 0 then x~9 (9,0) 

V put x = 0 then ,)'= 10, (0,10) 

Put y — 0 then x = 5 (5, 0) 

VI => put x = 0 then >' - 2, (0, 2) 

Put y - Othen x-— 1, (-1,0) 
Put (0,0) in I. II & III 
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I=> 0 < 18 >T 

1 ! => 0 < 10 >1 


(vi) 


3.v -2y>3 ► / 

x + 4y£ 12 >11 

3x + y< 12 >111 

Associated equation are 
3a- - 2y =3 >IV 

x + 4j =12 >V 

/ 3 ;3.v+.y = 12 h >VI 


li -> put A = 0 then 



Put y — Othen x = 1 (1,0) 

V _> put.r - 0 then y = 3, (0,3) 

Put y = Othen x = 12 (12,0) 
V7 => put.r = 0 then .^=12, (0,12) 
Put y - 0 the n a = 4, (4,0) 
Put (0,0) in 1,11 & 111 


/=> 0>3 
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1. Graph the feasible region also find the corner points. 
<|) 2.v-3y<6 > 1 (5gd 2011) 

2.v + 3y<12 >11 O’-® 

Associated equations are 

/,; 2*-3y = 6 *111 

-4 I V 


/,;2* + 3y = l2- 

III => put ,t = 0 then y = -2, 

put y ~ Othen a- = 3, 

IV =0 put x = 0 then y = 4, 

put y = Othen x = 6, 
put (0,0)/ => 0S6- 

ii =* o<i2 — >r 

Corner points are 


(0-2) 

(3.0) 

(0.4) 

( 6 , 0 ) 

*T 


0(0, 0), 4(3,0), B 


V2 


f.l » (0.4) 
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~ Exercise Ski 
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2,r + -3y- - 1 2 
~4x = 

Put value 

x in IV 
3v=I2 9=3 ^>[m] 


IX 

of 

J 

* 2 


(ii) x + .V<5 >/ ,a2 0 

-2jc + y < 2 > // 

Associated equations are 
/,;.%■ + >- = 5 *1H 

/ z : - 2x + y = 2 * IV 

III =? put .r = 0 then y = 5, (0, 5) 

put y = 0 then .v = 5, (5, 0) 

IV =s> put .v - 0 then y - 2, (0,2) 

put y = Othen x — -1, (-1,0; 

put (0.0)/ => 0<6 *T 

If => 0<2 >T 

For 8 solve /, and / 3 
x +-y- - 5 
+2x±^- = _2 


3x =3 

Put value of x in ill 
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(iii) 


(iv) 




Corner points are 


0(0,0), /1(5,0), 3(1,4), C(0,2) 
x + y £ 5 — — > / , x > 0 


-2.v + _r < 2 >11 , v>0 


Associated equations are 

/, ; a' + y — 5 -> 111 


' 

(Sgd 2010) 




l, ; - 2x + y = 2 ► IV 

HI => put x — 0 then y — 5, (0,5) 

put y = 0 then x = 5, (5.0) 

IV => put x - 0 then y ~ 2, (0. 2) 




put (0,0) / 0 < 2,1— >/' 
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II => 0<3 *T 

For B solve /, and /, 
3r + 7>* = 21 
_ 2x+3y = 9 _ 
10 >- =12 ~ 
Put value of * in IV 


y= 


x -^2 

5 

_ 6 21 

-V = 3 4 — = — 

5 5 

Corner points are 


x - 


21 


0(0,0), >|(3,0),^ii,|j, ('(0,3) 


(v) 



(0.4) 
(4,0) 
>F 


• r _ — 7 

IV put x = 0 then y = 4, 
put _y = 0then .r = 4, 
put (0.0) 1 0>6- 

// => 0<4 >7' 

Corner points are 

.4(2,0), 5(4,0), C*(0,4), Z)(0,3) 


www.iqbalkalmati.blogspot.com : >.’/ 




www.iqbalkalmati.blog3pot.com 


COLLEGE MATH EMATICS-H 
(Vi) 


5x + ly<35 

x - 2 y 5 4 — 


— > / , x > 0 

*11 ^>0 


LINERAR INEQUALITIES & LINEAR PROGRAMMING 
(Sgd 2010) 


Associated equations are 
5.v + 7,v = 35 > III 

4; x-2y -4—->IV 

III 

IV 



IV X 


-2p 5 ' 

\17 , 


= 4 


x — 


ft, 30 

x - 4 +- — 

17 


Corner points are 

0(0,0), A(4 


98 

17 




C(Q,5) 
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2: Graph the feasible region and also find the corner points in each case, 
(i) 2.t + .y<ll) >1 

x + 4 v ^ 12 > II 


.V + 2.VS10 >111 

X £ 0, .v 5: 0 

Associated equations are 
/,; 2x+y = 10 >IV 

/, : a - + 4 >- = 1 2 >V 

L/,x + 2y = l0 >VI 

IV =5 put x = 0 then y — 1 0, (0.1 0) 

put _>> = {) then ,v = 5, (5,0) 

V => put x = 0then >' = 3, (0,3) 

put = Othen x - 12, (12,0) 

VI => put x = 0 then _y = 5, (0. 5) 

put y = 0 then x =10, (1 0,0) 

put (0.0)7 => OSlO >T 

II => 0< 12 >T 

/// => 0*10 >T 



For B solve / t and /, 


20 f y = 1 0 
.t + 4 y - 1 2 


-2x- - y = i 0 

_ ±8^ - _ 24 

-7 y =-14 


>=2 


Put in IV 
2.v + 3>* = !8 

2(a) 4-3(2) = 18 -=> 2x= 18-6 


2a- = 12 => x = 6 


Corner points are 


0(0,0). (4(5,0), 5{6,2), C(0,3) 
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<ii) Ix + Sy 5 18 ► / .viO 

Z.* + >’<10 ► // yt. 0 

x+; 4 y s 12 >m 

Associated equations are 
2.v + 3_y = 1 8 */F 

2x+,v = IO >V 

t 3 ; x + 4y = 12 >VI 

put x - 0 then y = 6, (0, 6) 

IV^> put y = Qthen x =9, (9,0) 

V => put x = 0 then y = 10, (0,10) 

put >> = 0then * = 5, (5,0) 

VI => put x-Othen y = 3, (0,3) 

put >’ = 0then .r = I2, (12,0) 

put (0,0)/ => 0 < 1 8 >T 

II => 0<10 »r 


III => 0< 12- 4 7 
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2.v + 3_v £ 18 — 

— W *20 .y20 

x + 4/ £ 12 

->11 

3x + yil2 

-»/// 

equations are 

/,; 2x+ 3j> = 18- 



/ 2 ; .t + - 12— 

— 

I 3 ; 3x + y = 12 — 

— >K/ 

IV => put .r = 0 then y - 6, (0, 6) 


put >> = 0 then a 1 = 9, (9,0) 

V => put x — 0 then y = 3, (0,3) 

, put >>-Othen x = 12, (12,0) 

VI => put jr = Othen > = 12, (0,12) 

put y = 0 then x = 4, (4, 0) 

put (0,0)/ => 0 < 1 8 >T 


II => 0£12 >T 

III =? 0£J2 >r 


For B solve /, and l, 
he+\2y=36 
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(iv) x + Zy<l4 ► / x £ 0 y £ 0 

3.v+ Ay <, 36 >11 

2x + y < 10 > IH 

Associated equations are 

/,; .v + 2y = 1 4 

/. ; 3,t 4- 4 y - 36 >V 

2x+y =10 > 1 7 

IV put x = 0 then y = 7, (0, 7} 

put y - 0 then x = 1 4. (1 4, 0) 

i => put x ~ 0 then y - 9, (0,9) 

put > = 0then .y=I2, (12,0) 

VI => put x = 0 then > = 10, (0,1 0) 

put y = 0 then jc = 5, (5, 0) 

put (0,0)/ => 0 < 14 

II => 0<36 >T 

III => 0< 10 >T 

For B solve /, and l 2 

x + -2y~ = 1 4 
_ 4.t ± -5y = _ 20 
-xx ~ -6 
jr = 2 

Put value of in x in IV 

2 + 2y = 1 4 
2y = 12 
> = 6 

Corner points are 

0(0,0), .4(5,0), B(2;6), C(0,7) 



(v) jc + 3y< 15 ► / *£0 

2.r + >Sl2 ► // 

4x + 3y<;24 >111 

Associated equations are 
/, ; Jr + 3 y = 1 5 > IV 
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Put in IV 
x + 2y = l5 
3 + 3>- = l5 
3,y=l2 


l t ‘,2x+y-\2 >V 

l 3 ; 4x + 3y = 24 > VI 

put x = Othen y= 5, (0,5) 

TV => put v = 0 then 1 5 = x, (15,0) 

V -* k p** t = 0 then ^ = 12, (0.12) 

nut y = Othen x = 6, (6,0) 

put x = 0 then y = 8, (0, 8) 
put = Othen x = 6, (6,0) 

put (0,0)7 => 0 < 15 >r 

// =s> 0 < 1 2 - >r 

in => 0<24 >T 

For 8 solve /, and /, 
x + -Zy- — 15 
_ 4x ± -3y- = _ 24 
-3x = -9 


.v = 3 


Corner points are 


0(0,0), .4(6,0), 5(3,4), C(0,5) 


(vi) 2x + yS20 >1 

8,r + 15^ < 120 >11 

.r + j'511 >111 

Associated equations are 

2x+y = 20 >FV 

/ 2 ; 8jc -t- 1 5^ = i 20 > V 

x+y = U >Vl 

IV => put y = Othen y = 20, (0,20) 

put y = Othen x = 10, (10,0) 
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V => put x = Othen y = 8, 

put y= Othen x = 15, 

VI => put x = Othen y— 1 i, 

put y = Othen x = ll, 
put (0,0)/ => 0 < 20- 

II => 05120 >T 

III => 0<11 >T 

For B. solve /, and / 3 

2 x + -y- =20 
x + = _ I 1 

x =9 


UN ERAS INEQUALITIES t LINEAR PROGRAMMING 


( 0 , 8 ) 
05,0) 
( 0 , 11 ) 
(l 1,0) 
>T 


x - 9 


x + y = 1 1 
9t-y = M 


y~2 


For C solve / 3 and l 2 
■8 + 1 5y — 1 20 
. ■fa-±8j> = _88 
7v —32 


32 

y= T 


x + >-=U 

u 32 
v - 1 1 

7 



45 

x= — 


Corner points are 

*7(0,0), ^(10,0), 5(9,2), -y). £>(0,8) 

Example of 5.3 (Sargodha 2009) 

Maximize and Minimize / (x, y) = 4x + 5 y 
2x - 3_y 5 6 W 

2x + y>2 >11 

2x + 3y < 1 2 >11} x > 0 y> 0 
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Associated equations are 
2x— 3^ = 6 IV 
l lt 2x+y = 2 V 



KOinis 

( 9 \ 

.4(1,0), B{ 3,0), C -J , 0(0,4), £(0,2) 

U / 

at >1(1,0) 

/(l,0) = 4(l)+5(0) = 4 
at 5(3,0) 

/(3, 0) = 4(3) + 5(0) = 1 2 

•• #) 

I'HI) 


/ 


+ 5(1) = 23 


at £(0,2) 

/(0,2) = 4(0)+5(2) = 10 


Max 




& Min at >1(1,0) 
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1. Maximize /( x , y) = 2 x + 5y. [Sargodha 2010, 11) 

2y - x £ 8; ^-^ 4 ; ,v2 0 & yZ 0 


Sol. Let 2y-x<*% »(1) 


and x—y£4 »(2) ► 



.v= 16 
C(1 6,12) 

Corner points at feasible region are 
/!(0,0), 5(4,0), C(16,I2), 0(0,4) 
At A; f (0, 0) = 2(0) + 5(0) = 0 
At B ; /(4,0) = 2(4) +5(0) = 8 
At C; /(I6. 12) = 2(16)+ 5(12) = 92 
At O; /(Q,4) = 2(0) + 5(4) = 20 
So /is maximum at C(16,12) 
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Z. Maximize f(x, y) = x + 3>'. (Gujrawala 2010) 

2x + 5.y£30; 5.v + 4>£20; x>0 &^>0 

Sol. Let 2 j^5>'<30 >1 

and 5 a + Ay < 20 > II 

Associated equation are 

f, ;2*+5,y = 30 >111, /j ; 5x + Ay = 20 >IV 

III => Put x = 0 then y = 6, (0, 6) 

Put y - 0 then x = 1 5, (1 5, 0) 

IV => Put x = 0 then y = 5, (0, 5 ) 

Put y - 0 then x = 4, (4,0) 

Put (0,0)m eq. (/)&(//) 

/ => 0 < 30 >T 

//=> 0<20 >T 



Corner points of feasible region are 
.4(0.0), 5(4,0). C(0,5) 

At A, /(0,0) = 0 + 3(0) = 0 

At B, /{4,0) = 4 + 3(0) = 4 

At C,f (0,5) = 0+3(5) = 15 

So / is maximum at the corner point C(0,5) 
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3. Maximize z = 2.v + 3_p x £ 0 & y Z 0 (Lahore 2010) 

3.v + 4.y<12; 2.v + .y<4; 4 *-j><4 
Sol. Let 3.t + 4y <! 1 2 - — — » / 

and 2,t + >’£4 >IJ 

Ax - y < 4 + /// 

Associated equation are 

/, ;3* + 4y=*& >IV 

l z ;2x+y = 4 — — >V 
/, ;4x-_y =4 >VI 

From eq. (4), we get /, as (0,3). (4,0) IV => put x - 0 then y = 3, (0,3) 
From eq. (5), we get /, as (0,4), (2,0) put y — 0 then x = 4, (4,0) 

From eq. (6), we get A, as (0,-4), (1,0) V => .v - 0 then y- 4, (0, 4) 

Put (0,0) in eq, (1) & (2) & (3) put y = Q then x = 2, (2,0) 

I => 0 < 12 > T VI ^ put x = 0 then y = -4, (0, -4) 

Jl=> 0<4 *T put y = Q then x = \, Q,0) 



Corner points of feasible region are: 

( 44 ) (4 12 ) 

.4(0,0), *< 1 . 0 ), C , D\ - — 
13 3 J \S S) 


E (0,3) 
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At A, /(0, 0) = 2(0) + 3(0) = 0 
At B, /(1,0) = 2(1) + 3(Q) = 2 


LINERAR INEQUALITIES & LINEAR PROGRAMM ING 


4. 

Sol. 


At C, 


■ 6.6 


At E, /(0. 3) =2(0) + 3(3) = 9 
So f is maximum at corner E(0, 3) 

Maximize z = 2x + y (Sargodha 2009, ll) 

x + yi.3; lx + Sy < 35 ; x £ 0 & y > 0 . 

Let x + y> 3 >/ 

and 7ar + 5,v<35 >11 

Associated equation are 

h ix + y = 3 >/// 

;7.v + 5j' = 35 +/K 


HI 


IV 


■ put x = 0 then y-3 (0, 3) 
put y = 0 then x = 3 (3, 0) 
pul x = 0 then y = 7 (0,7) 1 

put y = 0 then x ~ 5 (5, 0) 

Put (0,0) in eq. I &. II 

/=> 0>0 >F 

//=> 0<35 >T 


-2 -1 

Corner points of feasible region are. 

.4(3,0), mo), #( 0 . 3 ), 
/f/ /(3,0) = 2(3)+0 = 6 

-4/ B, /(5.0)= 2(5) + 0 = 10 
C, /(0,7)-2(0)+7 = 7 
At D, /(0,3) = 2(0)+3 = 3 

So / is maximum at corner B = (5, 0) 



4 5X6 7 
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5. 

Sol. 


Maximize /(*,.v) = 2 a* + 3>- (Sargodha 2011] 

2 v + y <, 8, x + 2y < 14, x 2: 0 & y 2 0 

Let 2x + y<% > i 

and .v + 2y < 1 4 * II 

Associated equation are 
/, ; 2a + y = 8 - 


l ;.y + 2 y ~ 14- 


+ /// 


III 


> /?«r a = 0 then y = 8, (0,8) 
put y = Q then x = 4, (4,0) 



Corner points of feasible region are: 

-4(0,0), 2J(4,0),c(j,y),D(0,7), 

At A, / (0, 0) = 2(0) + 3(0) - 0 
At B, /(4, 0) = 2(4) + 3(0) =* 8 

At D, f (0.7) = 2(0) + 3(7) - 2 1 

_ (2 20 ) 

So / is maximum at corner C = t — 
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6 ' J Z=Ax+y (Sargodha 2008, 12 Lahore 2010) 

.v + 6>->9, 3.v + 5>>&15 

Sol. Let 3-ie + 5_y >15 >1 f 

and x + 6y > 9 > // 

A 

Associated equation are 

/, ; 3x + 5y =15 >111 

lj ;x + 6y = 9 >IV 

III => put x = 0 then y = 3, (0, 3) 
put y = 0 then jr = 5, (5,0) 

■a 'i 

IV =» put x - 0 then y = -, (0,-) 

2 2 

put y = 0 then x = 9, (9,0) 

Put (0,0) in eq. 1 & 11 

/=> 0>I5 >F 

U=*QZ9 >F. 

3 x /K - 111 

3--* + 18y = 27 

= ±I5 _ 

13 y =12 ^ 

=>>'*—& x = — 

13 13 


LINER AR INEQUALITIES & LINEAR PROGRAMMING 





put value of y in IV we get 


L 13 13 J 


Corner points of feasible region are: 

At A, /(0,3) = 3(0) + 3 = 3 

1 13 13) in J 13 J 
AtC,f( 9,0) = 3(9)+ 0 = 27 

So / is minimum at corner A = (0, 3) 
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7. Each unit of food x costs Rs.25 and contains 2 units of protein and 4 unit of Iron 
while each unit of food y costs Rs.30 and contains 3 units of protein and 2 unit of 
iron. Each animal must receive at least 12 units of protein and 16 units of iron 
each day. Find smallest possible cost to fed each animal. 

Sol. Function is /(.T,y) = 25.T+30>' 

Let according to the given condition 

2.v + 3>* > 1 2 »/ x>0,.v>0 

4.x + 2y > 1 6- >■ 11 

Associated equation are 

l x ; 2x + 3jp = 1 2 >111 

l 2 ;4x + 2>' = 16 >1V 

III => put x=0 then y — 4, (0,4) 

put y = 0 then x - 6, (6,0) 

IV => put x-0 then y - 8, (0, 8) 


put y = 0 then x = 4, (4,0) 
Put (0,0)ineq. I & 11 



We have .4(3,2) 

Corner points of feasible region are: 

A = (3,2), B = (6,0), C = (0,8) 

At A, ./(3, 2) = 25(3) + 30(2) = 135 


www.iqbalkalmati.blogspot.com : j >’/ 




www.iqbalkalmati.blog3pot.com 


COLLEGE.MATHEMATICS-II 


360 


LI WERAR INEQUALiTIES S LINEAR PROGRAMMING 


At B, y (6,0) = 25(6) +30(0) = ISO 
At C, f (0,8) - 25(6) +30(8) = 240 

So the minimum cost is at the point (3. 2) where / is minimum. 3 units of food X 
& 2 unit of V are used. 


8 . 



A dealer wishes to purchase a number of fans and sewing machines. He has only 

Rs.5760 to invest and space of at most 20 items. A fan cost him Rs.360 and sewing 

machine costs Rs.240. His expectation is that he can sell a fan at a profit of Rs.22 

and a sewing machine at a profit of Rs.18. How should he invest his money to 

maximize his profit 

Let Fans = * & Sewing Machines = y 

f(x,y) = 22* +18^ 

According to the given condition 

360* + 240^ < 5760 >/ 

x + y< 20 >11 

Associated equation are 

/, ; 360* + 240>- = 5760 > III 

/, ;* + y = 20 >1V 

III => put x = 0 then y = 24, (0, 24) 
put y = 0 then * = 16, (16, 0) 

III => put x = 0 then y - 20, (0,20) 
put y~ 0 then x - 20, (20, 0) 
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Put (0,0) in eq. I & II 

I => 0 < 5760 >£ 

11^0^20 >T 

360* + 240 v = 5760 

^-x-+2y =48 

(+) by I20=> 3jc + 2^ = 48 >V — - ** * ~ 60 — 

-y = -12 =?_>'= 12 

Putin (IV) *+12 = 20 
x = 8weget C(8,12) 

Corner points of feasible region are: 

^ = (0,0), B = (1 6,0), C = (8,12). £>(0,20) 

At A , /(0,0) = 22(0) + 1 8(0) = 0 

At B t / (16,0) = 18(16) + 22(0) = 22(1 6) + 1 8(10) 

At C , y (8,12) = 18(8) + 22(12) = 22(8) + 18(12) 

At D. /(0, 20) = 18(0) + 22(20) = 22(0) + 18 

So profit is maximum at corner C = (8 : 2)where / is maximum. 8 fans and 12 
sewing machines are purchased. 

9. A machine can produce product A by using 2 units of chemical and 1 unit of 

compound or can produce product B by using 1 unit of chemical and 2 units of 
compound. Only 800 units of chemical and 1000 units of compound are available. 
The profit per unit of A and B are Rs.3Q and 20 respectively, maximize the profit 
function. 

Soi. Suppose x units of product A St y units of B 
Thus /(*,><) = 30* + 20^* 

According to the given condition * > 0, y £ 0 

2x + y < 800 (1) 

x+2y£ 1000 (2) 

Associated equation are 
/, ; 2* + >' = 800 (3) 

/, ;x+2y= 1000 (4) 

From eq. (3), we get /, as (0,800), (400,0) 

From eq. (4), we get /,as (0,500), (1000,0) 

Put (0,0) in eq. (1) & (2) 

We get 0< 800 is True. 

0< 1000 is True 
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ForC solve / t and l 2 
4.r+-2-4i= 1600 
_.v± -2^ =-1000 
~~ 3* =600 

=> x =■ 200 
Put in (4) 

200 + 2 ^ = 1000 
y = 400 
C(200,400) 

Corner points of feasible region are: 

<4 =(0,0), B = (400,0), C = (200,400), £>(0.500) 

At A, /( 0, 0) = 30(0) + 20(0) = 0 

At B, /(400,0) = 30(400) + 20(0) = 12000 

At C, / (200. 400) = 30 (2000) +20(400) = 6000 + 8000 = 14000 

At D, /( 0, 500) = 30(0) + 20(500) = 1 000 

So profit is maximum at corner C = (200,400) where /is maximum 200 of 
product A and 400 units of Product B are prepared. 
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Marks 100 


OBJECTIVE 

Q.No.l Given below are a few possible answers to each statement of which one is correct, 
identify the correct one. ( 20 ) 


1. 

An expression involving any of the symbols <, > or <, > is called an 


(a} Equation 

(b) Not inequality 


(c) Identity 

tlfl)- Inequality 

2. 

ox + b > 0 is an 



(a) Identity 

(b) Equation 


(c) Not inequality 

ufdT' Inequality 

3. 

ax + b < 0 is an 

- 


(a) Equation 

*{b) Inequality 


(c} Not inequality 

(d) Identity 

4. 

ax + by + c > 0 is an 



Inequality 

(b) Identity 


(c) Equation 

(d) Not inequality 

5. 

ax + by +e<0 is an 



(a) Equation 

(b) identity 


Inequality 

(d) None of these 

6. 

ax + by< a linear inequality in 



(a) ' -"e variables 

(b) Two variables 


(c) One variable 

None of these 

7. 

A non-vertical line divides the plane into two half planes 


(a) left & right 

Ub)''" Upper Slower 


(c) Both (a) & (b) 

(d) None of these 

8. 

If ax + by < c then ax + by = c is called an 



(a) identity 

(b) Associated equation 


(c) Both (a) & (b) 

(d) None of these 

9. 

A point (x, y) which satisfy a linear inequality in two variables x &. y form its 


(a) Domain 

(b) Range 


Solution 

(d) Coefficients 

10. 

The graph of the inequality ox + by < c is 



(a) Circle 

(b) Parabola 


(c) Straight line 

Half plane 

11. 

A point of a solution region where two of its boundary lines intersect, is called 


(a) Corner point 

(b) Vertex 


^cT^Both (a) & (b) 

(d) None of these 

12. 

The system of linear inequality concerning the problem is named as problem 


(a) Coefficients 

fbT Constraint 


(c) Decision variables 

(d) None of these 
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(tfl. Feasible solution 


13. The non-negative constraints are called: 

(a) Coefficients (b) Solutions 

^JT' Decision variables (d) None of these 

14. If the solution region is restricted to the 1st quadrant then it is called 

(a) Feasible solution (b) Feasible region 

<c) Both (a) & (b) None of these 

15. Each point of the feasible region is called 

(a) Solution 

(c) Both (a) & (b) JdP None of these 

16. A set consisting of all the feasible solutions of the system of linear in equalities is 
called a 

(a) Solution set Feasible solution set 

(cj Both (a) & (b) (d) None of these 

17. A function which is to be maximized or minimized is called an: 

(a) Explicit function (bj Implicit function 

iyK* Objective function (d) None of these 

lft. Yhe feasible solution which maximizes or minimizes the objective function is called 
the 

(a) Feasible solution Optimal solution 

{c) Both (a) & (b) (d) None of these 

19. The maximum & minimum values of thn objective function occur In the feasible 
region at 

(a) Any point Corner points 

{c) Both (a) & (b) (d) None of these 

20. (2, 1} is one of the solutions of the inequality 

(a) x y>l (b) 3x + 5y<6 

ylef' 2x + y<7 (d) None of these 


SECTION 1 
SUBJECTIVE 

Attempt any 2$ (twenty five) short question from Question 2,3 and 4, at least 12 short questions 
from question 2, 12 short question from question 3 and 13 short question from question 4. Ail 
question carry equal marks. (25x2=50) 

Q.No. 2 

i. Write alt ihe forms of a linear inequality in two variables. 

ti. Define solution of a linear inequality in two variables. Give examples. 

iii. Graph the inequality: (i) x-2y<6 

(ii) 2x>-3 

tv. Define feasible solution. 

v. Define objective function. 

vi. What is linear programming? 
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vii. Define optimal solution. 

viii. State theorem of linear programming. 

ix. Define corner or vertex of solution region. 

x. What is linear inequality? 

xi. What is problem constraint? 

xii. What is convex region? 

Q.No. 3 

i. Define feasible solution set and corner points. 

ii. Minimise i - 3x + y subject to the constraints 
3x + by > 15, x + 6y > 9, x > 0, y> 0 

iii. Indicate the solution set of the inequality 5x - 4y < 20 In the xy-plane by 
shading, 

iv. What is half planes 

v. What is corresponding equation. 

vi. Graph the inequality x+y >5 

vii. Graph the inequality 2x+l > 0 

viii. Indicate the solution region of the Following system of linear inequalities by 

shading. x+y < 5 , y-2x <2, x > 0 

ix. Indicate the solution region of the following system of linear inequalities by 
shading. x+y > 5 , x-y > 1 , y > 0 

x. Indira' » the solution region of the following system of linear inequalities by 
shading. 3x+7y<21 ,2x-y>-3, x>0 

xi. What is fesible region ? 

xii. What is decision variable. 

a wo. 4 

I. Graph the solution set of each of the following linear inequality in xy plane 

2x+y<6 

il. Graph the solution set of each of the following linear inequality in xy-plane 
5x*7 > 1 

iii. Graph Ihe solution set of each of the following linear inequality in xy-plane 
Sx-4y < 20 

iv. Graph the solution set of each of the following linear inequality in xy-plane 
3x-4 < 0 

v. Graph the solution set of each of the following linear inequality in xy-plane 
2x + 3y < 12 

vi. Graph the solution set of each of the following linear inequality in xy-plan* 

2x + y < 10 

vii. Graph the Feasible region of the following system of linear inequalities 
2x-3y < 6 , 2x+3y<12 , x >0 . y >0 

viii. Graph the feasible region of the following system of linear ine^fialities 
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x+v < 5 ( -2y+y<2 , x>0 , y>0 

lx. Graph the feasible region of the following system of linear inequalities 
5x+7y < 35 , x-2y < 4 , x>0, y>0 

x. Find the corner points of 

x+2y < 14 , 3x+4y < 36 , 2x+y< 10 , x>0 , y >0 

xi. Find the corner points of 

2x-3y < 6 , 2x+3y<12 , x > 0 , y > 0 

xii. Find the corner points of 

x+3y £.15 , 2x+y<12 , 4x+3y<24 , x>0 , y>0 

xiii. Find the minimum values of f and 4 defined as; 

F(x,y) = 4x+5y, 4 (x,y)=4x+6y 


SECTION II 

Attempt any 3 (three) questions. (3x10=30) 

Q.No.5 

Maximize f(x,y) = x+3y , subject to the constraints , 2x+5y<30 , 5x+4y<20, x>0 , y>0 
(b) Graph the feasible region of the following system of linear inequalities and Find the 
corner points of x+y<5 , -2x+y>2 , x>0 

Q.No.6 

(a) Graph the solution region of the system of linear inequalities and find the corner 
points 5x+7y<35 , -x+3y<3 , x>0 

(b) Maximize f(x,y) = 2x+3y , subject to the constraints , 2x+y < 8, x+2y<14, x>0, y>0 
Q.NO.7 

(a) Find the minimum and maximum values of the function defined as; 
f(x,y) = 2x +3y , subject to the constraints, x-y < 2 , x+y < 4, 2x-y < 6 , x>0 

(b) Graph the solution region of the system of linear inequalities and find the corner 
points 3x+2y > 6 , x + 3y < 6, y>0 

Q.No.8 

(a) Maximize z= 2x+3y „ subject to the constraints , 3x+4y<12, 2x+y<4, 4x-y<4, x>0, y>0 

(b) Graph the feasible region of the following system of linear inequalities and Find the 
corner points of 2x+y < 20, 8x+15y < 120, x+y<ll, x>0, y>0 

Q.No.9 

(a) Find the minimum and maximum values off and <f> defined as; 

F(x,y) = 4x +5y , 4 (x,y)=4x+6y 

(b) Maximize z= 2x+y , subject to the constraints , x+y>3 , 7x+5y<35, x>0, y>0 
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UNERAR INEQU ALITIES & LINEAR PROGRAMMIN G 


Previous Board Questions 


l. 

2 , 

3. 

4 . 

5. 

6 . 

7. 

8 . 

9 . 

10 . 

11 . 

12 . 

13. 


What is linear inequality? 

What is feasible solution? 

What is convex region? 

What is linear programming? 

Oefine the associated equation of an inequality? 
What is problem constraint? 

What Is an object function? 

Shade the feasible region of inequality 5x - 4y s 20. 

Define feasible solution set and corner points. 


(Lhr-2008) 

(Grw - 2008) 

(Lhr-2008) 

(Grw -2007, Lhr-2008) 
(Lhr-2008) 

(Lhr- 2007,08) 

(Lahore - 2010) Group — I 


n-oijuic-zuiu; uroup-i 

Graph the solution set of the Inequality: 2x + 1 0 in xy - plane. 

..... _ . (Lahore -2010) Group - II 

Minimize z = 3x + y subject to the constraints 

*, J. 5 ' * + 6 V a : 9, 0. V > 0 (Lahore - 2010) Group - II 

State the theorem of linear programming, (Grw - 2010) 

indicate the solution set of the inequality 5x - 4y l 20 in the xy-plane by shading. 

(Gujranwala - 2010) 
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Conic Sections 



Definitions 


Two parts of cone are called nappes 


Vertex: 


Meeting point of two parts of cone is called vertex or apex. 

(Sargodha 2011} 

If cone is cut by a plane perpendicular to the axis of cone, then resulting 
section is circle. 

We can also define circle as: 

A locus or a pt which remains at a fixed distance from a certain point. The point 
is called centre of the circle and fixed distance is called radius of the circle. 


If the cone Is cut by a plane and the cutting plane is slightly tilted and cuts 
only one nappe of cone then resulting section is an ellipse. 

(Sargodha 2011) 

If the cone is cut by a plane and the cutting plane is parallel to the axis of 
cone and intersect both its nappes, then curve of intersection is Hyperbola. 

(Sargodha 2008} 

If the plane passes through vertex of cone, the Intersection is a single point 
or point circle or if r = 0. 

(Sargodha 2010} 

£ = fCosO- !'= rSinO are parametric equations of circle. 


A line that tuuch the curve without cutting through it, 
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369 


A line perpendicular to Tangent is called normal. 


10. Tangential distance:! 


CONIC SECTIOM 


Length of tangent is called tangential distance and Its formula is 
V** + Vi + 2gx 1 + 2 \fy l + c 


ll~ Chord of contact:! 


The line joining points of contact of chord. 


17* Conic section 


\PF\ 

\PM\ ~ e * +Ve constant ) is called conic section if e < 1 then Ellipse, if e = 1 
then parabola, if e > 1 then hyperbola. 


13- Eccentricity: 


J he number e is called eccentricity. 


Equation of parabola 1 


y 2 = 4 ax is called equation of parabola, F(a, 0) is focus, A line at equal 
distance from vertex opposite to focus is directrix. The point where axis 
meet the parabola is called vertex (0, 0), The line through focus and 
perpendicular to directrix is called axis of parabola and focal chard 
perpendicular to axis is called latusrectum. 


15, Vertices 


x* y* 

Kor ellipse = 1, a > b points A, A' are called vertices and AA’ = 2 a Is 

called Major axis, B, S' are covertices and BB‘ = 2b Is minor axis. 


|16» Transverse or Focal 


The line segment AA' - 2 a is called Transverse or Focal of Hyperbola and 85' 
(Hne segment) is called conjugate ax . 


17, Central Conics 


Ellipse and hyperbola are called central conics. 
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CONIC SECTION 


IS. Degenerate Conic: 


Under certain condition equatic ax 2 + 2 hxy + by 2 + 2 gx + 2 fy + c - 0 not 


represent as conic. In such case this is called degenerate conic. 


19. Parabola 


(Sargodha 2008, 11) 

If the intersecting plane is parallel to a generator of the cone but cuts one 
nape only is called parabola. 


Important Formulae 


1. Equation of circle in standard form (x, - h) 2 + (y - k) 2 - i* 

(Centre (h, k), radius-r) {Sargodha 2011) 

. * 

2. If centre is at origin then equation of circle x z + y 2 = r 2 (Sargodha 2008) 

* 

3. General equation of circle x 2 + y 2 + 2gx + 2 fy + c = 0 where centre = [~g, -f ) 

' _ t 

and radius ^‘sjg 2 +/ z - c 

4. For circle equation of tangent xx x + yy t + g (x + xj + / (y + yj + c = 0 at (x x , yj 

5. For circle equation of Normal at 

(x v yj is (y - yj (x t + g) = [x - xj [y x +/) 

6. Equation of parabola y z - 4ax and at (x^, y^ is y 2 - 4ax j whose vertex is at origin. 

7. Standard equation of ellipse = 1, If a > b and ^ + ~ 1 if o > b {Sgd 2008} 

x 2 yi 

8 Standard equation of Hyperbola = 1 at (x,y) 


=£._ 4 ., 

a b 


9. y = rnx + f- is tangent to y 2 = 4ox 


10. y - mx ± yja^rn 2 + b 2 Tangent of Ellipse 

11. y = mx ±“\Jo 2 m 2 - b 2 Tangent of hyperbola. 
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SONIC SECTION 


Exercise , - 



Centre at (5,— 2), r = 4 

{x-h) 2 ±(y-kf=r 2 

(**-5) 5 +( y-(~2) 7 ={4? 
+I0x + 25 + (.v + 2) J = 16 
x 1 + 1 Ox + 25 + y 1 + 4 y + 4-16 = 0 
x*' + y -10x + 4j> + 13 = 0 


<b) 


(c) 


Centre ( V2, - 3>/3), r = 2y/2 {Sargodha 2011) 

{x~hf +(y~kf = r* 

O - ■J2) 1 ^r(y - (-3V3)) 1 = (2V2) 1 
x 1 - 2V2i +2 + 0' +-3 n/ 3) ? = 4 x 2 
x*-2j2x+2+j& +6j5y+(9x3} = l 
x 1 -2V2 j +2 + / + 673^ + 27-8 = 0 

x 1 +y a -272x+6j^ + 2l = 0 


Diameter at (-3, 2), (5, -6) 

Centre is {h, k ) so 
,, ,, f-3 + 5 -6 + 2^ 

C/U) = [— — J 

(A, A) = (1.-2) 

Radius = r =\AC\ = y[(h - (-3)) 1 + <k - 2) 1 


r=7<* + 3) J -M*-2) 2 

r = 7('+3 ) i +(-2-2) 1 = VI6 + 16 = V32 

(x-A) 1 +0'-*) 2 =r J 

(x-l) 2 +0>-(-2)) J =(V32) J 

(x -I) 2 + (>> + 2) 1 =32 

x 1 -2x + l +y + 4y + 4-32 = 0 

x 2 +y -2x + 4^-27 = 0 



2- (a) 


Find centre and radius (Lhr 2010, Sgd 2009) 

x 2 +y +I 2 x- 10 ^ = 0 

Compare with 

x 2 +y + 2gx + 2 jy+c-Q 

2g = 12 => £ = 6 & c = 0, 2/ = -I0=>/=-5 

Centre is ( -g,-/) = (-6, 5) 
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/ 

r 


Radius — r = yfg* + —C 

r = v/(6) : + (-5)* - 0 = V36 + 25 = 1 


a; 


(b) Find centre and radius 

5x J + 5.v ! + 14* + 12_v-I0 = 0 
■ \ J ♦ Ay 5 

x 2 + y + — — jt + — — y — 2 — 0 

5 5 - 

Compare with 
x J +,v ? + 2gar + 2 j^ + c = 0 

2 * = y ^* = y<; = -2 

2/ 

5 5 


[Sgd 2008, 11) 


Centre 


15 <-*■ -'K-rin) 

UHl) 


= Vk ! +/’-* = 


=Ji£ + l£ + 2 -J^M± 

V25 25 V 25 


T 1 - ( - 2> 

50 


r — 



25 


CONIC SECTION 


(c) .v* + y — 6* + Ay + 13 = 0 (Sgd 2011) 

Compare with 

x* + y 2 + 2gx + 2 j(y + c - 0 
2j? = -6 => g = -3 
2/ = 4 => / = 2, c = 13 
Centre is (-g, -/) = (3,-2) 

r = V*’ + /* “ c = VC-3) 3 + (2) 1 - 1 3 

r = n/9 + 4-13 = 0 

(d) 4 jt* +4>*‘ -8x + 12y-25 = 0 (Sgd 2007, 10) 

+ by 4 

x 2 + .v* -2x + 3,y- — = 0 

4 

Compare with 

x 7 + .y 3 +■ 2gx + 2fy + c = 0 
2 g = -2 => g~-l 
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2 /'*= 3 



Centre is {-£,-/) = 




CONIC SECTION 


3. (a) Write equation of circle passing through (Sargodha 2008) 

A{ 4,5), B(- 4,-3), C( 8,-3) 

Sol: is dear from figure that 

\<*€ -mt 

(h - 4) 3 + (A - 5) 3 = (h + 4) 2 +(k+iy 
Or 

/r J -8/r + 16 + *- 2 -10* + 25 = 4r 3 + 8/t + I6 + -A 2 + 6A+9 
-8A- 1 OA +■ 16 + -25- = 8h i 6k t -25- 


8A^6A-I6=0 

-r by U> =5> h + k — I — 0 

Also (OS ] 2 =|«cf 

(h + 4) 1 + = ( h - 8) 1 + 

b' + 8/t + 16 -+r ^16/j + 64 
8A + 16/r = 64 — 16 
24h = 48 A = 2 
Pul in / /i -J- A: — 1 = 0 
2 + A — 1 = 0 
=> A + 1 = 0 A = -1 



4(4^> 


r = \OA\ = J(h 4) 3 +(A - 5) 3 

r — V(2 ** 4) 1 + (—1 — 5)*" 

/■ =V4+36 - v/40 


Now equation of circle is 

( JC -/ 7) 1 f O '-*) 3 -/•* 

t*-2)* + Cy + l>* =(V40V 2 
.r 3 4x+4 + / + 2j( + I-40 = 0 
**+y-4x + 2y-»*0 
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CONIC SECTION 


(b) 


^(-7,7), «(5,-l), C<10,0) 

It Is dear from figure that 

\OA\'=\0 B f 

(h + 7 y + (A - 7) 2 - (A - 5) 2 + (A + 1) 1 

h 1 + 14A + 49 + A 2 -14A +49 = A 3 -10A + 25 + A 2 + 2A + 1 
Or 



V +14A + 49 + *- 2 -I4A+49--A- 2 +10A-25- A* 2 - 2A-1 =0 
24A-l6A + 72 = 0 or 6A-4A+18 = 0 

Or3A-2A + y = 0 / \OBf = |OC|* 

(A - 5) 2 + (A + 1)’ = (A - 1 0) 2 +‘(A - 0) 2 
h 1 -I0A + 25 + A 2 + 2A +1 = A 2 - 20A + 100 + A 2 
Or A 1 -10A + 25 + A 3 + 2A + 1-A 2 + 20A-100-A 2 =0 
I OA + 2A - 74 = 0 or 5A + A -37 -0 // 

A = 37- 5A W 
Put 111 in 1 fl(S.-l) 


4(- 7,7) 


3A- 2(37 - 5A) + 9 = 0 

3A- 74 + I0A + 9 = 0 =* 13 A — 65 = 0 =* 13A = 65 => A = 5 
Put value of A = 5 in 111 A = 37 -5(5) 

A =37-25 => A =12 


Centre = O(A.A) = (5,12) 


and radius =r = jOit|= >/(5- 10) 1 +(12-0) 2 =V25 + 144 - 13 
Equation of circle Is (x - A) 2 + (y - A) 1 = r 2 

(x-5) I +0'-I2) 1 =(13) J =169 
x 1 -10x + 25 + >' a -24>’ + 144-169 = 0 
x 1 + y 1 -lOx- 24^ + 169- 169 = 0 => x 2 - lOx - 24y = 0 


c) 



(A - a) 2 + (A - 0) 2 = (A -O) 2 + (A - O) 2 


A(a,0), B(0,b), C(0,0) 
It is clear from figure that 

\° A t -kxf 


A{a, 0) 


/r — 2ah + a' + = h ? 4 * k =~h 7 — 2 ah+a 2 + $? z —it 2 — ~b z = 0 ^>2 ah — a 2 h = 


aiso |c?af =|ocf 

(A-0) 2 +(A-A) ! =(A-0) 2 +(A -0) 1 => A 2 + A 2 - 2AA + A 2 =A 2 +A 2 
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-fr* t -b^lbk+b 2 -V —h 2 =0 ^2bk=b 2 ~k=- 


-!«•' I -If 


r = 

Equation of circle is 


+ 2/ 




(*-A) 2 = r 2 => (x-^1 + [y ~— 1 = 

V 2) { 2) 

1 . ~ a 2 A A rt 1 + b 1 

X +--^r—x + y + 2- — V 

4 -£■ 4 * 4 

2 2 , +"fr ! # +"fr' , - 

* + >> -a*-A.y-+- = o =>x ! + v 5 -(i.v-Av = 0 

4 4 

d) -4(5,6), fl(— 3,2), C(3,-4) 
tt is clear from figure that 

I oA?=\m$ 

(A-5) 2 +(A-6) 3 =(h + 3) 2 +(*-2) ! 

A 2 -l0A + 25 + * 2 -12* + 36 = /r +6A l-9 + A 2 -4* + 4 
or A 2 -10x+-fr 2 -l2* + 61-*fr 2 -* 2 -6/l + 4*-13 = 0 
-I6A — 8* + 48 = Q + by 8 
-2/i-A+6 = 0 => * = -2A+6- >1 

W-W 

(h + 3) 2 + (A -2) 3 = {A-3) ! t(A + 4) J 
A 2 +6A + 9 + A 2 -4A+4 = /> 2 -6A + 9 + * 2 +SA + 16 
h 2 + 6A + A 2 - 4* + 1 3 = h 2 -6/m- k 2 + 8* + 25 
■/r 2 + 6A+*r 2 -4* + 13--/r 2 + 6A * 2 -8A -25 = 0 

12A - 12* — 12 = 0 => A -A — I 0 >11 

Put / in II 

h — (— 2A + 6) — ] — 0 w h + 2 A — 6 — 1 = 0 


3A-7 = 0 => A=- 
3 

Put value of h in I k=—2 

*- 4 



-3,2) 


+ 6 


/256+? V260 

V 9 3 

Equation of circle is 
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(jf-Zi) 1 +0'-A) 1 -r l 




Multipry by 3 

3jr 2 +3y -l4*-8.y-65 = 0 
3(*’ + .v ! )-14x-8j>-65 = 0 

4. (a) Find equation of circle passing through .4(3, -1), 5(0,1), and Centre at 

4x — 3.y - 3 = 0 

Since C(h,k) lies on line so 

4/i-3*-3 = 0- >1 


Also \ACf -|flCj 2 

(Zi-3) 1 + (A + l) l =(/t-0) J + (*-l) 1 

kr~ — 6 h + 9 + ■*■ ■+■ 2 k + 1 — 7r* + ■*•' 2k + I 
-6/j + 2* + 10 = -2k + 1 
—6h + 4k + 9 = 0 > ii 




Multiply I by 4 and II x 3 then add 
I 6 /j-_L2* -12 = 0 

-1RA++2* + 27 = 0 



30— 3* —3 = 0 => -3*427 = 0 
-3* = 27 * = 9 


r=\AC\ = 7(^-3)" +(* + !)* 



(*-/i) 2 + (>'-*) V =r 
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(b) 


1 5.v +• 


-is^+81 
4 4 


x 2 +y 2 I5x-lfj y + 22S ~ 4S1+32 i =0 

4 

x 7 +y~15^-18v + — = 0 
4 

=$ x 2 + y* -I 5.r-i 8^+17 = 0 

Circle passing through A(— 3,1) with radius 2 and centre at 2;c — 3_j' + 3 ~ 0 

Centre C (/;, A ) 

Lies on 2x — 3>» + 3 = 0 

So 2h 3A + 3 — 0 > J 

Also }/fC| = 2 

# \AC\ 7 =4 
(/i + 3) i +(A-I) 1 =4 
/) 3 + 6A 49 4 A 2 -2A 4 1 - 4 = 0 

+A ? +6/i-2A 4 6 = 0 >// 

3A —3 


From / 2/i = 3A - 3 
Put in // 


/ 1- 



^J +t!+6 pt^_fc +6 , 0 


9A 1 -18A +9 


+ A 2 +9A 9-2A + 6-0 


4 

V Ay 4 

9A 2 - 1 8A + 9 4-4A j 4 - 36A 36 -8A 424 = 0 

I3A 2 4 1 0A — 3 = 0 
1 3A 2 4 1 3A — 3A — 3 = 0 
I 3A(A 4 1) — 3(A 4 1) = 0 
(k 4 l)(13A — 3) = 0 
A 4 1 = 0 or I3A — 3 = 0 

A = — 1 or A = — 

13 

When A = — I then h — ^ ^ — - = -3 


When A - — then h - 
13 




, -30 l , —15 

h~ — x — =$ h-= 

13 2 13 
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(C) 

Sol: 


we have c,(-3,-l) 
-15 3 


c. 


-15 3 ') 
13 ’ 13 J 


Equation / (c,(-3 t -l), r = 2) 

(. v -/ j )* + 0 '-*)’ = r 1 

(x + 3) s + 0'+l)*=(2) 1 
* J + 6* + 9 + y 1 + 2y + 1 = 4 
x 2 +y 2 + 6.v + 2 y + 6 = 0 

Equation U at C J [“jy = 2 

Circle passing through A (5, 1) and tangent to the line 2 jc — .y - 10 = 0 at 
/{ (3,-4) (Sargodha 2010) 

it is clear from figure that 
\ACf 

(h-5) 1 +(k-\) 2 =(A-3) 1 + (A+4) a 
•h 1 - 106 + 25 +-b 2 ■ 2k + 1 = -h 1 - 66 + 9 + *- 1 +8* + 16 
— 1 0/r -2k + 26 = -6h + %k +25 
or — 66 + 86 + 25 + 106 + 26 -26 = 0 
46 + 106-1 = 0 > I 


4 ( 5 , 1 ) 


Slope of 2x — y — 1 0 = — — — — — 2 
J 6-1 


Slope of BC - 


6 + 4 


6- 3 

Because both are ±are so 


(2) 


(=)- 


1 26 + 8 = —A + 3 

or h + 2k + 5 = 0 11 5 x // ~ / 



4 ( 3 .— 4 ) 


lx y 10 = 0 


56 + 106 + 25=0 

_4^±)0*tI=0 
6 + 26 — 0 
=> h =-26 
Put in II 
-26 + 26+5 = 0 


26-21 = 0 
Centre 


k = 


21 


MB 
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CONIC SECTION 


(d) 


V 


(-26-s) J +^--ij 


3844 + 361 


4205 


Equation of circle is 

=r J 


<x+26) 2 


x*+52x + 676 + >' 2 -21j> + 



f V4205 ' 

L 2 J 

L 2 J 


441 4205 


= 0 


x 1 + y t-52x-21j/ + 676 + — = 0 


x 2 + >' 2 l 52x — 21^/ + 


1016 


)- 


x 2 + y 1 +52x-2\y - 265 = 0 

Circle passing through A (1,4), B{— 1,8) and tangent tox + 3.y-3 = 0 
It is clear from figure that 

\AC\* =| BCf 

(/i- 1) 2 +(A-4) 2 -(fc + l^ + fA-S) 2 

7r 2 - 8A t 1 6 = A 2 4 2Ar + + t -A- J -ldlfc + 64 

— 2A — 8A + 16 = 2Ji — I6A + 64 
2/t - 1 6A + 64 + 2/? + 8A - 1 6 = 0 
4/r — 8A + 48 = 0 
or h — 2k + 12 = 0 

=> ft = 2*-12 >1 

Now |^C| - \Cl\ where L Is tangent line 

fa-iy + (k-4y J h+3k ~ 31 j 

V0) +(3) 

/75 ; -T |/i + 3A — 3| 

V/I -2;i + l + A I -8A + 16-J ==— * 

Vto 

Squaring both sides urgent 
fi 1 - 2 h + k 1 

10 
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or \0h* +U)k 2 -2Qh-*Ok + ]70 = h 1 +9k 2 + 6*A -1 X* -6/i + 9 
or 10 h 1 + 10* J -20A-80A + I70-A 1 -9k 1 -6hk + !8* + 6ff~9 = 0 

9/,’ + ** - ] 4*— 62* + 1 6 1 - 6/t* = 0 
Put I in II 

9(2* - 1 2) 2 + A 3 — 1 4(2* — 1 2) - 62* + 1 6 1 - 6A(2A - 1 2) = 0 
36A 2 - 432* + 1296+ A 2 — 28* + 168-62A + 161 — 12A 2 + 72* =0 
25* 2 -450* +1625 = 0 
+ by 25 

k 1 - 18* +65 = 0 
or k 1 -13* -5* +65 = 0 
*(*-13)- 5(* - 1 3) = 0 
or (A - 1 3X* — 5) = 0 
>*—13=0 or k— 5 = 0 ( Use — I) 

When * = 13 then h = 2 (13)- 12= 14 
When k = 5 then /i = 2 (5) -12 = -2 

C, (-2,5), C, (14, 13) =[/lC' t [= >/(l + 2) 2 +(4-5)* = VTo 

r 3 =|x(C 1 | = V(I-I4) 7 +(4-13) j = %/250 

Equation of Circle I is 

(x+^V+ty-S ) 1 = (VfO)* 

(x + 2) 1 + (>' — 5) 2 = 10 
Equation of Circle (I is 
(,T 14) 2 +Of-l-3) 5 =(V f 250) 2 

(x 14) 1 +C.V-13) 2 =250 

5. yWrite equation of circle lies In H quadrant and tangent to the both axis with radius 
_ j' a because Circle Is In 2 na quadrant and have radius a so C(-a,a), r=a 

Equation of Circle is 
(.V-/I) 2 + (>>-*) 1 sr ’ 

(x + tf) 3 +(> o) 2 =(a) 1 

x' + 2 ux + a ‘ + y 1 — 2 av + -a- 2 — 
or x 3 + y 1 + 2 ax - 2 ay + a 1 = 0 


(i) Show that line 3.r — 2y = 0 is tangent to circle jc 1 + y 1 + 6jc — 4 y = 0 

-v 1 +j |i + 6jc-4^ = 0 

Compare with 

x 1 by 2 +2xx+2/y + c = Q 

8 = 3, / = -2, rs-0 

n -;?. -/>=<- 3,2) 

»* = >jg 2 +/ 1 -t- = > /(-3) 2 +(2)*-0 
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r = V9 + 4 flS 

Distance of centre from line 
_|3 (-3)~2(2) + 0| 

V(3) J +(- 2)* 

= ]_9_4[ = _^ = 

Vl3 Vl3 

Hence fine is tangent 
Now for line 

(H) 2jc + 3>-13 = 0 

Compare a j + >-* + 6a- 4>* = 0 with ,r J + y * +2gx + 2Jy + C 
We get g = 3, / — —2, C = 0 

C( 3,2), r = + /’ - C =^+4^0 

C(-3,2),r = Vl3 

Distance of line (2* + 3,y - 1 3 = 0) 

c . , 2(-3) + 3(2)-l3l 

From Circle is = J — l 

V(2)* + (3)' 

»L,vu =r 

>/4 +9 VTI 

Hence 2x + 3>^“13 == 0 is tangent to Circle. 

! - v & e /? 

7* Showfhat jc* + j a + 2x-2j>-7 = 0and Jt*+y-6jr + 4.v + 9 = e touch 

externally. 

c,; -* 1 + y* +2 jc- 2>> -7 = 0 Ji 

Compare with 
x 1 + y 1 + 2gx + 2fy + c = 0 
£ =1» / = - I. c — — 7 

r, fg* 4 / 3 -c ^T+T+7 

r . = 3 

For Circle // 

v" + v ! - 6 a- + 4 v + 9 = 0 
Compare with 
a 4 I- / + 4- + c = 0 

3. / “ 2, c-9 

c i -p. -2>, /• = Vs 1 +/ 2 i 



r, = V9.+ 4-9 = 2 
fcj*a 1 = V (- I — 3) J +(! + 2) 7 


- 


www.iqbalkalmati.blogspot.com : 




www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS— II 

= ^25 =5 
= 3 + 2 
= r,+r 2 

Hence touch externally 


382 


CONIC SECTION 


B. Show that circles (Sargodha 2007) 

jc ! + y 2 + 2.t-8 = 0 >1 


V 


uu 




x* +y* -6x + 6y-46-Q >11 

./■j Touch in ternally ,-j ; « /V- A.u\ 


Circle / Compare with 

x l I y l \ 2 gx + 2fy + c = 0 we get 
/^0, c - -8 

n - Vs 2 +/ 1 -c = Vi+o-(-8) ^ 

C,(^,-/) = (-l,0) 

Circle 11 

x 1 + _y ! — 6x + 6y — 46 = 0 



Compare with 
x 1 + >>* + 2gar + 2j^> + c = 0 
* = -3, f = 3, c * -46 

Q(- g-/) = C3,- 3) 

r 2 = V# 7 +/ 1 -c =* V9 + 9 + 46 

r, = V64 =8 

| = V(3 + 1) 1 +-C-3-0)^= V25 

= 5 


And - r, ^8—3=5 
Hence |cjC,| = r 7 - f; 
So touch internally. 


9* 


Find equation of circles of radius 2 and tangent to line x — y — 4 = 0 at (I f — 3) 


\AC\~2 => \AC\ 2 = 4 
(h- l) J + (A + 3) 3 =4 
ft 1 -2h + l + k* + 6A+9 = 4 
/ ' -2A + I + * 2 +6* + 9-4 = 0 

h 1 +k s - 2h + 6k + 6 = 0 > 1 

k + 3 

Slope of AC = 

*-l 


—a 


Slope of x — y — 4 ^ 0 — — 

h 



= 1 
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m t m 2 = -1 For Perpendicular 

U-u 

4+3 = -4 + l => -h-k -2 = 0 
or h--k-2 II 
Put II m I 

(- k - 2 f + k 1 -2(-4 - 2) + 64 + 6 = 0 
4* +44 + 4 + A 2 +24 + 4 + 64 + 6 = 0 
24* + 124 + 14 = 0 
+ 6>’2 

4 2 + 64 + 7 = 0 

-6 ±736 -28 -6+78 


4 =■ 


4 = 


2 2 
-6 + 2V2 ^-(-3 + 72) 


2 * 

4 =-3+72, k = -3-y/2 

When 4 = -3 + 72 r4e« 4 = -(-3 + 72) - 2 

4=3-72-2 = 1-72 

When 4 = -3 - 72 /4ew 4 = -(-3 - 72) - 2 
4 = 3 + 72-2 = 1 + 72 
C’,(l + 72, -3-72), r = 2 
C 3 (l-72, -3 + 72), r = 2 

Equation of circle / & // are 

(i-l-72) 2 +( j p + 3 + 72) 2 =(2) 1 

(jc - 1 + 72 ) 2 + (>- + 3 - V ^) 2 = ( 2 ) J 


CONIC SECTION 
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CONIC SECTION 


Exercise 6,2 




r 


(i) * J +/=25 «! P{ 4,3) 
Take derivative w.r.t x 

2.v + 2y— = 0 => 

dx ax 

dy_ 

dx 


{Sargodha 2011) 


x 

y 


f/v — 4 

Slope of Tangent - —at P(4,3) = — 
dx 3 

Equation of Tangent is 

0'-3> = yU-4) 

nr 3y— 9 = -4,v+l6 
4.v + 3y-25=0 
=> 4x+3y=25 

4 

Slope of normal = — 

3 

Equation of normal 

0'-3) = tU-4) 

j 

4y-4-2- = 3r - -- 1-3- 

3x - 4y = 0 

For point Q ( 5CosO , 5SinO) 

. dy _ -^Cos# -Cos# 

Slope of tangent - — ai Q = 

dx SSinO SinO 

Equation of tangent is 

(y - 5SinO) — - (.v - 5 CosO ) 

SinO 

ySinO ~5Sin l 0 = -xCosO + 5C'oj 
vCvsO + ySinO = 5{Cas : 0 + Sin~0) 
xCosff + ySinO = 5 

SinO 




Slope of Normal 


Cos# 


Equation of normal 

( v - 5 SinO) = — - (.t - 5 CosO) 
CosO 
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CONIC SECTION 


(ii) 


yCosO - 5CosOSinO - xSind - CoaOSinB 
xSinO-yCosO - 5 Coa&Siaff i SCosOSinB =D 
xSirtB - yCosO — 0 
3x l + 3>- J + 5x - 13^ + 2 = 0 


Take derivative at P 


'■f) 


w.rJ. x 


6 jc + 6 v— + 5-I3— -Q 
dx dx 

f6>’-13) — + (6x + 5) = 0 

dx 

dy _ (6.x + 5) 

dx (6 y - 1 3) 

Slope of Tangent =— at P — ^ 


dx 


61 l®Vl3 

u 


-6-5 -II 


20-13 7 

Equation of tangent Is 

f 10> 1 ll / IX 

70 

or 7 y - — - = -1 lx+1 1 

3 

70 

m+7^-n + — 

3 

103 

1 1 jc + 7y - -y or 33.x + 2 ly = 1 03 
7 

Slope of normal = — 

11 

f 10^1 

Equation of normal at 1,- — 

■ ’ 




10 


= 7x-7 


33 y -110 , „ 

or — = 7x-7 
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CONIC SECTION 




=>33^-1 10 = 21x-21 
21x-33>’ + ll0-21 = 0 
2Ix-33>' + 89 = 0 
4jr* +4 / --16x+24.y— 117 = 0 
Abscissa = x = -4 

Put x = -4 then 

4(-4) 2 + 4/ - 1 6 (-4) + 24^ -117 = 0 

64+4/ +64 + 24^-117 = 0 

4 / +24.V + 1 1 = 0 

4/ 4- 22y + 2,y + 11 = 0 

2y(2y + 1 1) +\(2y + U) = 0 

(2y + 1 l)(2,y + 1) = 0 

2y + 1 1 = 0 or 2y + 1 = 0 

-11 -1 

v = or y = — 

y 2 2 

+)H) 

Take derivative of J 

4.2x + 4.2>'— -16, 1 + 24— = 0 


PA- 4, 


c6r 

*t+>~‘ _ 2+3~ = 0 

ax dx 

(>+3)^ = 2-* 

CIX 


dx 


dy 

dx 


2- x 
^ + 3 


Jv „ 2- (-4) 

Slope of tangent = — a/ = — r-j 

dx —- + 3 

2 

2 + 4 ( 2 ^ -12 

“OX 


z5 " Vs, 

2 

o -1- 

Slope of Tangent = ~z~ 
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CONIC SECTION 


Slope of Normals — 
12 

Equation of tangent 

m -12 


1' + 1T, 

2_p + 1 1 


(x + 4) 


5 

I2x-48 


2 5 

or 10^ + 55 = -24x - 96 


24x + 10>> + 151=0 


(x + 4) 


Equation of normal 
5_ 

12 

5x + 20 

2 _ 12 
24^ + 132 = 10x+40 


in 

l v+ Tj= 

2>' + ll 


10x-24^-92 = 0 


dy 


fa 




fe 


Slope of tangent at P 2 - 

dx -1 


2 -(-4) 


— + 3 
2 


2+4 , 2 12 

■ _ ~ = 6x— = — 

5 5 5 


Slope of tangent = 


12 


-5 

Slope of Normal = — 

12 


Equation of Normal 


is =(,+!)= 


: 5 
12 


(x+4) 


(Sargodha 2008, 10, Lhr 2010) 


3. (i) .r 1 +/=81 or jr a + / -81 =:Q 
Put (5,6) in left member of equation 
(5) 2 + (6) 2 - 81 = 25 +36 -81 = —20 < 0 = ~Ve 
Inside circle 

(II) lx 1 + 2y 2 + I2x -8y + l-Q (Gujrawafa 2010J 

Put (5, 6) in left member of equation 
2(5) 2 + 2(6) 2 + 12(5)- 8(6) + 1 
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CONIC SECTION 


50 + 72 + 60-48 + 1 

\35 = +Ve 

Outside circle. 

4 . Find length of tangent from p(-5,4)to the circle 

5x 2 + 5/ -10x + 15^-131 = 0 
5.x 7 +5/-10x + 15>;-13I=0 
+ by 5 

1 II 

x 2 +y 2 - 2x+3y — ^- = 0 
Compare with 

x 1 +y 2 +2gx + 2J}‘+c = 0 

, , 3 -131 _ . 

g = -u / = -, x, = -5, y t =4 

Length of tangent 

= V* i 2 + y 2 \ + 2 S*i + 2 &'\ + c 

\ 

1 


(-5) 3 + (4) 1 + 2{- l)C-5) +2 ( | 

W 5 


-1 


25+16+10 + 12 


131 [m 

5 V 5 


5. 

Sol: 


Find length of the chord cut off from the line 2x + 3> , = 13 by the circle 


x 1 + y 2 = 26 
Given line is 

\PiPi = ? | 
2 x+ 3 y = I 3 

or 2x = 13- 3 ^ 

13-3^ 
or x = — 


Put in x 2 + y 3 = 26 

+y =26 


fl3-3^ 


169+9y-78y , 


+y - 26 


*x' by 4 


(Sargodha 2010) 
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i 69 + 9>'“ — 78,y + 4y 2 = 1 04 

ur 13>' : -78>' + 65 - 0 

- 13>'-65>< + 65 = 0 

n>i>' -0- 65^-1) = 0 

(>’- 0(l3y— 65) = 0 

, 65 

y - 1 or y- — 

13 

When y = 1 then x = — — = 5 


CONIC SECTION 


When y = — then x = 
13 


x - 





tN-I 


-’■fj)' 


are point of contact. 
Length of chords 


= J( 5+D J + 


13 ) 


a r- 52" 1 


=j(6r + 


13 


-FW-I 


6084 + 2704 


169 


8788 

169 


= V52 =2yfn 


ui f ' 




-+/; 


6. Find points of contact 

jr + 2> 1 - 6 — — >1 

x 1 +y 2 -2x~2y-39~Q — 

From I x + 2 y = 6 
x - 6 - 2 y 

II become 

(6 - 2yf + y 1 - 2(6 - 2y ) - 2y - 39 - 0 
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COMIC SECTION 


36 + 4y -24 y + y 1 -12 + 4y- 2y-29 = 0 

Sy* -22y-l5=Q 

5y 1 -25y+2y-\5 = Q 

5y(y-5) + 3(y-5) = 0 

(y-5)(5y + 3) = 0 

y - 5 = 0 or 5y + 3 = 0 

< ~ 3 
y = S or y = Y 

When y - 5 then x = 6 - 2(5) = -4 

-3 

When y = — then x - 6 - 2 


Points of contacts are />,(— 4,5) & p z 


7. Find equation of Tangent to circle x 2 + y 1 =2 


5 





(i) Parallel to line jc- 2^ + 1 = 0 
Sol; Given circle is 


x 3 +y 2 = 2 = (V2) 2 
r = a — V2 




m = (Because Parallel) 
Equation of tangent is 




jc f s/2 VS 
2 " 2 



2 
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2y=x±J\Q 
x~2y+ 'TlO = 0 

x-2y-M = 0 

(it) Perpendicular to line 3* + 2y = 6 

Slope of tine = — = — — 
b 2 

2 

Slope of tangent (_L ar to geven)= m - — 
r = a = J 2 as in (i) 


y = mx ± ayf\ + m 2 



*x 1 by 3 

3y~= 2x±^yf\3 
3 y = 2x ± y/26 
2x-3y+j26^0 
2x — 3y — V26 = 0 


CONIC SECTION 


8 . 0 ) 
Sol: 


Find equation of the tangent drawn from (0,5) to ,v l + y 1 = 16 

Equation of Circle is x*+y 2 = l6 

or x 2 +y 1 =(4) 1 , a = 4 
Equation of tangent is 

y — mx + + m 

at (0,5) & a = 4 

5 - m( 0) + 4*Jl+m 2 

5=Wl + m 3 => 25 = 16 (I + m 2 ) 

. 2 25 , 25 , 9 

16 16 16 

m _ + 3 

4 


(Sgd 2008, 10} 
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Put m -±—and a = 4 in I 
4 


V 16 


y=±—x44 


, 3 v, 25 

y 4 V 16 

.3 a .5 

y = ±—x+4\~ 

4 4" 


V by 4 
4y = ±3x + 20 

4y = 3x+ 20 or 4 y = -3x + 20 
3x-4jy + 20 = 0 or 3x+4_y-20 = 0 


CONIC SECTION 


(ii) (-1,2), x 1 + y 1 +4x + 2y = Q 

Compare with 

x 2 + y 1 + 2 gx + 2fy + c = 0 

g = 2, f = ], c = 0 

r = a = ^ 2 + / 2 -c-V( 2 ) 2 +(l) 2 - 0 

a = V5 Cenfre(-x,-f) = (-2,-1) 

Let m be slope of tangent drawn from point ( - 1. 2) to given circle then equation of 
tangent 1 s 
y-y, =m(x-x ( ) 

(>>-2) = m(x+l) 
or y- 2 = mx+m 

mx - y + m + 2 = 0 / 

Distance of line from 
Center {—2, -1) = r 

lm(— 2)— (- 1) + tn + 2| 1 — I— m + 3j /— 

=> . ? = j5 => - — = V 5 

pr+1 v wr + 1 

Squaring both sides 

m 7 - 6m + 9 _ ^ 
w 2 + 1 

nr -6m +9 = 5m 2 +5 
or 5m : 1 5 «r +• 6m -9-0 
4 nr + 6m-4~0 
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4m 2 + 8m - 2m - 4 = 0 

4m{m + 2) - 2(m + 2) = 0 

(m +2){4m— 2) - 0 

m + 2 — 0 or 4m — 2 — 0 

- 1 
m = —2 or m — — 

2 

Put m = -2 in I 


-2x-y~2 + 2 = 0 


2x 4- y = 0 


Put m — — /« / 

2 

1 1 „ n 
0 

VAy2 ,r — 2_y+l +4 = 0 
.v- 2_y + 5 = 0 


(iii) (-7,-2) to (.v + lj'+O'-l) 1 =26 = CV26) 2 

( x -/ t ) 2 + (>'-*) 2 = r 2 

Center (-1,2 ),r^ 

Bv comparing with 

Suppose equation of tangent is 

iy ~ y, )* Jf, ) a/ (-7, - 2 ) 

0+2)- m(x+7) 

JP + 2 = m.v + m7 =s> wx-_>/ + lm-2 - 0 
Distance of tangent from 
C(-l, 2) = r 

|m{-I)-2 + 7m-2| ^ 

=> ====== — i = V26 

V/M* +(-l) 2 

\m~ + 1 

By squaring both sides 
36 nr 48m + 16 

i — 26 

m~ +i 

or 36m" —48m + 16 = 26m’ + 26 
36m - 26m 2 - 48m + 1 6 - 26 = 0 


CONIC SECTION 
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!0m J -48m -10 = 0 

1 0/n 2 - 50m + 2m - 1 0 = 0 

I Om(m - 5) + 2 (m - 5) = 0 

(m - 5)(1 Om = 2) = 0 

, -2 
m-5 = 0 or m = — 

10 

m = 5 or m = — 

When m = 5 then I become 
5x-,y + 7m-2 = 0 
5x-.y + 7(5)-2 = 0 


5x-y + 33 = 0 


When m = — then / 

5 


become 


1 


• y + 7 


S) 

•x'by 5 

—x — 5y — 7 — 12 = 0 
— jr — 5y —17 = 0 


f-— 1-2=0 

l sJ 


x + 5^ + 17—0 


-+/ 


For point of contact 
Solve x+5>< + 17 =0 — 

{x + l) a + (,v - 2) 2 = 26- 

/ => x - -5y-\7 > HI 


+ // 


Put /// in f! 

(— 5j/— 17 +1) 2 +Cy-2) a = 26 

(~5y-16) a + (>'-2) a =26 

25^ a + 160 < y + 256 + >'* - 4^ + 4 -26 = 0 

26y 2 + 156y+ 234 = 0 

Divide by 26 

^+6^ + 9 = 0 => (>> + 3) 2 =0 
=> > = - 3 

Put in /// => x~ — 5(— 3) — 17 = 15— 17 = — 2 


CONIC SECTION 
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puins or contact 

Case 11 \ 

Solve 5x-y + 33 = 0 IV 


So (-2,-3) is point of contact 



Case II 



From IV y = 5x+33 ' 

Put V in U, 

(jf + I) 2 + (5x+33-2) 2 =26 
x 2 + 2x + I + (5x+31) 2 -26 = 0 
x" + 2^ + 1 +25^+31 Ox + 961 -26 = 0 
26x 2 +312x + 936 = 0 

+ by 26 

x ‘ + I2x + 36 = 0 => (x + 6) 2 = 0 =5 x = 6 
V become jy = 5(-6) + 33 => y = 3 
(-6, 3) is point of contact. 

Find an equation of the chord of contact of the tangent drawn from (4,5) to 

2x 2 + 2/-8x + 12j- + 21 = 0 

+ by 2 

*y | 

x 3 + v 2 - 4x + 6 v +— = 0 
2 

Compare with 

x 3 +>'*’ + 2gx + 2 Jy + c = Q 



Required equation is 

xx i 4 »'i + #(-V + x, ) + /(>- + y, ) + c = 0 

4x + 5^-2(x+4) + 3(> + 5) + — = 0 

2 


or 4x + I6>'+35 = 0 
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CONIC SECTION 





Prove that normal lines of a circle pass through the centre of th fi-C ifcl e? 

l.et + y 2 - r 7 is equation of circle with centre (0,0) 

For Slope 

Take derivative w.r.t 


2x+2y— = 0 
ax 


'.iv 

i '4^- 

,dy _ dy x ^ ^ 

or x + y~~ = 0 =»— = — 

dx dx -y 

, dy t , x, — 

Slope of tangent =/« = —(X, ,>»,) = 

dx ‘ J>, 

Slope of Normal = — 


Equation of normal through (.v, , ^ ) 


is 0'-,v,) = : ^-(*-*j) 
x, 

or x x y-xj x = xy { -x x y\ 
x. v = xy, 

Put center (0,0) 
x, (0) = 0(y, ) =*0 = 0 
Hence Normal lines pass through center. 



Prove that straight line drawn from the center of a circle perpendicul ar to a 
tangent pass through the point of tangency. 


Let ,v'+y=r*is 

equation of circle with centre 

2x + 2y— = 0 

dx 

dv „ dy -x 
or x+y- f--Q => — = — 
dx dx y 

dy 

Slope of tangent = m = -Mx 1T y t ) = 

dx 

1 y 

Slope o f perpendicular line = — = — L 


-X, 

y i 



m x, 

Equation of perpendicular line is through (0,0) is 
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(.K“0) — — (.V -0) 


CONIC SECTION 


jr, 

Put .(*,>,) 

*1/1 = x , y t 

Hence perpendicular line pass through point of tangency ( x t , y ) 

Prove that Mid point of the hypotenuse of a right triangle is the circum center of 
the triangle. 

Let .r z +y=r 2 i 

fs equation of circle with center (0, 0) and 
P(a,b) is any point of circle. 

P(a,h) lies on I 
So a 2 +b 2 = r 3 

W = V(^-0) 2 +(0- 0 ) 1 = r 

\OB\ = ^/(r - 0)’ + (0— 0) z = r 
\OP\ = ^a-0) Z +(b-0) 2 = 

- " Jr 2 - r (Use II) 

\OA\ - \OB\ = \OP\ and O is circumcentre. 

Prove that the perpendicular dropped from a point of circle on a diameter is a 
mean proportional between the segment into which it divides the diameter. 

Let equation or circle is 



fl(r.O) 


Let x 2 +y 2 ^r 2 


P(a,h ) lies on it 
So a 2 +b 2 =r 2 
Or h 2 =r 2 -a 2 


Now \PQ\ = yj(a - a) 2 + (b - 0) 2 = b 2 
\-AQ\ ~ + = r + a 

\BQ\^\OB\-\QQ\ = r -a 

\AQ\\BQ\ = (r + a)(r-a) 


A-r. 0 ) 


= r 2 -a 1 


\AQ\.\BQ\ = b 2 ( Use I ) 

=\ p Q r 
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\AQ\\BQ\=\PQ\\PQ\ 

= Hence proved. 


398 


COMIC SECTION 


Example 2 of (6.4) (Sargodha 2007) 

Find an equation of the parabola whose focus is F(-3,4) and directrix is 


3* - 4 v + 5 = 0 

Let P (*,+) be any point then by definition. 
\PF\ = \PM\or \PF\ 2 ^\PM\ 2 


(* + 3) 2 +(+-4)> = 


|3*-4+ + 5| 

il<ff +(-»)’ 


x , +6x + 9 + s>'-*y+ 16= (3 * ^' + 5) ~ 


25 jr 2 +150*+ 225 + 25 y 1 - 200+ + 400 = 9** + 16+* +25 - 24xy + 30*-40+ 
or 25* 1 + 1 50* + 225 + 25/ - 220+ + 400 - 9*’ -16/ -25+ 24*+ -30* + 40+ = 0 
or ! 6* J + 24*+ + 9+ ! +120* - 160+ + 600 = 0 
is required equation. 


* 
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W Find the focus, vertex 

_ o „ lAi n\ 


(H) 


(HI) 


(iv> 


M 


>■’ = 8.v (Sgd 2010) 
Compare with 
y 1 =4ar 

=>4o = 8 u = 2 

Focus: F(a.0) = /r(2,0) 
Vertex; K(0,0) = m.O) 
DTX; .c = -a x = 2 
x* = -lfiy 
Compare with 
x 1 = 

=>4a = 16=>£i = 4 
Focus: F( 0 t -a) = F(Q, -4) 
Vertex; K(0,0) = r(0,0) 
DTX; y = a => y = 4 


Exercise 6.4 


mu urr&Linx or rne parabola* 


** - 


Sy 


Compare with 

x' = ^4ay 

=> 4 a -5 w 

4 


Focus: F(O t aJ=^o.|j 

Vertex; K{t).0) = K(0.0) 

DTX; y = — a => y=-^ 

4 

y=-i2.v 

Compare with 

y 1 = ^4ior 
=>4u = J2 => <7=3 

Focus: f(-«,0) = ^(-3,0) 
Vertex; K(0,0)=K(0,0) 
DTX; .r = a => y = 3 

x * = M.y ~ i) 

Put x = X&y-l = Y 

X* = 4 Y 

Compare with 
X 2 = 4 aY 
4 a = 4 ^ a - 1 


(vl) 


MD 


Focus: f(0, a) = F(0,l) 

So [m2) 


Vertex: K(0,0) 
So 


no, i) 


x=o, r=\ 

=>x = 0, y-1 =0 
=> * = 0, y = 2 
x=o, r=i 

—■ r = 0. y— I =0 
y=l 


DTX; y - - (t 3$ y = -I 
=>y-l = -l 


y = 0 


y’ = -8(.v— 3) (Sgd 2011) 

Put y=Y& x - 3 =X 

Y*=&X 

Compare with 

Y x = -iX =^4<7 = 8=dj7 = 2 

Focus: 

F(-a, G) = F(-2.0) => X = -2, X = 0 
x-3=-2, y = 0 


* = i. y = 0 So |p(l,Q) 

Vertex: K(0, 0) ^A =0, >' = 0 
So y-3 = 0, y = 0 


x~3, y - 0 F(3 t 0) 


DTX; .V = a =>*-3 = 0 z? |x - 5| 

(jc-1) 1 =80 +2) (Sgd 2009,10) 

Put x-l^X &. y* 2 ~Y 

Then X* = gy 1 

Compare with 

X* =4aY ^ 4a = 8 =s a -2 

Focus; 

X=0, X = 2 
■r-1-0, y + 2 = 2 


4c = I, y = 0 F(],o) 


Vertex; r{0,0) => A =0, X = 0 
y - 1 = 0, y+2 = 0 


m 2) y = t, y = 2 


DTX; Y — —a => y + 2 = — 2 
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(Sgd 2010) 


(viii) 


(ix) 


y=- 4 


y = 6x* - 1 
of v + 1 = 6 x* 

o 

Put x = X &y+\ = Y 
6 

Compare with 


1 


X*=4aY =? 4u => 0 = — 
6 24 


Focus; /r (0ja ) 




A' “ 0, J 7 — — 




-23 

24 


F 

W 


24 J 


F(0,0) => A' = 0, Y = 0 


K(0,-1) -t = 0, ,v+l =0 
y + 1 = ■ 


>- = -1 

DTX; K = -a 


24 


CONIC SECTION 


y' 2 =4aX => 4u = l => a = — 

4 




F(a, 0) 


A' = 7, K=0 

x+9 = -, y-l = 0 
4 

t _ -35 

X ---9 =^x = — >• = ) 
4 4 




= F(-SJ, I) 


K(o,o) => at = 0 , y=o 

jt + 9 = 0, v — 1 = 0 


V{-9,\) x— -9, >■ = 1 


DTX; X = -a =t> X = 

4 

-I -9-1 

or x + 9 = — => x= — - — 
4 4 


E’- 

en 

1 

II 

H 

— > 

.V = -9.2 

4 




(x) AT* -4.v-8_y + 4 = 0 

x ! -4x+4 = 8y 
(jc- 2 ^ = 8 >- 
Put x-2 = X & y = Y 
X 1 =8^ 


-25 

Compare with 


y 24 

A- 3 =40r=>4fl = 8=> 

a-2 

^ — 


y-l4 

24 

.t + S-/+2* = 0 {Sgd Z009fc 

jc + 8 = y*- 2 j> 

Add T both sides 

x + 8+ l = y~2>'+l 
a+9 = (>'-I) ! 

Or O-D^tx+S) 

Put y-\ = Y &. x+9 = X 

Y* = X 

Compare with 


F(O, 0 ) = F(O, 2 ) 

A" = 0, Y = 2 

x -2-0, y = 2 =>x = 2,y = 2 lF(2,2)l 
^■( 0 , 0 ) =>^= 0 , >' = 0 
X-2 = 0 or y=0 
x = 0 or y = 0 


^( 2 , 0 ) 


DTX; Y — -a => >' - -2 
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2 . 


CONIC SECTION 


(ii) 


OH) 


(i) DTX\ x~ 3 j:-3 = 0 (Gujrawala 2010) 

Suppose P(x,y) any point on parabola, then by definition 

|ttf 




a 

IM 1 


jvf+m 2 


^ +6x+9 + / _ 2 ^-6x f 9 

> 1 
6jc+y ~2>'+l = -6.r 

or 6jt + + 1 + fijr = 0 

or y-2,y + l2jr+ [ =0 

is required equation of parabola 

9> 

A (2,S), DTX Is y = 1 (Sgd 2008, 11) 
Take point or y -l = 0 

Then by definition 

M mf 

(" Vc» - 2) J +b-5) 5 T - . -J~lL 
J [v(or+0) T 

(x-2) 1 

x‘ 4.r+4 + -^*- J — MJy+25 = -f£-—2y + 1 
x i -4jr+4-IO.v+25 +. 2y- 1 =0 
jr l ~4*+4-8>4 28 = 0 
is required equation of parabofa. 
F{-3,1), DTX\ Af;j:-2>'-3= 0 
Take point p( x ,y) 

Then by definition 



X 1 +6x+9+y l -2y+{ = 


V-( 


( ' 


I _ r +4/ + 9 - 4xy - 6.v ■» i 2y 

5 

5(x 2 +y i + 6.r-2> + 10) = *’ +4/ - 4x) -6x+ \2y+9 
5^+5 y f 30x-10_y+50-j[ :! -4 j>' ! + 4*>> + 6a--I2>'-9 = 0 
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CONIC SECTION 


(v) 


(vi) 


4x’ +y+36x-22v+4^ + 41 = 0 
is required equation of parabola. 
F(l,2y,VQ,2) V(h,x ) 

«-w 

u-VW-l)' t(2-2) ! 
a=-j4 + 0-0 
Equation of parabola 
(_y-A)* =-4 a(x—h) A = 3 

(.V - 2} J = -4(2XJ( - 3) * = 2 

ty-2) 1 = — S(jr— 3) a = 2 

F(-I,0), K(-l,2) A = -I, * = 2 

« = |Kfj 

u = ^(-l(l) 1 +(2-0) 7 
a ^,/0 + 4=2 
Equation of parabola 
l* -A) 1 = -4^-*') 

U + l) ! =-t(2Xy-2) 

(jr + l)* --80'-2) 

F(2,2), * = -2=» X>2=0 

Take 


(■ T_ 2) 1 (>'— 2) J =|.v+2|* 

-*- 1 -4j: + 4+>' 1 -4>'+4=-* j +4jc + 4' 
— 4jr + 4 + >< ! - 4y-4x = 0 
y-4.y-il* + 4=Q 
y* -4> , +4 = 8jr 

O'-*? -fa 

is Equation of parabola 
DTX,y = S, y(2, 2) A = 2, 4=2 

Equation of parabola is 
(x-hf=-4a(y-k) 

=-4a(>'-2) 

Put x-2-J(, y-2*y 
X s = ~4aY 


K-W 
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403 


(vili) 


(ix) 


DTX\ Y — a 
y-2 = a pul y~3 
3-2 -a => | g _ |] 

3 - 2 = u => |~g = l| 

I become 

(Jr -2) J = -4(IX.v-2) = -4(>'-2) 

DTX\ = 1 


Length of latusrectum = 4a = 8 
and open downward 


a~2 


Equation of down word is 


~-4a(y-k) 

(t - A) 1 = ~4(2Xy -k) 

( x -h?=~Z(y~k) 

Put x-h = X &y-k = Y 
X 1 = -8 v 
D7X; Y^a 
y~k-2 


put y = I tjjif/7 


\-k= 2 


k=-l 


f become 
(Jt-A) 1 =-8(>»+!) 

Axis j/ = othrough (2,1) and (11,-2) 
Let equation of required parabola be 

(y-k) 1 =4a{x-h) I 


Axis y = 0 so vertex of parabola 
Lies on x-axis 


A = 0 


So - 4a(x - k) U 


Pot (2,t) m ll 
l 1 = 4ti(2-A) 
ur ! —ia-4ah III 
Put (1 1,-2) in II 
(-2) 3 = 4a(l 1-A) 

4 = 4tr(I l-A) 


\=uU~ah rv 

'X ' !V *4 and subtract from HI 


4 = 44 ti - 4sA 
.1 ~ iaj-Aah 


3 - 36ii 

1 1 
a - — 


12 1 


CONIC SECTION 
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M 


///become ] = g 


11H$ 


, 2 i , -I , , 2 

1 = — -h =>— h = \— - 
3 3 3 3 


I 


I 


— h=~ => * = - 1 
3 3 

1 


12 


// become a - 


■■■■&) 


(x + l) 




Axis parallel to y-axisthe points ( 0 , 3 ),( 3 , 4 ),( 4 ,ll)lle£ on graph. 
Equation of parabola is 

(x-h) 1 = Aa{y-k) l 

Put (0,3) => *= 0 , y = 2 in I 

h l = 4a(3-A) 

hr = \2a-Aak II 

Put (3,4) =9 x = 3, >'=4/n / 

(3 -/))' =4o(4-A) 

9 6hih* = \6a~4ak III 
Put (4,11) =s> x=4, y-\ \ in I 
(A-h)* -Aa{)\-k) 

16-ih+h 3 ~44a-4ak IV 
IV -III 

16-8A + -/r : = AAa-Aak- 
= 9j6h±jf_=_J6a^dt_ 

7-2 ft, -28a V 

III -II 

9-6 A+-fr* = \6a-4ak- 
_-h‘ = JlaT+ak- 
9-6 h, =4a VI 

V*3 

21-6A = 84a VII 1 

r/;-w 

21-4^=843 

_9j6Ji = _4a 

12 = 80a a — — 

80 
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CONIC SECTION 


1. 

(i) 


or 


a = 


20 


Put value of a =~inV! 

20 


E>-6A = 4(— j 
1 20 ) 


9-6A=- ^6A=9-- 
5 5 


6h— — 
5 


5 


Put value in U 
h' =tl2a-4oc 

iHiM# 

49 18 49 450-490 

25 ~ 10 25 " 250 

3,. 40 

5 ” 250 

_ 3 , -40 ,-4 5 

->-A= =>A=- — -x— 

5 250 253 3 


k = 


15 


put value in I 


HH3K) 

K-IHNI 





Find an equation of parabola having focus at origin and directrix parallel to 

(i) x-axIs (it) y-axls 

For parallel to x-axis (DTX) 

Case -1 

DTX ; y — a and F( 0 , 0 ) 


Or M:y-a=Q r P(x,y ) any point. 


x z +-y* =-y* - lay + u* 


T. 

— i 

If 

i 

.Vw 1 +<d j 
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CONIC SECTION 


x‘ +2ay-a 1 - 0 


00 


Z. 

ic 


Case- 1 1 

y = -a (also 11 to x-axis) 
Af,y+a = 0, F{0,0),P(x,y) 
J/vf ~\PM\ l 

-* 1 +y* =* 2 +2ax+a i 
y z -2ax—a 2 =0 


For DTX parallel to y-axis 

Case-1 

M\ x = -a, F(0,0), P(x,.y)any point 


|’V(*-Q) , +O'-0) J 

I 

k+“l 1 

i 

j4\ 2 +o J . 

x s +y = x J ( 2at H-a 1 => 

y 2 - lax -a 2 — 0 


Case-11 

A/;x=a, F(Q t 0), P{x,y) 

|«f 

['/(Jf-Oj i + 0’-0) : j = 


|x + a| 1 

2 

Vi*+o*J 


y 2 i 2 ax 

-a 2 =0 


Show that an equation of parabola with F(aCosa, aAVna), Driectrix 

xCosa + ySina + a - 0 is (xSina - yCosa )*’ = Aa(xCosa + ySina) 

F( aCosa , aStna)M ; xCosa + ySina + a = 0 
Suppose P(x,y) is any point on parabola then 
|«f =|pa/| 1 

\xCosu + ySina + a\ 1 

, 'JCos : a + Sin 2 a 
x ! + a'Cos'a - laxCosa + y 1 + a 1 Sin 1 a - laySina = x 2 Cos 2 a + y 2 Sin 2 a 
+a 3 + IxyCosaSina + laxCosa + laySina 

x 3 + y‘ + a~(Cas 2 a + Sin' a) - laxCosa - laySina -x 2 Cos 2 a — y i Sin i a 
-a 1 = 2xyCosaSina +2axCasa +2qySina 

x s - x 1 Cos 1 a +y l -y 3 Sin 2 a+-# 2 --a 2 = laxCosa + 2axCosa + 2 aySina 


V(- v - aCosa) 2 + ( y - aSinaf j = 
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CONIC SECTION 


6 . 


+2qySirta + IxyCosaSina 

.i 1 (1 - Cos 1 a) i y 3 (l Sin 1 a) = 4 axCosa + 4 qySina i 2xyCosaSina 
x 1 Sin 1 a +y i Cus 1 — 2xyCosaSina = 4a(xCctiu + ySinu) 

(xSina -yCosaf -- 4o(xCasa +ySina) 

Show that the ordinate at any point P of the parabola is a mean proportional 
between length of latusrectum and abscission of P. 

We know that ' 

y 1 = 4 ax\ y ~ ±%/ 4 av 


(ordinate of P) Length of liituiniauin )>;( abscission of P) 

A Comet has parabolic orbit with earth at focus when comet is 150,000Km from earth line 
joining comet and earth make an angle of 30 " How dose will the comet to earth. 

Let E (earth) Is at origin. __ r i , ■> 

Then 

r-^-r = CatSO? 

N 

,r=|/ 5 £j = C'as30" 
x = ^(130,000) 

x = 129900 But x - -2 a => 1 29900 = -2a =* a - -64950 
or a = 649 50 Km ( omit re) 

Find an equation of parabola formed by the cables of a suspension bridge whose 
span am and vertical height of tower bm. 

Let equation of 
Parabola is x 1 -4a'y I 

p| j lies on parabola so 


(?J 


-4 ab => — = 4 db 
4 


/a 1 I , a 1 

a — — x— - a = - — 

4 4b 1 6b 

Put // in I 


II 


(V 1 


3 a 1 4 b 

ll 6 i, 


x = y 


is required equation. 


A parabola arch has 100m base and height 25m. Find height at 30m from centre. 
Equation of parabola is 

x~ ~ -4 ay / 

at ^(50.25) =>jc = 50. >- = 25 
(50) 3 = -4425) => 2500 - 1 00« 
a = -25 
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CONIC SECTION 


For x = 30, a = —25, y = ? 
/ become 
(30) J =-4(-25), 


900= I00y => y = 9m 


7, Show that tangent at any point P of a parabola makes ;qua) angles which the line 
PF and line through P and parallel to x-axis. 

Let equation of parabola is 
DTX y* m 4ax 

=0 (Because line is parabola to x-axis) 

For m , 2y~ = 4 a (Take derivative of I) 

’ dx 


dy 4 a 2a dy . 2 a 

-T=— = — ^=,^Wi s “ 

dx 2y dx y ' dx y, 

2 a . 


l+m 2 w ( j + | 2o V 

Ui 

TanO, = ~^>0,=Tan' — 
y Vi 


Tan0,= 


m 3 - m j 

I + m 3 nu 


TartO^ 


f- 

M L 


u 


,y\; 

1 + 

] 

'2a' 



^yu 

y, 1 

1 

NJ 

J 

+ 

2 a 1 



i -<v. + 

2a y 


Put y* = 4ax, (Because P is on parabola) 
4gtj -2 ax, +2a 1 _ 

TanO, 


Tan0 2 ~ 


y^- ay, + 2ay 
2a^f+-a^ 


y l i*r+*& 

0-, = Tan 1 
Compare // & /// , 


' 2u'| 

U J 


0 { = 0 2 


x, —a 
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Exercise 6.5 


1. {0 Foci (±3.0) 

Length of Minor Axis * 10 
Here c =3 and 2b = 10 =>b = 5 


UO 


OH) 


Now c* -a* -b 1 


r=« J -25 too 1 =34 




Thus requied equation of the 

Ellipse is f!. + Z_-i 
34 25 

From (1) 

a ' =34 =^<j = ±t/34 
b 2 = 25 ^<i=±5 

. Vertices of the ellipe on the x-axis are (±734,0) and co-vertices are (0,±5)and 
graph of the ellipse. 

Fod (0,-1), & (0.5) 

Length of Major Axis - 6 
Here centre of the ellipse 

(0,-3) anc * c is the distance from the centre to each focus. So 


f0+0 -1-5 } 

-( 2 ’ 2 J 

c = t /( 0 ( 0) 3 + (-3 + 1) 3 - - JoTa - 2 


c - 2 


Also given that 2a = 6 

=> a~3 

Now using c z ~a l 
^>4=9-b 2 d 3 =9 -4 b l =5 

From the foci we see that major axis is along the y-axis. 

Thus required equation of the ellipse is 

(■K+3)’ , ** , 

9 5 

From (1) « 1 =9^>a = ±3 
b 2 =5 =>£ = ±75 
..vertices are (0,±3) 

i.e., (0,0), (0,-6)and convert ices are (75,-3), (7^5,3) and the graph is. 
Foci (±375.0) Vertices (±6,0) S 


Here and la = 6 


Now using c 2 ^a 2 ~b 2 
=> 27 = 36-£ J =>\b 2 =9] 


Then required equation of the ellipse is 


V* 
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(iv) 




X 3 V 1 * 

— =^-=l (I) 

36 9 

Here a 2 = 36 =*o = ±6 
.-.Vertices (6,0), (-6,0) 
and 6 s =9 =>6 = ±3 
So co-vertices are (o,3>, (0,-3) 
and the graph of (1) is 
Vertices (-1,1), (5,1) 

Foci (4,1), (0.1) 

Here Mid point of the Foci 
= Centre of the ellipse 

Distance between the vertices 
= 2a = = ■ V36 = 6 

=» 2a = 6 


« = 3| 


Distance between the Foci =2c 
+(1 -l) 1 = n/T 6 = 4 
“ > 2t = 4 => |c-2| 

Now using c ! = a 3 6 3 =>6 : 


a -c 


>6 J =9-4 = 5 1^=5 


Thus required equation of the ellipse 

(j-2) 1 t (y-1) 

9 5 


^ = 1 


Axis is 11 to the x-axis 
Graph is 

Foci (±Vs, 0) and through ^ 

Here Foci a re (Vs, 0) & H/5,0) 
Centre Is -f V5 - V5 0 + 0 

“l 2 ' 2 

and c = VJ 

Now using c 1 = « 3 -6 ! => 5 = o J -6 J 

w 


-j=(0,0) 


6W-5 


From the foci we see that Major Axis of the Ellipse is along the x-axis so the required 
equation is of the form. 


£UZ = | 

2 rl 1 

a b 
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jr 1 y 1 


a* a 1 -5 

If thus ellipse passes through jfj 

Then . 3 . i 

4tf* V-5 
=> 5Hu J -55 + 12^ 

9u a -45 + 12o 3 =4^-20fl’ 

21a 3 -45-t-4ti' +20ff a — 0 
-4ci* +4 1« : —45 = 0 
=> 4«*-41fl a +45-0 
Which is quadratic is a 1 
_ 41 ± y'l68 1 — 720 41*31 


5 


8 


8 


o 1 = 


41 + 31 41-31 72 10 


8 

5 


8 


8 ’ 8 

For a* = 9 

From (/) ^=9-5 ^[^ =4 ( 
For „* = i 


(VI) 


From (/) 6-=I_5^Ar_?£ = ^ <0 
4 4 4 

15 

i.tr. b 1 - — - < 0 Neglecting 
4 

(which is not possible) 

. .Required equation is 

ff- 

^>a = ±3 
b* —4 =>b — ± 2 

& graph is 

Vertices (0,15), 


3 

e - — 
5 


Here 


— 5 e - — , centre ( 0, 0) 


Now vv = ac 


=3 


c = 3 

Again using t 1 = a ' - b 2 


(Sargodha 2009) 


Jk 


t ** 
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(Vii) 


_>9 = 25-A J =s b 1 = 25-9 =? lf> J = *>] 

From the vertices (0,5), (0,-5) we see that axis of the ellipse is along v-axis. 
.•.Required equation of the ellipse is 


9 25 




ID 


» 


From (1) a 1 =25 =>a = ±5 
vertices are (0,5), (0,-5) 
and 6 1 =9 =»h=±3 
,‘.co- vert ices (3,0), (-3,0) 

Thus graph of the ellipse (1) is 
Centre (0,0) Focus (0,-3) Vertex (0,4) 

Here e=3, (7 = 4 


Now using c 1 = a l b 2 

=> b 1 -rr -c' => b‘ = 16 6 = 7 


fr -7 

Thus required equation of the ellipse 


16 7 


( 1 ) 


7 a* =16 =■ a- ±4 


.-.Vertices (0,4), (0,-4) 
and b l = 7 =>b*±J 7 
.-. Co-vertices (77,0), (-77,0) 
Centre (0.0). Foci (0,±3), 

So graph is 
(viil) Centre (2,2) 

2u = 8 a ~4 (Hoy-axis 
and 2A = 6=?/> = 3 (Ho x-axis 
Required equation is 
(y-2)» , (x-2) 1 , t 
16 9 

Vertices are (2,2+4) 
i.e. (2,6), (2,-2) 

Co-vertices are (2±3,2) 

U. (5, 2), (-1,2), centre (2,2) 

Thus graph of (1) is 


4 


* 
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(xi) C(0,0), (2,3), (6,1) 

Let equation of the ellipse is 

v 2 

rk-' m 

The ellipse passes through 
(2,3) and (6,1) 

A 9 

■■4^=1 a) 

d, d 2 

-frlr' - 

By multiplying equation (2( toy 9 and then subtracting (3) from it, 

4^ = 9 

d; d\ 

46- I 

^=8 => 8</j = 80 

4 


10 


Putting d\ =10 in (2) we gel' 


4 9 

— ~ + ” 1 

rf , 1 10 


4 


=i 


9_ 

10 


4 

4 


10 


4* =40 


Thus required equation of the ellipse is 

jC 3 y 2 

40 10 

Here C(0,0) 

a 1 =40 => a = 2i/t0 
Vertices (±2710,0) 
and fc 3 = 10 — > b — ±-J\0 
■ co-vertices (0,±Vl0) 

Points on the ellipse are (2,3) &. (6,1) 
Thus graph is 


(x) Centre C(0,0), (3,1), (4,0) 

Let equation of the ellipse is 

0) 


*V : -I 
V" 1 
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CONIC SECTION 


As the points (3,1) and (4,0) 
Lie on (1) 


. 9 ^ 1 , 

— + 7T = I 
a b 


(2) 


and -4 + 0- 1 = l 


a* = 16 


Putting d J = 16 in (2) we get 
16 b l ^ b 3 16 16 


lb 2 -16 




Required equation of the ellipse is 

44-, 

16 16 


jc 1 7 y* 

=> — +~i~ = i 
16 16 

v a' ~ 16 => a = ±4 
So vertices (±4,0) 

i -n 


Co-vertices 


H) 




(1) 


Graph is 
(i) .t’+4/ = 16 

=> 

16 ^6h ^ 

16 4 
Here a 1 =16 a = 4 
6 s =4 => 6 = 2 
and =u J -6 J = 16-4 
Now Center is (0,0) 
Foci are (±2^,0) 


(Sargodha 2010, 11) 


■c 1 =12 =>c = 2V 3 


Eccentricity: e =-~—=— 
a 4 2 

Vertices: (±4,0) 

Directrices: * = +-£.=+££■ 

v V 




Ar 


, A 

M 


£ 




- Lit ^ 


rJ l 
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COLLEGE MATHEMATICS-ii 
4 


>* = ±- =± 
e 


~>x = ± 


8 


2 


00 


( 1 ) 


=3/2 


s 

9x 1 +y I = IS 

18 18 IS 

— +— =i 
2 IS 

Here a ! -18 => a 
b*=2 =z> 6=7 2 
and £r J = ( j 2 -6 3 =i8-2 = 16 

_ A c 4 
c — 4,e—~~ — ~ 

a 372 

Now centre: (0,0) 

Foci: (0, ±f) = (0,±4) 

Eccentricity: 

a 3-J2 
372 

Vertices: (0,±a)=(0,±372) 
Directrices: 

^ V 7* 

=> y «±— « ± ^ j-i® 

e 4 4 

3^ 

9 

y - ±— 


3 - (Hi) 25 x 3 + 9 y = 225 


25x 3 9/ 

-> + =-- 

_ 225 

225 225 

~ 225 

fl + Z_l 

tl) 

9 + 25 







CONIC SECTION 




' • 














(Sargodha 2008, 11 Gujrawala 2010) 


Here a -=25 =^« = 5 

6 3 =9 => 6 = 3 

Using c 1 ~a 2 -A 1 

=>/ =25-9 = 16 => c = 4 

Now centre of the ellipse (1) Is (0,0) 

Foci : (0, ±4) 
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Ov) 


Eccentricity: c =-_- 
« 5 

Vertices: ( 0 ,±n) = ( 0 ,± 5 ) 

Directices: y =±^=£^- 
e e 

. o .5 ; 25 

=> v = ±- = ±i- =± T 
e 4 4 


'4 

5 


,25 

^>y=±— 

4 

(2.V-1) 1 (y+2? _ 1 (lj 

4 16 

=> — + ^1 = 1 (1) X - 2 x-\ Y=y + 2 

4' 16 

a 3 => a- 4, 6*— 4 => 6-2 
and f 1 = a 3 -b 1 -16-4 = 12 => c— 2 -Jl 
For centre A’ = 0, 

=? 2x- 1 = 0 =5 y 1 2 = 0 


I 

* 2 
Centre 


.= 2 


15 (H 


For Foci: A =0 Y =+c 
=s- 2 jc — 1—0 y+2 = ±2>/3 

y~- 2±2^3 

.■.Foci: 


(1-2 * 2>/3 j 


Eccentricity B= — =2^ 
a 4 


=^> 


V3 


lv) 


, c at? j 

Directrices y =±— = ±-, =±- 

e 


y f 2 = i — f ^ = 


e 1 e 

V8 


4 
2 

.i: 1 + 16.v + 4y ! - 16y + 76 = 0 
=> x‘ - 1 6.< i- 64+4(_y‘ — 4y) + 76 = 64 
=s (jr+8) 3 +4(y ! -4„v + 4-4) = 64-7G 
U i 8) J + 4(,v - 2) 2 — 1 G = - 12 


(Sargodha 2010) 


www.iqbalkalmati.blogspot.comL/— */■ 


CONIC SECTION 



www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS— II 


417 


(x + 8) : +40'-2) i =-12+16 
(x + B) s 4(_y— 2) 3 = 4 
(x+8) 3 4(j»— 2) 3 4 

^ 4 + 4 ~ 4 

(x^S) 1 t 4(y-2) 3 
4 4 

Which is of the form 



Whereof = x + 8, }' = >■ 2 
d 1 = 4 => a = 2 
6 3 =t => 

Now using c 1 = d : -6 3 


=4-1=3 

c—i/3 

For centre ^=0, 7 = 0 
x+8=Q, 2 = 0 

x = -8, y= 2 

.-.Required centre of the ellipse is (-8,2) 
For Foci: 


X = ±c, 7 = 0 
> x + 8 = +i/3, _v-2 = 0 
x = - 8 ± i/3, _y— 2 = 0 
/.Foci (~8±V3,2) 

For Eccentricity e= £. = 2^. 

a 2 

For Vertices 

.7=±a, 7 = 0 

=> x + 8 = ±2, y-2=0 

x = -S±2 = -6. (-10,2) |y = z| 
.-.Vertices are (-6,2), (-10,2) 
Directrices y . c \/3 

Xt *7 *T 
4 


x + 8 = ± 


4^ 


=7 X = -8± 





CONIC SECTION 
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418 


M 


25a j + 4/- 250a - 1 6 y + 514 = 0 
25a : — 250a + 4 y 1 - 1 6 y ■=■ —54 1 


25( a 2 - 1 Oa) + 4{.y 2 - 4_y) — -54 1 
25( X * - 1 Oa + 25 - 25) + 4(/ 4 y -4-4 - 4 = -54 1 
25[(a-5)*-25]+[(.v-2) j -4] = -54I 
25( a - 5} 1 - 625 + 40- 2) 2 - 16 = -54 1 
25(r-5) J +40-2) J =-541 + 625+16 
25 (a-5) j I 40—2) 1 =100 


25(a-5) ? ( 4Q'-2) 2 _100 
100 100 “ 100 


U-5)\ 0-2f 


= » ( 1 ) 


4 25 

Which is of the form: 

X 1 Y 2 . 

4 25 K/ 

Where X = x-S, Y = y- 2 

<i* = 25 => « = 5 

b 1 = 4 =>A = 2 

Now using c 1 = a 2 b 2 

=>c 3 -25-4 = 21 =>c = V 21 

Now for centre 

.Y = Q and Y = 0 


=> x-5 =0 >>-2=0 
a — 5 y = 2 

Centre of the Ellipse (5, 2) 
For Foci; 

X=0 and K=*c 

=>*-5 = 0 j'-2 = ±V2l 
.r = 5 y~2± V2i 

.‘.Foci: (5. 2±-j2] 

Eccentricity e -£ _ 

a 5 

For Vertices 
X = 0 and Y ~±a 
->.r-5 = 0 >— 2 = ±5 

a = 5 y = 245 = 7, -3 
.Vertices are 
(5, -3. (5,7) 


CONIC SECTION 
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Directrices: v = i — 
e 1 

yfT] 25Jl\ 


25 


21 


Wi 

0<c<a, F(—c, 0), F'(c, 0), /'(.v, >■) 

Given that \PF\+\pf\^2u 

=> yj(x + t) 1 + (y-0) 3 » -fix-c} 1 +(j'-0)' =2a 
jix+cf + y 1 =2a-J(x cf +r’ (I) 

Squaring both sides of (1) 

(.v+ C) 5 + /-4C7 2 -4u^~- c y ^y^+ix-C) 1 +/ 

x : + 2c* +c 3 + / - 4ci 3 -Aa^ix-cy+y 2 + ,t : +<- 3 -2<* + >> 3 


4cr-4a‘ =-4ci^* 3 -2cr + c : + 

4{t* — ) = -Aa^Jx 1 +y 2 +c 2 - 2cx 

=> o‘ - cv = ci-/* 2 + y + c J -2cv 
Again squaring both sides of (2) we set. 
£,J + cV - 2u 3 c* - aV + a V + a 2 c l - 2<j 2 ta 

=■ cV - ti V - o V = B v. - a* 

(a 2 c 2 )x J + < 7 1 >' 2 sa J (a ! -c 3 ) 

Dividing both sides by fl : {a I - t - 2 ) 

W-t?)? x cV aV-e*) 
**(«*- c 1 ) ^(a'-r 2 } 


* 3 yy 

+ - - 

a 3 « 2 -c 3 


= 1 


ie, ~~7 r — 1 Where a 1 -c* =6* 

a b‘ 

Which is an ellipse. 

5. P(x,y) (0,0), (M),2 

We name the given points 
0(0.0) & 4(1, 1) 

Now given that 
\Of^ + \AP\ = 2 

u - fix Q) 2 +(v-0) 3 +V^--0’+(y l) 3 -2 

+ 0 '-l ) 2 - 2 ~^Jx l f y s 


CONIC SECTION 
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CONIC SECTION 


Squaring both sides of (1) we have 


x 1 -2jt = l ~2y+l * 4 = x 1 +y -4 


-2x - 2.v - 2 = -4<Jx* + y 1 



Again squaring both sides of (2) 

4(x ! + y ) = + y : = I + 2x)>+2x - 2 y 

4.t j +4/-X 1 -y -!ry-2x-2y-l -0 
3 .v ! t 3,i* ! - 2xy- 2.t - 2y - \ - 0 
3^-2 xy_2/ 2x -2y -1 = 0 

Latusrectum: The focal chord perpendicular to the Major Axis is called latusrectum 
of the Ellipse. 

Let us consider the Ellipse 



Suppose /./.'be the Focus is /■(<-, 0) 
Then the point 

L is He,y ,) When Focus is F{c,G) 
v Leslies on (1) 



■. The Point L and i'are 



■7 Li 

Thus _Hence proved* 


a 


7 ; Given 2o = 4>/2 


=>a = 2jl => a 1 - 8 
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CONIC SECTION 


Also given that 2c = 2ft 
=>c-b 

Now using c 1 = 

=> h 1 = a~ — h 1 => 2ft* = a 1 

=? 2ft* = 8 


ft 2 =4 


Thus required equation of the Ellipse is + = | 

8 A 

Let the sum be at F these we have 

a—c - 17 (I] 

a+c = 183 (2) 

Adding (1) and (2) 

2 a ~ 200 la- 100 


Putting a ~]00 iri (2) ive get 
1 00 I c = 1 83 ^>c = 83 
Now using c' = a : -b' 

=>b' = a -c' -( 100 )- -( 83 / 

- i 0000 - 6889 = 3111 


6**3111 


. .The equation is 

£ t y 

I00 ; + 3I 11 

Here 


2« = 90 | = 45 

and ft — 30 

Equation of the ellipse is 


.v 4 y 


(45/ (30/ 

At the height lojlm Let jr p be the distance from the centre then the point 
(r^oVT) lies 
on the ellipse (1), 

. y | (20^2 ) ; t 
”(45/ + (30)* 


■r; | 800 

2025 + 900 


I 


-i— 

2025 9 


=- =>9jr,* =2025 
2025 9 

=>** = 225 =>*, =±15 

=>.t, = 15™ (Neglecting Negative value of *,) 
Required distance from the centre = 15m. 
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422 


CONIC SECTION 


10 . 


Let the earth be at F 
Given that 
2u = 768,8064/h 


a = 584403 km 


2b =767, 746km 
383 873 A/m 


Using c l = a 1 b 1 
— ■ c } =(a- b)(a + b ) 

=>c J = 530(768276) 
c 1 =407186280 
c= 20 178. 86 ' 

Now required greatest distance 
= a + c = 404582 km {Approx) 
and Least distance -a-c 
- 364224 km ( Approx ) 


HYPERBO 


S (Sargodha 2010, Gujrawala 2010) 

Let e > I and F be a fixed point and L be a line not containing F, Also Let (x,j.)be a 
point in the plane and [pm| be the perpendicular distance of P from L. The set of all 
points P( x ,y) 

Such that M= e>] is called a Hyperbola. 

\PM\ 


F is the Focus < L is the Directrix and e> I is the Eccentricity of the Hyperbola point 
fl( 0,-6) and fi'jo.fijis called Conjugate of the hyporbola. 

The mid point (0,0) of AA'is called Centre. 
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CONIC SECTION 


1 



1 . (I) Centre (0, |>), Focus (6,0), Vertex (4, 0), 
There c - 6, a = 4 
NOW USing c ! - + (y 

=>36 = i 6+b 1 =>6 J =36-lfi 


(Sargodha 2011) 


^ Ib 1 =20l 


Also x-axis is the transverse 

Axis of the hyperbola >, .. 

2 ' 

.'. Required equation is 



(ii) Foci (±5,0) Vertex (J,0), 


{Sargodha 2009) 


Here c = 5, a =3 

Now using c ‘ ^ a 1 + => b' - c z - 

=» b' =25-9 = 16 =>A=4 

Equation of the hyperbola 


Asymptotes are 
4 

y=±- x 
■ 3 

Centre (0,0) 

Transverse Axis is x-axis 
(ill) p oci (2±Sh/2,-7) 

/'(2 + 5V2.-7), F(2-$y/2, 7) 
Mid point of Foci is the centre 


\ Centre _ I 2j_5y2 + 2-5-/2 7-7 


Given that 2 a = l0 ^> a = 5 

Now J /■F'l = 2c = V(2 + .W2 2 t 5V2 ) : +(-7 f 7) : 

=» 2c = 1 0V2 ^c- SV2 
Using c J 
=>50 = 25+j!r 
=25 

Transverse Axis is along the horizontal line 
7 
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CONIC SECTION 


and a = 5 so vertices are 
(2 ±5, -7) => (7,-7) and (-3,-7) 

Foci (0, ±9) Directrices y = ±4 

Transverse Axis is y-axis 

c-9 ae- 9 (l) 

and - = 4=*e=- (2) 
e 4 

Using (2) in(l) we have 


From (2) e --=- 
4 2 

Now using c 1 = (t +b 2 
— > 81 36 + 6 * -> b 1 = 81-36 
b' =45 

Now required equation of the hyperbola 



36 45 

Foci (0,9), (0,-9) 

Vertices (0,6), (0,-6) 

Centre (0,0) and graph is. 

Centre (2,2) Horizontal transverse axis 
2a~6 => a~ i, e- 2 
c~ae = 3(2) => c- 6 
Now using c 1 =<f + b : 

^36 = 9+A J =>6 ! =27 

Thus required equation of the hyperbola is 

(x-2? (v-2) 2 =] 

9 27 

Which is of the form 


Where X = x-2 , T=y-2 

Centre X = 0 , T=0 

c -2 = 0 , ><-2 = 0 
=s* = 2 , y=0 

Centre is (2,2) 

Foci(±c,Q) 

X —±C Y = 0 

x-2 = ±A y-2 = 0 
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a = 2±5 = 8,=4 ,v = 2 
Foci (-4.2). (8.2) 

Vertices (±u,0) 

i,e, X^±a r = 0 

x=2+i y- 2=0 

jc-2±3=5-I 

.-. Vertices are (-1,2). (5,2) 

Thus graph is 

( V j) Vertices (2, ±3) i.e, (2,3). (2,-3) point on the hyperbola <o,5) 
Center of the hyperbola is the mid point of the vertices 

Now vertices A(2,3), A' (2,-3) 

2a = |.4d4'| = ^/(2— 2)’ -+ (3 + 3) J = 6 
2rr = 6 => a= 3 

from the vertices transverse 
Axis is vertical so the equation is 


y (*-2) ! 


-i to 


9 b 1 
y The point (0, 5) lies on (1) 
. 25 ( ^ J_ = 25_ ( 

'9 & ^ b J 9 ~ 

4 16 


tu ^ . 2 36 

— r = — 1 66' =36 => 6 = — 

9 16 

9 

= s % 

Thus equation (1) becomes 

£ , 

9 9 

4 

Which of the form 

r x 1 _ 


Where K = >\ X = x-2 

y=9, *>= 9 - 


cW+6 ; -9+- = — 
4 4 


c~- 


375 


Foci (0.±c) 
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ie., X =0 
x 2-0 
x-2 

Foci 


y=± 


Y =±e 
3y/5 


(vil) 


Centre (2,0) 

Vertices (2,3), (2, -3} 

Foci (5,-2), (5,4) 

One vertex (5,3) 

Transverse Axis is parallel to the y-axis 
Center Mid point of FF* 




a - Le ngth betwee n the centre & the vertex (5,3) 

= V(5-5) 1 +(3-l) 1 =2 

E3 

2c - M - s/(5 5) 3 +(4 I 2) ! 

2c -6 =5 fg^-31 
Using c*W+A* 
y = 4+A* =>4’-s 

EH 

Now required equation of the hyperbola is 

4 'i — 1 . 

Which is of the form 

4 5 

Where X=x-5 
«* = 4, A * -5 
Centre (5,1) 

Vertices ( 0 ,±flj 

f.e., ,V = 0 Y^± a 
x-S—O , >.-l=±3 
x = 5 y=\±3=4,-2 

."Foci are ( 5[ - 2 ), (5, 4) 

Now graph of the hyperbola is 


r=y-\ 
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2. (i) x 1 -y i =9 



ESI 


Here a 1 = 9 u = 3 Transverse Axis is along X-axis 

b' = 9 => b — 3 

Using 

c 1 =a* + 6*=9+9 = 18 =3c = y-Jl 
Now centre of (3) is (0,0) 

Foci (±c,0) => (±3^2,0) 


(ii) 


Eccentricity c - c ‘ - /T 
a 3 

Vertices (±c,0) ^>(±3,0) 

Directrices * = + .£ = +^2^. 

e 1 2 


{Sargodha 2008, 11) 

a 1 = 4 => a^2 Transverse Axis is along the x-axis 

b 2 —9 => b = 3 

Using c r=a 2 +b 1 =4+9 = 13 

13 



Here 


Now centre is (0,0) 

Foci are (±2,0) 

Eccentricity ,, = £-2^1 
a 2 

Vertices (±2,0) 

Directrices „ . c i/l3 

7 =± tt 

4 


x 


13 



(iii) 


Transverse Axis is along y-axis 
Here a* =16 o = 4 
h 1 =9 =^» 6 = 3 

Using c 1 ^ a 2 +b l => =16 + 9 
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(iv) 




e 1 =25 => c=S 

Now centre of (1) is (0,0J 
Foci are (o,±5) 

Eccentricity 

a 4 

Vertices (0,±4) 

Directrices ,_5_ 

y "V “25 
16 

^ 16 16 
=> y ~±5x — -± — 

25 5 

/ _^. = , 

4 I 

Transverse Axis is along y-axis 
Here a 1 =4 => u= 2 
6 s =41 => A = 1 

Using c J =o 1 +6 1 => ^=4 + 1 = 5 
=> c-& 

Now centre (0,0) 

Foci are 

Eccentricity e -l = l. 

a 4 

Vertices are (0,±2) 

Equation of directrices 

y = ± ±^-+Jl 

** 1 5 

2 

_4_ 

s 

(•v-l) 1 (.v-I) 1 

2 9 

(1) is of the form 

2 9 

Where x~ x -\ 
and <i J = 2 =*a=V 2 b 1 = a =^6 = 3 
For Centre (0,0) c=V 2+9 = VTi 
= 0 T = 0 Transverse Axis is 11 to x-axis 

=> A. -1 = 0 y~a- 0 

x = J y-l 


v = ±- 


= 1 


m 

( 2 ) 

^ = *-1 


CONIC SECTION 


% 
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COMC SECTION 


(vi) 


Centre (1,1) 

For Foci (±c, 0) 

.v=±ViT, y=o 

X— 1 =±^iT, y-a = 0 
x=±Vn, y = t 

.-.Foci are (!±Vn,l) 
For Eccentricity 

c vn 

c - - -4> e ----- 

a -Jl 



For Vertices (±0,0) 

X = ±t/ 2 , r = 0 
x-l = ±V2, >>-1=0 

x=l±i/2. y~ \ 
■.Vertices are (1±V2,I) 
Equation of directrices 

V V e 


►x-l =± 


fl 


■ x =5 1 ± 


= 1 


T 

{y+lf (x-2)* 

9 16 

Which is of the form 

r 

9 16 “ 


VTT 


0) 


( 2 ) 


Where r = y+2 , X=x-2 

a 1 -1 0=3 

i’ = 16 b~ 4 

Transverse is parallel to the y-axis 
Now using o^o’+A 1 
=> c J = o+ 16 = 25 ^ c = 5 
For centre of (1) 

X = Q , r = o 
x-2=0 , y+2=Q 
x = 2 , y=-l 
Centre is (2,-2) 

For Foci (0,+c) 




it 

t 

1 









' t |JLl ' . i“ 
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=> jr=o y-±s 

=>*-2 = 0 y+ 2=+5 
* = 2 y = -2 ± 5 

y= -2 + 5, -2-5 
4 y = 3, —7 
Foci are 
(2,3), (2,-7) 

Eccentricity e =£ 

a 

5 

=>e = - 
3 

For Vertices (0, ±a) 

=>JC = 0 Y = ±a 
=>jc- 2 = 0 y -2 = ±3 

x = 2 y = -2 = ±3 

y = -2 + 3, - 2 - 3 
>- = 1,-5 

.-.Vertices are (2,l),(2,-5) 
Equation of Directrices 

t '**f = vi - 2=± A 


»y+2=± 

y=-2±- 

5 


45 

25 


(vii) 9x 2 — 12jr-y* — 2y + 2 = 0 


v 

fit 


s v ,u* ‘ 


(Gujrawala 2010) 


9^*-|j -4-(y + l)* + l = — 2 
-(y+ty =-2-1+4 
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-0'+t) , =i 

H) (y+V j 

.1 ~T~ 

9 

Which is of the form 

*1 TT_ 

I l 


When x = , y=y+ 1 

3 * 

, 1 1 
ff a=— 


IM 


£=i 


Using cW+ftU-L+l^i? 

9 9 


■ 


s/io 


Now for centre of (1) 
J(=0 Y = 0 

2 


X ~3~'° 


> + 1 = 0 


2 

x = ~ 

3 

Centre is 


y =- 1 


is (H 


For Foci 

JT = ±e 


y=o 


2 ^VlO , „ 
t=>X ^3’ =i ~ * +1 = 0 

2 Vio 

JC=-± > = -l 

3 3 

..Required Foci f 2 VlO 

U 3 ’J 

Eccentricity e = £ 
a 

Vio 

=>e=— 2- => c = VlO 

3 


COWG SECTION 


. .3 


uO ’ S ‘ 




[ ^ 


1 * v Hi *>♦ 

lit 


+ i Ct- 




V t yi: 

-•» i*. 

L ! 1 


■ ► ^ 


* ■ A 


I r '*/ 


‘(V *. 




• * 


I M 




^ ;^<W* t v- 


-*V . fW*iV 


i = ti & 


**- 1 , 1 S ** M»t >$ 1 1 


e- •.. 


mJQe ) ic4 


‘*S4 
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(vlli) 


Vertices 

X = ±a 

~K 

-H 

X = 1,l 


Foci are 


Y =0 

v + t = 0 

y-~ i 




» 


Equation of Directrices 

Tio 

X-±j => * 3 1 IQ 


2 , 1 

jr =— ± — ?= 
3 WIO 


4x* 4* I2jf — jc* + 4x+I = 0 
4</ +3>»)-(x i -4x) = -l 

^ + 3 >' + ? " " [** “ 4jc+4 " 4 ] “ “ 1 
4^+|j -9-{x-2) 1 +4»— I 

JdLta., 

I 4 

Which is of the form 

,*1-11=1 

I 4 

When r-y+~ , X = x-2 

J 1 

a* = I =» o = l 
A* =4 => b » 2 
Using cW+fr 3 
s»e*»H4 s»e*«5 => c- Ti 
For Centre 


Transverse Axis is ilong A - = 0 
» *- 2-0 
i* «long *»2 
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X=0 Y = 0 
=3 x-2=0 


(Ml) 


3 „ 

jk+- = 0 


* = 2 y 

Centre 


3 

2 


i5 ( 4 f) 


For Foe! 

X = Q Y = ±c 

3 


=>x-2 = 0 
x = 2 


,v+--±>/ 5 




Required Foci 


:i NH 


Eccentricity e= i: c= ^ 

a 1 


=Z> £f 




Vertices 


O 

11 

* 

3 

H 

W 

=>x-2 


x = 2 

HH 


.-.vertices are 
Equation of Directrices 

^“*7 

-i-4 

_-3 a I 

y-Z+ajc-ay-io-o 

x I +8jr-/-2y= JO 
Jc J +gjc+I6-16-(/ + 2>r+l-!) = J0 
(x+4)* -tv+l)* =25 


23 


23 


CONIC SECTIOM 
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COLLEGE MATHEMATICS^!! 


M 


Which is of the form 
25 25 

Where x = *+4, K = ^+l 

a J - 25 => e = 5 

6* =25 => 6 = 5 

Using c 1 =a 7 +b i = 25 + 25 = 0 

c = 5v2 

For Centre 

A=0 p* 0 

=> x I 4 = 0 y+l=0 

.-.Centre (-4,-i) 

For Foci 

.v=±c y =0 

n4 = ±5'/2 y + 1 = 0 

x = -4 + 5^ y~A 1 


.-.Foci are (^±5s/a,-!) 


5^/2 


Eccentricity^- ^<j = — — 

5 

e-\[2 

* 

For vertices 

*=±a r = o 

jc+4 = ±5 >»+I = 0 

x + 4=±5 ^ + 1 = 0 

x = -4±5 y=-l 

x = I,-9 

.-.vertices are (l, - 1),(— 9,— 1) 
Directrices 

X =±— 
e 1 

=>a + 4=±^ =>y = -4±J^ 

9x* ~y -3tix-6j' + 18 = 0 
9* 1 -36a -f-6y+ 18 = 0 
9(* ! -4*)-(/ +6^) = -1 8 
9(.t J -4jc+4-4))-(> ,t +6>'+9-9) = -18 
9[(*-2) 1 -4]-[0'+3) 1 -9] = -18 
=> 9(x - 2) 1 - 36 - (>- + 3) 1 + 9 = - 1 8 


CONIC SECTION 


I 
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COLLEGE MATHEMATICS-11 


CONIC SECTION 


9(x-2) 1 -(y+3) 1 =-18 + 27 
9tr-2) l -Cv+3) J =9 
:i (*-2) J (y+3)» t 


0) 


1 9 

Which is of the form 

-V 1 y 3 

T- , *> (2 > 

Where jr = jc-2, y = y+3 

a 3 = I = l 
fc J =9 ^>6=3 

Using t- 1 =o 2 +6 1 n> c 3 =1 + 9 = JO 

=> c=7io 
Now for centre 
JT = 0 r =0 

=>*-2=o >>+3=0 

* = 2 y = -3 

■'■ Required center Is (2,-3) 

For Foci 

*=±4’ / =0 

x~2=±-Jw >+3 = 0 

x= 2 ±>/Fo y=-3 

•'■Foci are (2±i/ro,-3) 

Eccentricity c = 5 => e = — 1 

a ! 

=>e='JlO 

For vertices 

. 2f=±a y = o 

*— 2=±l >+3 = 0 

* = 2*1 >--3 

* = 3,J 

■'■Vertices are (1,-3), (3,-3) 

Directrices x=±— 

e 1 

=>.v-2 = ±— => X =2±-J= 

10 J\0 

0 < a < c 

0), F'foO), P(x,>r) 

Given that 
|/V[— |FF|«±2fl 


a v tea* 

ri a " 


-Xs /I! *H 

y~ 

1 '«*: , il * rv . 
.... ■ = 

- *j a ^ r , T - s 




K. 


/k 


titr^ . it - i 

' 

• - \ w . 

‘ W ■ , 1 * V ^ 


few 
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CONIC SECTION 


=* ijix+c) 1 +y* - i/Or-c) 1 +y = ±2a 
=» yJ(x + cY + y 3 = ±2fl + ^/(jt -c) S +JI 1 

Squaring both sides of the above (1) 
Equation we have 

(x+t) J +y =4c ! +(x-c) : +y 

± 4 «^(x-c ) 1 +y 

x* 4 2cx + e 1 + = 4a 1 + X 1 -2cr+<7* + y 

4tar - 4 u ! = ±4a^(x-c) : +y* 

=> or- a J = ±a^(x-tf ) 1 4 y 1 
Squaring both sides of (2) 

t’V - 2 fl : cx 4 fl 4 = [x J -Icx+c 2 +y] 

c ! x 3 -2a l cx +a* ~ a 2 X 1 -2<Ycx+cYc l 4 a l y s 
=> cV + £7* - ff*X* = «V 

(c 1 - a 1 )** - u j y = aV - a* 

= a 3 (c 1 -a i ) 

(c*-fl*)x 3 «V g^fc 1 -a 3 ) 
a 3 (c 3 -a y ) a*{c 2 -a‘) a 3 (c 3 -u J ) 



Hence proved. 


4. F(-5,-5), F'<5,5) 

4(-W2,-3V2), 

Let F(x f y) by any point on the hyperbola 
Now 2a = \AA‘\ = ^<3>/2 4 3>/2) 3 + (3^2 + yj2) 2 
=> 2a = VfSv^) 1 + (6V2) 1 =^72 + 72= </l44 

=> 2fl = 12 

Using |/>F|-|/»F'j=±2a 
=> |/ > Fj = ±2a+j/*F < ] 

s/(jf + 5) J +0»+5) J =±124 1 /{x-S) 5 4(^-5) j 

Squaring both sides of the above 

{•* 4 5 ) 1 4 + 5) 1 = 1 44 4 (X - 5) 1 4 (y - 5) 1 ± 24^(x-5) 1 +(>-5) 1 

=5 x 1 4 y* 4 lOx 4 lO>' = SO * 144 + x 1 +y J -10 x-IO> | 4SO±24^(x-5) 1 +LV- 5) 1 
=> 20x4 20y = 144± 24^(x-5) J +(y-S) 1 
5* 4 5y => 36 ± 6y[bT-T?T(y^5? 


« 
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CONIC SECTION 


5j:+5 - k- 36~±6^(*-5) 1 +(y-5) 3 

=*±6jlx-Sf+[y-S)* = 5x + 5y - 36 

Squaring both sides of the above 

36 [x ! + / - IOa: - 1 Oy + 50] = 2 Sx 1 + 25y 3 + 1 296 + SOx - 360x - 360 v 
=> 36/ + 36y 2 -360.x - 360k + 1800 = 25x : + 25/ + 1296 + 50j^ -360* -3 60y 
=> 36x 3 + 25/ +36/- 25/ - 50xy +1800-1296-0 
Which is the required equation of the hyperbola. 

Given points (2,2), (10,2) 

Let />(x t y)be any point on the hyperbola. Then given that 
V(x -2)’ + (y - 2) 2 - J(x - 10/ + (y- 2) J - 6 

=> > /(^2) 1 +(y-2) 3 = 6 + /x-IO) J + (y-2) 3 
Squaring both sides we have 

(x - 2) 3 + (y - 2) 3 = 36 + (x - 1 0) 3 + <y -2) 1 + 1 2,/(x - 10) 3 +(y-2) 3 
=>/+/-4j-4y+8 = 36+/+/-2Ojc-4,v + IO4 + 12V(*-10) 3 +(y-2) J 
=> -4x+20x + 8-36 -104 = 12,// + / -20x-4y + !04 
=> I6x-132 = i 2^x 3 + y 3 -20x-4y+104 



;} 

. I 


4x-33 = 3 ,/r 


3 + / -20x-4y + 104 


Squaring both sides 

<4x-33) 3 =9(x 3 +/ 20x 4y + 1 04) 

1 6/ + 1 089 - 264 jr = 9x 3 +9y 3 - l80*-36y + 936 
=?7x 1 -9y 1 -84x + 36y + 153 = 0 
Which is the required equation 

Let two listening F t and F 2 hear the sound of enemy gun after t and t - 1 second 
respectively here listening posts are 1400m apart. 

U, 2c = 1400 => |c = 700| 

If P is the position of enemy gun. 

Given that sound travels at 1080ft/sec 
So we have 

=> 1080/ -(lOSOXi -0 = 2a 

1080/ -1080/ + 1080 = 2a 
2a = 1080 => 


= 540 


Now using / = / + / 

= (700) I -(540) J 
.490000 - 291600 
b* -198400 
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438 


6^ C 

1 * 


CONIC SECTION 


Thus equation of hyperbola is 

(54Q) J 198400 

__ y _ i 

291600 198400 


ha n ge n t an^Jorrnals!B 


Line 

Curve 

Condition of 
Tangent 

Equation of 
Tangent 

Y=mx + c 

y =4ut 

*1 S 

II 

a 

y = mx+— 
m 

Y = m. t + r 

iMU 

a* A* 

c = ±N/a , m ! +6 ! 

y - mx ±4d 1 m 1 +b 2 

Y — mx + c 

x 1 y l _ 

| 

1 1 
€ 

11 

<3 

y - mx ±- 4 tfm 2 - b 2 


Given Curve 
and point say 

Slope of tangent at 

Then slope of normal = 

m 

Equation of tangent is y-y t = tn(x-x,) 
Equation of normal is 


4>*l 
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1- (i) 


tH) 


jj 1 = 4a.v al (at 1 , lot) 

y l — 4«r (1) 

Differentiating both sides of (1) w.r.t.x 

d , d „ 

<y * --~(4ax) 
ax dr 

dy dy 2a 

=>2y — = 4u — — — 

dx dx y 

Slope of tangent to (1) at (at 1 , 2al ) 

dy _ 2a I 

Now equation of tangent at (at\2al) 
y 2at = j (jc- ar ) 


= m~- 


vt-2uf =x-af 


vt =,v i ar 


and equation of normal at (ar .2at) 
y-2a t ~-t(x~at ! ) 
y~2at =-tx^at 


y — — tx + 2at -e iJf 


x* v 1 

_ + = t 

o : ft 1 


uftuCtwfi, bSinB) 


=> h J . x‘ + ry 1 -a'}’ 1 

Differentiating (1) w.r.t.x we get. 


y>. 

or 


A 


(a 1 * 1 ) 


2iV+2o J j < ^ = 0 


A 

A *0' 

Slope of Tangent at (aCax0, bSinO ) = m 

J^aCari? KW 
a‘J>Sit>B aSinO 

And Slope of norma! to [1) at ( aCasO , Aftnf?) 
, _ I aSinO 
m bCosO 

Now equation of tangent to (1) 

At (dCt»0, bSinO) becomes 
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Y-hSinO = (x-aCosO) 

aSinO 

=> YaSinO, abShrO *= -xbCmO + ahCc® 2 0 

xbCosO, +yaSit r& = abCos 1 # + abSm 2 6 

= ub(Cw 1 0+ubSb f&) 

=> xbCos&, + yaStn& = ah 

xhCosO yaStW ah 

+— — 

at ab ah 

=>^Cos8 f - SinO = l 
a h 

Equation of normal to (1) at ( aCosO , bSinO} 

Y - bSind = (x - aCosO) 

bCosd 

r-bSin0 x-oCojsO 


aSinO 
Y b 


bCasO 

x a 

aSinO a bCosO b 

Y x a h 
+ - 


CoszzO--SeeO “ ■ 


aSinO bCosO b a 

£, 

V 

a a ab 

=■ axSecO - 6>Co sec 0 = a 1 -b 1 

x 1 v* 

(IH) ^ 7 -— = 1 at (aSee$> btanO) 

=.*v+oy 

Differentiating both sides of (1) w.r.t.x 

2J> 1 x-2a‘y—-0 

dx dx ay 

Slope of tangent to (1) (aSecO, bTanO) 

b\aScc6 


= m = %\ 

Jlmar.trkrf) 


a*.TanO 


1 at : 


bSecO 


aTanO 

Slope of the normal to (1) at ( aSecO , bTanO) 


_ , I _ aTanO 
m bSecO 


Equation of tangent to (1) at (aSecO, bTanO) 

Y-bTanl) = ^^(j: - aSecO) 
a'l'tu tO 
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=> aYTanO - abTun 2 Q = bxSecO - ahSec 2 0 
=> bxSecO - aiTanO - abSec'O- abTatfO 


bxSec&- ayTanO = 
bxSecO ayTanO 
ab ah 

— SecO ~ TanO ^ I 
a b 

Equation of normal to (1) 
At ( aSecO \ bTantt) becomes 
bSecO 


= ah[Sec i Q-at>Tan 1 e~] 

= aA[l + Wfl~7aff ! s] 
ab 
ab 
ab 


Y - bTonG 


-(x -aSecO) 


aTanO 

y - bTantt ( x~ aSecO 


uTanO 
y HTanO 
aTunO 

y 


" l bSecO ) 
x 


aTan$ 

x 


aSecO 


bSecO bSecO 

aSecO bTanQ 
■+- 


bSecO aTanO bSecO a TanO 

=>lCas0+£Cot$ = - + - 

h a b a 

=> 7 Cast! + X CofO = 

b a ab 

axCosQ + byCatO — a , +b i 

2. (I) 3x'=-l 6y (1) 

When y =- 3 

From (1) 3x l =— 16(— 3) 3* 1 =48 

=> x 1 = 16 =?x=±A 

Thus we have to find equations of tangents at ( 4 ,- 3 ) &. (- 4 ,- 3 ) 
Differentiate both sides of (1) w.r.t.x 

d 




-(-is y) 


=>6x = -I6^ 
dx 


dx 


3* 

" 8 


At the point (4,-3) 

*1 -Z 

8 2 


Now equation of tangent to (1) at (4, -3) with slope z2 

2 


CONIC SECTION 
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-3jt+ 12 =2y+6 
=> ~3x~2y+6 = 0 
=? 3x+2y-6 = Q 
At the point (-4,-3) 

±] 3 

* 2 

Now equation of the tangent to (1) 

at (^ 4 ,- 3 )with slope ^becomes 
2 

y+3=~(x+4) 

2y + 6-3.v+l2 

■=> 3jf-2^+6-0 

(H) 3jc*-7/=20 (I) 

Put y = -l in (3} we get 

3,r s -7 =20 => 3.^=2? =>^=9 
=? .t = ±3 

Thus we have to find equations of tangents at the points (3,- 1) and (-3,-1) 
Now differentiating both sides of (1) 
w.r.t.x we have 


4(?Jf 5 -7/)4(20) 

i Jx dx 

3— (.t 1 )-?- (v*) = 0 
dx 

K2x) 


iiX 

tfy = 6y __ tty _ 3x 


(.t 1 )-?- fi?) = 0 



dx 


dx My dx ly 
At the point (3, I) 

Slope of the tangent to (1) at (3,-1) 



7H) 7 

Thus equation of the tangent at 
(3,-1) becomes 


y+l = -^(*-3) 


=> 7_v + 7 = -9 jt+27 [9.t + 7j'-20-0 
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(Mi) 


At the point { j, i) 

=±] 3C-3 ) 9 

1; „ 7(-l) ' 7 

The equation of tangent at (- 3 ,- 1 ) 
Becomes <v+ | = ^( x+ l) 

-^>7y+7 = 9x 1 27 
=?9;c-7jv+20 = 0 
3x 1 -7y t + 2x-y-4H = 0 
Putting jt = 4in (1) we have 
48- 7/ + 8-4-48 = 0 

=>?y +y-8=0 


=>7> ,: - 7y + 8_>’-8 - 0 
^7.K>'-t)+8(.V-l)-0 
= 0-tX7>-+8)=0 
s.l'-l-O or 7y +■ 8 = 0 
/ = ! 7v = 8 


-8 


Thus we have to find equations of tangent at ( 4 , |) & j 

Now differentiating both sides of | 1 ) w.r.t Y we have 

d r Q.r-7y i +2x-y 48)= ^ (0) 
dx dx 

=> 6x - 14v"+2-— = 0 
' dx dx 

0 4y+1)^*&r+2 

ttx 

d\' 6x+2 

— = 

dx 14j- + l 

Slope of tangent to (1) at ( 4 , 1 ) 


dy 

~dx 


l-t.ll 


24 + 2 26 

14+1 ~ 15 


Thus equation of tangent of ( 4 , 1 ) with slope — becomes 

15 

26 

tv-'l) 


=> 15(>’- 1) = 26{a -4) 
-> I5.v-15 = 26.r-104 
n > 26x-15;—89 0 
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CONIC SECTION 


3. (i) 


Slope of tangent 


( 4 't) 


dx 


Jl >,-+'] 


6( 4) + 2 

" I4 [t) + ' 


24 t 2 


26 

15 


-16+1 

Thus equation of tangent to (1) 
becomes 


a, ( 4 ’y) 


8 ~ 26 i AX 




-26{x-4) 


120 

15v+ — = -26*+ 104 
7 

26* + 1 5>» = 1 04 - 

728— 1 20 608 

7 ~ 7 

26*+15>'-— =0 
7 

15 304 A 

=s I3x + — >• = 0 

y ? 


(7,-1) 

( 1 ) 


.T* + = 25 

=> ,t l + y* = 5 2 
Here a =5 

Equations of tangents to (1) from any points are of the form 
y- mx±a\j\ + m* Vmsfi (2) 

Put a = 5 in (2) we have 
y - mx ± sVl+ar (3) 

As (3) passes through (7,-1) 

.'.’-l«7mi5Vl + m i (4) 

-1 = 7 m = ±5 \f\+m* (4) 

S luaring both sides of (4) we get 
l + 49m i + I4/M = 25(l + m 2 ) 

49m 1 + 1 4/n + 1 = 25 + 25 /ti 1 
49m ! + l4m + l-25-25m ! =0 
24m 1 +14w-24=0 
12/n 1 +7m-12 = 0 
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=>4,«(3wM) 3(3wt4) = 0 


■ (3m +4 X4m - 3)— 0 
’3m + 4 = 0 or 4m-3=0 




3 

m=— 

4 


Now = satisfies the equation. 
3 

-1 =7m i 5yi-Km* 

These the equation of tangent is 


y ■= mx + 5\/i + m 


-4 

i-e., y -~ Jr 4- 

4.x 5(5) 

3 + 3 


■fM 


>3y =-4x + 25 


4jr + 3y- 25 = 0 


and satisfies the equation. 
4 

-l=7m-5ji + m* 

Thus the equation of tangent fs 

y = mx - 5 Vi + m 1 

3 c i i 9 

i.e., y=-x-S J3+— 

' 4 V 16 


3 


25 


=> 4y = 3.t- 25 


3.\ -4y-25 = 0 


(i» / = n* (i) 


through ( 1 , 4 ) 


Here 4tr = I2 => a — 3 


Equations of tangents to (1) are of the form 


y = mx+~ (2) 


V/n e R 


m 


of (2) passes through (1,4) 

Then 4 = m + ~ ^ 
m 

-4m+3-Q 
m 2 m 3m ■+ 3 = 0 


CONIC SECTION 
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i46 


(Hi) 


(/n-IXm-3) = 0 

or /n-3 = 0 
m = I or m~ 3 


For m - 1 

equation of tangent (2) becomes 
_>' = r+3 j jc — + 3 = 0 

For tn = 3 

Equation of tangent (2) becomes 


y-3x + - => 3x-)> + l = 0 
3 i 

x 1 -2y J = 2 

2 / 2 

2 2 


V 


(I) 


JC* 

— — — 1 = 1 

2 I 


Here a 1 -2, b ! ^ I 


Equation of tangents to (1) are of the 
From y = mx±4o W -b 1 


i.e., y - mx ± V2/« ! - 1 (2) 

If (2) passes through (1,-2) 

Then -2 = m± ^2/h 1 — 1 

= (3) 

Squaring both sides of (3) we have 
4 +m* +4 m = 2m 1 -1 
2m 1 -m* —4m — I -4 = 0 


^>m 1 -4/w-5 = 0 
=><« + IXm-5) = 0 

^ffi + l = 0 ot - 5 = 0 


m - -I 

Now | w =-i I satisfies the equation 

-~2-m = —-Jin? -1 

Equation of tangent is 

Y^mx-^Jlnr -1 
/.&, / = -x->/2-l => ,y -x- 1 
^ x + .v + 1 - 0 

and .-/i = 5 equation of tangent is 

-2-m~~'j2nr -1 

Thus for m = 5 equation of tangent is 


CONIC SECTION 
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y = 5x- ^2(5) ! - 1 


5.1-7 [5.v-y— 7 = 0 

/ = &* (i) 

2v+3y— 10 = 0 (2) 

Differentiating both sides of (1) 
w.r.t Y we have 

d . 3 . d . * 

dx dx 

~,dy dv 4 

=• 2 y— -8 

dx dx y 

Thus Slope of tangent to (1) __i 

y 

and Slope of normal to (1} = IZ. 

4 

Slope of line (2) ~Z~. 

3 

Since normal to (1) Is parallel to line (2) 

-2 r 8 


4 




Putting ln(l) we get 

(U—W 


S 


Now slope of normal to (1} 
8 

SJ_ = _2 
3*4 _ 3 


at (HH- 

Now required equation of normal is 

8 2( S'] 

y-- = — v — 

■3 3{ 9) 


8 


16 


y — = — x+ — 

3 3 27 

=> 27jt'-72=-!8.v+16 

=> 18.v+27y-88 = 0 

,V J v 7 

-+--=1 ( 1 ) 

4 1 W 

2jr-4y + 5 - 1) (2) 

From (1) a 1 =4, 6* = l 
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6 . 


And slope of line {2} 2 

4 2 

As the tangents are parallel (2) 

.'■Slope of tangent to (1) 11 to (2) ^1 

2 

Now required equations of tangents are 
y = mxl'Ja 2 m' +b 2 

=>y 




c±V2 => 2y = x±2^2 


=?x-2y±2i/2=0 

U., x-2y + 2^/2 = 0 

x-2y-2^2 =Q 

9x t -4y* =36 

9r* 4y l 36 

=? . 36 36 ” 36 

-v j / . 

=> — = t 
4 9 


CD 


5jt-2>+7=0 (2) 

From (1) a' = 4, 6 J =9 

Slope of the line (2) = - 

2 

Now Slope of tangent parallel to (2) = * 


Thus required equations of tangents to (1) and parallel to (2) are 

K- 


7. (I) 


y = - x± 
' 2 


y -— x ±4 2v = 5j>±8 
* 2 

=> 5x-2,v±B = 0 

=>5x-2y+8 = 0 , 5 j-2>’ 8 = 0 
je 1 = 80)’ (1) 

**+/=81 (2) 

Let J >n)nx + C (3) 

Be common tangent to (1) and {2} 

Using (3) in (1} we have 

x* = 80(ff» t e) 

=»x’-80mx-80f = 0 (4) 

If (3) is tangent to (1) then (4} has equal roots. 
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=> Discriminant of {4} = 0 
^ ( -BOm) 2 -4(1) - (-80c) = 0 
=>■ 6400m 1 + 320c = 0 
=> 320c = -6400m 2 
6400m 1 

=2C~ 

320 

=> c = —20 m' (5) 

If (3) is tangent to (2} then 
c 1 = 81(l + m : ) (6) 

Using (5) in (6) we have 
400m 2 —8 lm 2 -81 = 0 (7) 

=> 400m 2 -225m 1 +144 m 2 - 81 = 0 
=> 25m J (]6m 1 -9)+9{16m 1 -9) = 0 
=>(16m 2 — 9) + (25m 2 +9) = 0 
=s 16m 2 -9 = 0 or 25m 1 +9 = 0 
=>16m 2 =9 


25m } =-9 


Neglecting Negative value of m 1 
m J is not negative) 

Using m =ilin (5) we have 


Thus the required equations of common tangents become 


4y — ±3.v - 45 
=> ±3.t 4^ -45 = 0 

(il) x 1 - I(j.\ , 4a = 16 (1) 


Be the equation of common tangents to (1) and (2). 
Now if (3) is tangents (1) 
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Let y-mx+c (3) 
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Then t ‘=— => c ^— (4) 

m m 

Using (4) in (3) we have 

4 «v 

y — mx + — (5) 

m 

Using (5) in {2} we have 
8 


x ~ 2 mx+- 


n i 


Jf i -2ffLT =0 


m 


Now (3) is tangent of roots of (6) are equai then 
Discriminant of (6) = 0 




>4m J + — = 0 


-W+- = =0 

m 

+8 = 0 =>«i 3 +2 3 =0 

=>(m + 2y.rn 1 - 2m + 4) = 0 
=>/w+2 = 0 or m 3 -2m + 4 


», Z - 2 I (Neglecting complex roots) 


m -■ 


2 + V4-16 


Putting m = ~. 2 in (4) we have 
4 


t' = 




-2 

Thus required equation of common tangent Is 

y = -2x - 2 


2* + y + 2 = 0 


(iii) / = 16* (1) 

y - 2 y (2) 

>* = «jf+c (3) 

Be the common tangent to (1) and (2) 
if (3) is tangent to (1) then 

c - — => c— — (4) 

m m 

Using (3) in (2) we got 

x 2 = 2(mx+c) 

=> jr : - 2f/K - 2c - 0 (5) 
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If {3) is tangent to (2) then roots of (5) are equal 
o Discriminant of (5) =0 
=>(-2m) I -4(1K-2c)-0 
4ro‘+8rr = 0 (6) 

Using (4) in (6) we get 
4m I +«| 


0} 0 


8 




m 1 ■+ — -0 
m 

=> (m+lftm 1 -2m + 4 ) = 0 
=)mi2-0 or m : - 2m + 4 - 0 

v in 3 -2m4=0 gives imaginary values 


m ~ -2 


Putting m = -2in (A) we have 


t*=— -> 

-2 


3 


Thus required equation of common tangent becomes 

y^-2x^ 2 
2* + y-f 2-Q 


s. (i) £- 


X V 

18 8 

, t J y 1 

— +^-=1 
3 3 


(I) 


(2) 


By multiplying equation (2) by land then subtracting if from (1) we have 

6 


18 8 

18 8 6 . 

~ * y = l ~7 

8 19 6 

9 / + 4 / 6-1 

^ 72 " 6 

13/ 5 

— = — 

72 6 

=>.13/ = 60 =*/~y J 


13/ 

12 


= 5 


y - ± 


Putting = in (2) we get 
13 
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60 


60 I 


— - 1 => — = 1 + — x— 

3 13 3 13 3 


(ii) 


20 13 + 20 33 

3 13 13 13 

t 99 a /99 

=>x = — x = ±,l — 

13 V 13 

Thus required points of intersection of given conics 
V 13 V 13 


y+y =8 


( 1 ) 

y -y = 1 



2 .v : = 9 


( 2 ) 

By adding 



=> x 1 =- => 




(ill} 


Putting x ! In (1) we get 

y= 8 -- 

2 2 


- 4 


Thus required points are 



I 


3jc*-4/cI2 
-~2x* +3y* = 7 


0 ) 

< 2 ) 


Multiplying equation (1) by 2 and equation (2) by 3 we have 
6.^-8/ =24 (3) 

-2x*+3y =7 (4) 


y 1= 5 By adding 

=> y— +V45 

Putting y =45 in (1) we have 
3jT -4(45) = 12 
=>^-60=4 => =64 

=>x=±8 
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CONIC SECTION 


Thus required points of intersection of given conics are 

(±8,4.745) 

(tv) 3x* +|^-60 (I) 

9**+/ =124 (2) 

By multiplying equation (!) by 3 and then subtracting (2) from it we have 
9 ^ + 15 / = 18 
-Qx 1 ± v 3 = _ 124 
Putting y 1 ~ 4 in (1) we get 
3.x 1 ( 20 = 60 3* 1 = 40 



Thus the point of intersection of the given conics are 



(v) 4x I +y=16 (1) 

y +y » y+8=o (2) 

By multiplying equation (2) by 4 then subtracting (1) from it we have 
■lx : + Ay ' 1 + 4y +32 = 0 

- Ax 1 ±y =_i6 

”'3y + 4^+32 = -16 
3y + 4.v+48 = 0 

^4±7T6-4(3K48) 

6 

-4±n/16-576 -4± 7-560 

' = ~6 = 6 

-4±7“560j 

At the value of y are complex (Imaginary) 

So no real points of intersection of given conics exist. 
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If point p has coordinates {^referred to the xy-system and has coordinates 
(x,y) referred to the translated axes ox'.Ol " through W{h.x) 

Then X=x + h ' W**' 

X = x-h, Y = y-k 

mssEEm 

Let xy-coordinate system by given. We rotate ('.Lr.Oy about the origin through 
an angle 0(0 <0<9D U ) so that new axes are OX and OY as shown in the figure. 
Let a point P has coordinate (x,y) referred to the xy-coordinates IX, V) referred 
to XY-coordinate system, We have to find XY coordinates in terms in terms of 
the given coordinates x,y, Let a be the measure of the inclination of OP. 

From P, draw PM perpendicular to Ox and PM' perpendicular to OX. Let jo/ 1 ] - r 

From &OPM, we have 
OM = x = rCosa 
MP = y = rSina 


From AOPM, 

OM' - X - rCas(flt -0) 


X -rCmO+y’SinQ 


(2) 


using (1) 


Also MP'^Y ^rSm(a-O) 
s Y = rSinaCosO - rCosetSfriQ 


Y - rCasO - xSinO 


Thus 


(3) 


using (1) 


(jf, X) = (xCusO + ySinO , yCusO - xSinO) 

are the coordinates of P referred to the new axes OX and OY, 

(1) x = X+h, y = Y + x 
X = x-k Y =y-k 
X = xCasO + ySinO 
Y = yCosV-xSinO 
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Exercise 6.8 


1. (I) jr 1 + 1 6^ - 1 6 = 9 (I) O'(OJ) 

Equation of transformation are 
.t = A + Q ; y=Y+ 1 
Putting x = A and >•= V + I m (1) 

We have 

X J 4 !6()' + l)-16=0 
=>A S + I6r i 16 -16 = 0 
=>A* + 16r = 0 

(j[j 4.r' +_)'* + Ib.v- 10^ + 37 = 0 
0 '(- 2 , 5 ) 

Equations of transformation are 

x-X-2 and 4'-> r + 5 

Putting *~A~2 & v = K 4 5 in (1) 

We have 

4{A 2) 1 4(r + 5) 1 + l 6 (.t- 2 )-t 0 {> , + 5>+37-0 

=> 4(A 3 AX 4 4) tT z + !0f / + 25 + 16A-32-10f'-50 + 37^0 

=■ 4 X- - 1 6A + f 6+ Y 1 + 1 6A - 20 = 0 

=> 4A 3 + f rZ -4 = 0 

Which is the required equation. 

(Hi) 9 a 1 +4/ + I8.v- 16^-11 = 0 (1) 

O'C-1,2) 

Equations of transformation are 

x ■■= X - 1 and y = Y *2 

Putting A = A -l & y= Y + 2 in (1) we have 

9<A'-)) : + 4(f'( 2) 4 18(A -l)-i6U'+2)-ll=0 

=> i)(A J -2.V + l)+4(k 1 +41' + 4)t ISA 18-16^-32-11-0 

-> 9A J — I8A+9+4K* +I6>' + I6 + 18.V-16I' -61 = 0 

^ 9A 1 +4K I -36 = 0 

(iv) .c‘-/+4.v + 84 -11 = 0 (t) 0'<-2,4) 

Equations of transformation are 

* = A -2 i >>=r + 4 

Putting x-X -2 ; _y= K + 4 in (1) 

We have 

(A -2) 3 -()' +4) ; 4 4(A- 2) t 8(1544)—! ! = 0 
m A* -4A +4>' ? -8>' -16 + 4.V - 8 + 94 -+ 32- 11 = 0 
v 1 -E J +J = 0 Required equation 
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(v) 9x l -4/ + 36a+8> , -4 = 0 (1) 

Equations of transformation are 

x~X-2 ; y=Y + 1 

Putting x-X-2 ; y=y+lin(l) 

We have 

9( J V-2) ) -4(y+i) 3 +36(jr-2)+8(y + i)-4 = 0 

9{,V J - 4,V + 4) - 40' 1 + 21' + 1) + 36A‘ - 72 + 8}' + 8 - 4 = 0 
=>9J i -36.\ r +36~4y 1 -8)'-4+36A'-68 = 0 
»9A' J - 4K 3 -36 = 0 


CONIC SECTION 


Which is the required equation. 

2. (i) 3 .v ! - ly 1 + 24.t + 12 y + 24 = 0 

Let the coordinates of the new origin be (ft,A).Then equations of transformation are 
x=X\h ; y+Y+k 

Now putting x-X+h and y^Y+k in (1) we have 

3<-V + ft)* 2{<r -A) 1 + 24(X + h) i 12 (Y + k ) + 24 = 0 

=> XX 1 + 2 hX + h 2 ) -%(Y* + 2kY + k 1 )+24X+24h+l2Y + 12)1+24 = 0 

=> 3-f i +6AA' +3h' -2Y* -4kY -2k 1 +24X + 24ft + I2y + 12ft +24 = 0 

=> 3-V J -2 Y 1 +6(ft+4).T -4(K-3)y + 3A 1 ~2A : +24A + I2A +24 = 0 

Now we put A+4 = 0 =:• ft = - 4 

and A -3 = 0 -> * = 3 in(2) 

Then JX* -2Y 1 + 3(-4) ! - 2(3)* + 24{-4) + 1 2(3) + 24 = 0 
=> 3.V 1 -2Y 1 +48-18-96 + 36 + 24 = 0 
=> 3X 2 -2Y 1 -6 = 0 

Which is the new transformed equation with new origin t-4.3) 

(ii) 25 a 1 +9/ + 50a- -36. y - 164 = 0 

Suppose coordinates of the new origin be (ft, A) Then equation of transformation 
are 

x = X + ft and y^Y + k 

Putting these values of .v&j/in (1) we have 

25(A'+A) 1 ifHh*) 1 i 50(,f+/i)-36(y— A)-164 = 0 

25{X I +2/LY + ft 5 )+9(y J +2fty + ft J ) + 50.V + 50ft-36y -36ft - 164 = 0 
=> 25X 1 + SQftA' + 25 fr +9Y* + 1 8ftf +9* 1 + 50.V + 50ft - 3GK -36ft - ! 64 = 0 
=> 2SX 1 y9Y 1 -^S0hX + 5QX + 18*y ~ 36 y + ?.5ft ! + 9ft 3 + 50ft -36ft - 164 =0 
-> 25X 1 +9r J +( 50A + S0).V + (I 8 ft -36)K +25ft* + 9ft J +50ft-36A -164-0 
For the removal of first degree terms we put 
50ft +50-0 and 189* -36 = 0 
ft = -l ft=2 

So the new origin is (-1,2) 
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Now putting * = -), k =2 in (2) 

25A' 3 + 9 Y 2 + (OJA" +(0}K + 25 + 36 - 50 - 72 - 164 - 0 
^2$X 2 +9Y 2 - 225 = Q 
(fll) y-/-6*+2j+7 = 0 (1) 

Suppose ( h,k 1 be the coordinates of the new origin. Then equations of 
Transformation are 
x = X + h and y^Y+k 
Putting x=X + h and y=Y + k in (1) 

We have 

(JT+/i) 1 -'K + *-)-6(2f+fi) + 2*r + *) + 7 = 0 
=7 X 2 t 2hX vh l Y x ~2kY -k 2 -GX -6h+2y+2k +7=0 
^X 1 - 2hX - 6X -2kY + 2Y+h l -At 5 - 6A+ 2JU 7 = 0 
=> X 2 -Y 2 +(2h-6)X-(2k-2)Y+h i -k i -6h+2k+7=Q (2) 

Now for the first degree terms to be removed we put 
2h — 6 = 0 and 2k-2 — 0 
=>/i = 3 k*\ 

So the required now origin is (3, 1) 

Putting h~3 & in (2) we have 
A' 1 -J' ! -1 = 0 Required equation. 

3. 0) xy = \ (1) 0 = 45* 

Equations of transformation are 


.T = A'Car45“ - YSMS" = X 



X-Y 



and y = YCosO + XSinO = fCos45 < ’ + XSin4 5‘ 



Using (i) and (ii) in (1) we have 



=> A' 3 -Y 1 -2 is the required equation. 


(ii) 2x I -»\y+y 1 -9 = Q (!) 0 = Tatt'( 2) 

. . 7 

0 - Tan ' (2 ) => TanO -2 => TanO - y 


As 0is in quadrant I 



Now equations of transformation are 
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(Mi) 


i = XCosO- YSlnO - X 

X- 2Y 




* 

and y = xCosO - YSinO \ + Y^ jp-j 


y = 


2X + Y 

1 


(0) 


Using (i) & (li) in (1} we have 


i- 


-4AT-4K' Y f 2X 1 -3XY-2Y t ) 4.V 3 ) Y‘ + 5XY 


-3 


— 9 = 0 


l(X l - 4 jrr +4y s )-8(2A- 1 - s 5Uar-2l' 1 )+4* a + y i +4AT-45 = 0 
=> 7X 1 - 2&XY +28K 1 - 1 6 X 1 + 24A7 + 16K 3 +4X 1 + Y 1 + 4 XY -45 = fl 
-5Jf 2 +45^-45 = 0 
=> X 1 -9Y i +9=0 
9x* +tlxy+4y i -x-y~0 (I) 

i 2 

0 = Tan 1 - “=> 7^*0 — — 

3 3 

_j ^-=- »3Shi0«-2Cm0 
CosO 3 

=>9SirT0 = 4Ct * l 0 =» 9SiV0 = 4<1 - iVn l 0 ) 

=> 9 $in‘0 = 4 ASin’O => 1 3 Sin'-Q = 4 
4 2 

(■■' 0 ^Sin z 0 - — => Sintf = /= 

13 VI 3 

(v0 is in quadrant /) 

4 9 

& Cos'0^ I -S(/i 3 0 = !-—=— 


13 13 


CosO = 


Vl3 


Now equation of transformation are # 

*•**0 

3A" - 2Y 

j’ = A57«0 + )G«0 




>>• = - 


2A+3)’ 


Vl3 
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Putting there values of x and y in (1) 
flX- 2J f V .,f3A-2>'Y^Y + 3^ (2 X + 2Y) 1 IX 2 Y 2X + 3Y n 

vjitJ — tit’ 0 

^—VX 1 +4Y 1 -I2AT) + m6X'~6Y- + 5AT) * 4{4A' 3 +9 Y 1 + 1 2M)~M$X-Y)-0 

=> 8 JA'" + 36L 1 - 1 08 A'}' + 12X i - 12Y 1 + 60 AT + 16A' 2 + 36K 1 + 48AT - 5-JllX - Jl3Y = 0 
> 1 69A' i - Wlitf - yfttY = 0 
=>{13X>/l3) 3 ^ 1 -yfiix- V f t3f' - 0 
^>13('/i3^“5A'-K-0 

(tv) .v* - 2.vy + y 1 - 2^2x - 2 y/jy + 2 = 0 (1/ 

0 = 45” 

Equation of transformation are 

x - XCasG - YSinO 


=>x = XCos45“ - YSfn 45“ - 

X-Y 

**1 7T 

and y = xSinO + YCosO = AS(h 45“ + ) r Coi45 u 
A' + T' 

Using (i) and (if) in (1) we have 




.V 3 -2AY 4 r 3 




^A ,3 -rM A rl +2AT + L 3 


-2.Y'+-24 L -2A'-^K < 2 = 0 


^ ,V : 2 AT + T J - 2X 3 + 2 r + A' : + 2AT + /' 8A +4=0 


o | -2 A' + 1= 0 which is the required equation, 

4. (i) 2x* + 6-Vj' 1 0y l — 1 1 = 0 (I) 

Let the axes be rotated through an angle 0 . Then equations of transformation are 

x- XCusO- YSinO {/ ) 

V = XSinO + YCosO {(/) 

Using (i) and (ii) in (1) we get, 

2( A't ’osO YSinO) 1 + 6(AC ‘os0 - YSu>0)( XSinO + YCosO) 1 1 0 (XSi”0 + YCosOf - 1 1 = 0 
=> 2( X^Ca&O - IXYCasQSinO + Y\'iin 1 G+6(X : CnsOSinO+ XYCus'O - XYSiirO - 
r^nOCosO) + \0(X i Sm l Q+ Y z Ca c(?+ 2XfflnQCos0)-\ 1=0 
_> 2 X 3 Cos-0 - YXYCosOSinO + 2Y : Sin z 0 + 6X~CosOSinO +6XYCos z 0 6XYSi/C0- 
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bY^inOCosO + 1 OA 'WO 1 0 Y'Cos'O + IWSinQCnxQ -11 = 0 
^ X i {ICos'O + bCosOSmV -t I QSiifO) I XYi^iL'osQSitjO+bCos'O - fiSin'O + 
2C \SinOC.osO) + >' 2 (2S7» ! 0 - (>Sh>OCasO + 1 OCus'O) -11 = 0 
T he equation (2) will be free from product term XY if 
-CwOSinO + 6 Cos*0 - 6 Sin'O + 2O5/n0Cra# = 0 
to (}Cos l 0- 6Sln*0 + 1 GSinOC'osO = 0 
=> 3Cos : 0- 3WV t 8 SinBCasO - 0 

C0S l O ’SSin 1 Q 8 SinOCosO _ ' 

° 3 Cos’O " CWO + Cai 3 0 
^3-3W0+S7un0 = O 
to 37i»i 2 <7 - KJ’wtO -3 = 0 
to 37W y -9Ta nO + Fa«0 -3 = 0 
ITunOiTanO - 3X'/««0 - 3; - 0 
=>(Tun0 3X37untf + l) = 0 
ttt TanO— 3=0 or 3Twt0 + 1=0 


or TanO - — 


TanO = 3 

As rJis In First Quadrant. 

So r \in 0 =-- is not admissible value. 
3 

■r rt i S//10 , 

CosO 

^•SinO - 3 CosO -=*Sin : 0 -9Cos l 0 
->W(/ = 9{\-Shr0) 

» W0 =9-9Sm l 0 ~^> l OSiirO = 9 


tt> i/M‘0 

10 


Sin0 = 


Tie 


2 

From a/EL 3 =* 3Ca*0 = ~ 
CosO VlO 

3 




3 V 10 


CojfJ - 


Putting Sin o = 


-L, CosO = -j= ^ (2) 

M v io 


4AJ!*SL.rfH4‘A°1-H=o =>iur 

UO 10 loj bo io ID] 


11=0 


r^+K 1 -n=o 


Which is the required equation 
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CONIC SECTION 


(ii) 


(Hi) 


a? + 4.v-3>'-IU = U (1) 

Let the axes be rotated through an angle 0 Then equations of transformation art 
X= XCasQ-YSinO (/) 
y = XSinO + YCasO (ii ) 

Using (i) and (ii) in (1) we have 

(XCasO- rSirt0y(XSin& + YCosO) t-4 (XCosO ■ YSin0)~3(XSinO+YCm0) -10 = 0 
■=> X’CasOSmO + XYCas" XYSmO- Y z Sin0Cas0 + 4 XCasO - 4 XCosO - 4 YSmif XSinO - 

WCasQ -10 = 0 

=> X’CasdSinO - Y 2 SinOCosd + XY{Cos l 0 - Sin i O)X(4CasO - 3 SmO) - Y(4Sm0 + 

3CosO)-lO-0 

Now the equation (2) will be free from product term if 

Cos 1 0 — Sin'O = 0 => Sin’O = Cas 2 0 
=* Tan : 0= I => TanO = ±1 

Tun0 = \ ■: TunQ^-Us not admissible 


0 = 45° 


Puttng 0 = 45" in (2) we have 

'WaHitAf*’— ' ( i S Hi- hY'*" 

=> X 1 -Y 1 + -J2X - 7j2Y -10 = 0 
Which is the required equation. 

5.V 1 - 6.vj> + 5/ -8 = 0 (1) 

Let the axes be rotated through an angle 0 then equations of transformation are 

x^XCasO-YSinO (/) 

y = XSinO + YCosO ( ii ) 

Using (i) and (ii) in (1) we have 

5( A'f <>s0 - YSniOf -6( XCasO - YSmOXXSinQ + YCasO) *; 5 (XSinO + YCasO)’ -8=0 
— • 5(.V 'Cos’O - IXYCosOSinO + Y l Shf0) - 6(X z CosOSinU - XYCoXO - XYSin’O- 
Y’SinOCasO) + 5 (X'-Sin-O + Y'Cos’0 r 2 XYSinOCosO) 8 = 0 
=> : V ■ : (5 Cvi-0 - 6CusOSmO + SSSin’O) + XY ( - 1 QCosOSmO - 6 C,ix 2 0 + 6Sin 1 0 + 

I Of 'asOSinO > + Y- ( 5Sin'0 + 6 SinOCosO + 5 Cos'O ) - 8 - 0 (2) 

Now equation (2) will be free from product term XY if 
- 1 Of 'asOSinO - 6 Cixs'0 + 6SinO + I QC'mOSinO - 0 
=> bSin'0 - bCos'O =? SiirO - CarO 
w TanO - 1 w TanO = ±1 

^ TanO - 1 v TanO = ! is not admissible 
Put 9 - 15" in (1) we have 


0 = 45" 
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CONIC SECTION 


' s ( 


-,VT(0) + 1' ! 


5 





r i fl 

+ 5 

/ 

i 


-8 = 9 


"5_6 + 5‘ 

i >3 

r 5 6 5] 

2 2 2 _ 

+ ) 

— +— +— 
|_2 2 2 \ 


X 1 

2 ,Y 3 +8K 5 -8 = 0 


■8 = 0 


w U J 


X 2 + 4 Y 2 - 8 - 0 Which is the required equation. 



he general Equation -of Sound Degree; 


Ax' + By + Ox ! + Fy + C = 0 
The most general equation of the second degree 
ax 2 i 2hxy + by 1 + 2 gx + 2fy-c^0 (1) 

represents a conic. 

Here is called the discriminant (1) represents. 

(i) An ellipse or a circle if h l - ah < 0 

(ii) A parabola if h 1 - ab = 0 
jii . A hyperbola if b 1 - ab > 0 

■' ! >e axes are rotated about the origin through an angle 0(6 < 0 < 90" ) where 0 

2h 


is given by Tanlfl - 


a-b 


if u - b or a = 0 = h tiien the axes are rotated through an angle 45". 

Equation of transformation are 

•t - XCosO - YSinO (/) 

v = XSinO + YCosO (ii) 

Using (i) and (ii) in (1) we have the equation of the form 

AX 2 + BY' + 2 GX + 2FK + C = 0 
Solving (i) and (ii) For X, Y we find 
X - \Cos9 + ySinO 

Y ~ -xSinO + yCosO 
Under certain conditions equation 
ix ' + 2hxy + by' + 2yx + 2fy + c = 0 

May not represent any conic, In such a case we say (1) represents a degenerate 
copy one such degenerate conic is a pair of straight lines represented by (1) if 

a /i £ 

h b / =0 

X J c 
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CONIC SECTION 


1. 


(i) 4jr*-4.vy + j> l -6 = 0 


Exercise 6.9 


<i> 


=> 4r ; + 2(-2).rv+ v 2 -6 = 0 
Here a =4, h = - 2 &b = 2 

In order to remove the term involving xythe angle through which axes be rotated 
is given by. 


TanlO = 


2 h 
a~b 
2 (- 2 ) 


„ ™ -v -t 2 TanO 

> TanlO = = - - -> — - 

4-1 3 l-Tan'O 


-4 

3 


— — l _ _ 2 yf an Q - -2(1 - TarfQ) 

1 - Tan‘0 3 

=^ZTaiiO - -2 +2Tan : 0 
=> 2Tar?0 - 3TanO 2 = 0 
=>2Taii'0 — ATanO + TanO -2 = 0 
2TanO{4Tani) - 2) + l(Vbirf -2) = 0 
(/iBXJ-2X27i»X?+1) =0 
=j TanO - 2 = 0 or 2TanO+ 1 = 0 


TanO - 2 


CV«<? = - 
2 


TanO - — 
2 


(Not admissible) v 0 is in I quadrant. 


NOW Sec l 0 - I -i- TatfO = 1+4 = 5 


S^O = Js ^\cviO= — 
/5 


0 is in / Quadrant 


and Cosec*' Q—\+ Cot^O =! + —=— 

4 4 

Coscc' 0 =— 

2 


O<0<W 


: 




Stn& = 


75 


' 


Now equation of transformation are 
X-2Y (3) 


,V = XCosO - YSinO = 
* = mi0+rCar0 = 


^5 

2JT t Y 
& 


(4) 


Putting these values x&. r in (1) we have 

■l-'JfJ-f-JrlTHTj-- 
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CONIC SECTION 


l(X l -4Ar+Ay 1 )-^(2X 1 -2XY-2Y i )+ ’ (4.V 5 \4XYyY 1 )- 6 = 0 
^ 4X 1 - 1 6 AT + 16Y 1 -tSA\+ 12XY + 8r : + 4X 1 +4XY+Y i -30 = 0 


25K J -3Q-0 => S/’-ft-O 


r 3 =- 


y - Which represents a pair of straight lines. 


To find equation in xy plane we have from (3) and (4) 

X—2Y = (5) 

2X-Y=~$y (6) 

By muttipiying equation (5) by (2) and then subtracting (6) from it we have 

2A' - 4>' = 2y/Sx 

_2A , *r=-V5>’ 

-5Y -2fix--j5y 

=> 5K = J5y-2&x = y/S{y-2x) 

»r-*| 

=> +,/6~y-2x 
=> 2x-y±-</6 = 0 
Pair of lines 

2x~y+yf6 = 0 , 2x-y-^f6-0 

(li) x’ -2.xy+>'' = S.v-8y = 0 

r +2(-l)jy+y I -8jr-8v=0 (1) 

<r= 1, b* I A- -l 

If 0 is the angle of rotation to remove the xy term. Then 
2 h 


TrnlO = ■ 


-=> TrnlO = 


£1-6 
2(-l) 


20=90“ =>0 = 45" 


2 

l-l 0 
Equation of transformation are 

x = A’Cas45" - YStrAS 1 ' =.V j-j= j-f j 


=> x = - 


X Y 

& 


(0 


y - ASfafl + i'Costf - ASin45“ + rCos45" 
Vt J 


A’ + )' 
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Using (i) and (ii) in (1) we have 


(fJ-firBr H ttHtt)- 


f.Y-r X + Y^ 

’nr'^rj 


X Y X-Y} 


\ a f y 

-4 x 


Y X-Y 


4 Y 2 


41 

mx) 


4i ~ 4i 

^ r+x 


4 2 


= 0 


8 


4i 




}° 


z=>Y'‘~^=X=0 

=>Y*= 442 ( 2 ) 

which represents parabola. 

Now from (ij and (ii) we have 

X-Y = 4lx (3) 

X+Y=42y (4) 

Adding (3) & (4) we have 

2X^J>x+42Y^42ix+y) => X = 4=C*+>') 

42 

Subtracting (4) from (3) we have 

-2Y^4ix~42y ^>2Y = 42y-42 

Elements of the parabola are 
Foci: 

x -42 r=o 


=>^(jt + .v) = 72 

x+y = 2 

Now Solving 

x + y = 2 
-.v + y = 0 


^o-*)=° 

0 


2y-2 

Putting y= l in x+y = 2 we have 

x +- 1 = 2 x = 1 

Thus Focus in xy plane is (1,1) 

Vertex: 

-V = 0 Y = 0 


1 


*12 


(x +>>) — 0 
x+_y = 0 


:(y *)-0 


42 

x~y= 0 


CONIC SECTION 
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CONIC SECTION 


(iii) 


Solving x-Ky-O & x-y-Q 
Wehavex = o >> = 0 
Thus vertex : (0 ,0) 

Axis of parabola V = 0 
Directrix X = -42 

=>^(x+y) = -42 

=>x+y--2 
^>x + y+2=0 

x*+2\y+y t + 2&x-24ly+2 = 0 (I) 

<7 = 1= A, 2ft = 2 =>A = 1 

If 0is the angle of rotation to remove xy term 

Then ^0=^-=— = - 


a-b l-l 0 


>20 = 90“ 


0 = 45“ 


Equation of transformation a re 

X-Y 


x = XCosO - YSiriO x = 

.v = XSinO 4 YCosO ■=> y = 


m 

X_ + Y 

n 

Using (i) and (ii) in (1) we have 
X-Y 


<0 

(H) 


42 

-( 




X-Y J f + vV 

+^=- +2jr-2>'-2Jir-2r , +2 = o 


42 42 J 


(2X) 1 

142J- 


4r+2=0 


4X 3 


-4Y +2=0 


2X 1 -4r + 2 = 0 
X 1 -2Y-1 


Or X‘ 


-H) 


x -2y4i=o 


( 2 ) 


Which represents a parabola 
Now from (i) and (ii) 

X-Y = 4lx ( iii ) 

x + r =4iy 


IX 

- 4l(x+y ) 


v x±y 


X ’1T 


Also subtracting (iv) from (iii) we get 
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2T = 72 (jc- y) => Y = ^- 
1 <J2 

Elements of the parabola (2) 
From (2) 4a=2~> 


CONIC SECTION 


Vertex: 


2 


U., X = Q 


yJ- 


x+ Y-n y~ x - X 

IT ' 0 IT'l 

From 
X+y - o 

-"Hi 


2y= 


V2 


by adding 


y= 


2V2 


p utting y = -A= mx+y=Q 

We have * + ' =0 * = 

2V2 

Thus yertex the parabola in 
^ -system is ( L_ 

I 2^2'2-Ji. 

Foci: 


1 

2^2 


A" =0 
x+y 

"W 

x+y = 0 


* 4-1 

2 2 

r=-+-i=i 

2 2 


y-x 


- 1 . 


72 

x + y = 0 -x+y = >/2 

Now by adding 

x+y = 0 

_x+y = yf 2 I 

2y=V2 ^ = V2 
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1 


Putting ' itef+jr* 0 

■ V2 


1 A 1 


We have x 
Thus Focus in xy system 
Axisjf = 0= > i^2- = 0 

=> jc+j» = 0 
Directrix: 

2 2 

Y-J-A 

2 2 


IS 


*-y 


=o 


Y = Q 

=> x-y = 0 


(tv) .t 1 + iy + ^*-4 = 0u = l , 2/i = l, b = 1 

Here u = l, 2A=1, 6 = 1 

tf fiiis the angle of rotation to remove the term involving xy, 

The » i 

a-b 1-1 0 

=>20 = 90-' =>0 = 4S" 

Equation of transformation are 

x = XCosQ - YSinO => x = „V - Y - *J2x 

J2 

X-Y = 42x (/) 

=>X+Y=>j2y (ii) 

Adding (i) and (ii) we have 
2/V = J2(x + y) 


.V = 


*+y 

IT 


Subtracting (ii) from (i) we have 

2Y = -Jlx-fiy 


r= 


y-x 

& 


Putting the value of x & y in (1) we have 

i 

-4 = 0 


(x-r) 1 5 

fjr-KYjr+r^ ( x+y V 

l M J 

l S A 42 J’l 42 J 


X : -2 XY + Y 1 X‘-Y' X l +Y'+2XY A ft 

- + + - 4 = 0 

22 2 

=> X* - 2XY + Y'- + X 1 + Y 1 + 2 XY -8 = 0 

3X 2 + Y* -8 = 0 => 3JT 1 + Y 1 =0 
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3X 1 V 1 

+ — = l 

8 8 

X 1 Y 1 , 

’T + T =i 


( 2 ) 


Which represents and Ellipse 
Elements of the Ellipse 
Centre jr=0 Y = 0 


, x+y -a 

‘If * 0 

x+y = 0 


*-y 

IT 


jt- v=0 

Solving jc + ^ = 0 &. x-y=Owehave 
x - 0 y - 0 

Centre (0, 0) 
a J =8 => « = 2^2 

8 , 2jl 

h ~lZ 


s’ 

3 


f - Y2'j2 

¥ ^ 

-*+^ = 4, 

y — 0 & — x + y=? -4 
y- 2 , X =2 


Vertices 
X^O 

* + y = 0 -j:+>' = 4 1 

Solving 
2;>-4 

One vertex is (-2,2) 

Solving Jr + y = 0 and -*+>■ = - 4 
2 y = -4 => y = -2then * = 2 
Thus vertices are (-2,2),(2.-2) 
Equation of major axis 

,Y = 0 =>^±^ = 0 ^>x+y = 0 

V 2 

Equation of minor axis: 


r=o 


x-y 


& 

Now c ! = fl 3 -A I 
4 


= 0 =>jr-_y-0 


,*-*-»=* 

3 3 


\6 

3 






CONIC SECTION 
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Eccentricity 


4 

e = — ?=x = 


C yfj 
=— 

a 2V2 

I 6 


Foci 

.r=o 


& 2V2 & 

4 


>' = ± 


& 


a + y = Q 


1 

W5 

-JT+^ = ±— p- 


7 3 

Solving *+^ = 0 — x + = ± 

-i-h 


4J2 


2J2 

yx !t 


x = - 


Solving X+J ,= 0 
- 2>/2 


y— 


V5 X ~ n/ 3 
Thus required foci are 

" 2V2 -2V2 ] an H -2V2 2 VI' 

} ir'~w\ 

(V) 7* l -W3^+I3/-i6 = 0 (I) 

Let 0 be the angle of rotation to remove the term involving the product 
xy then 

Tnnin - “6^3 


4 

fc -*+y=- 

2J2 


-4J2 

M 


20 = 60" => 0 = 30" 


Now equation of transformation are 

yjlx-Y 


x=XCasW-YSin3V = 

y - XSinW + TCai 30“ = 

Jix-Y 


2 

A"+>/3T 


J ^ 


JlX-Y= lx (0 


=> y= a Wy x+Ji'i r = 2>» («) 

Putting values of x & y in (1) we get 
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CONIC SECTION 






■Jix+y' 


— 16 = 0 




\ •* J * 

■ 2 1 X ' - 1 4^3 XY + 7 V 1 - 1 iX 1 -n&XY+W 1 + I3A rl + 39 Y' + 26-JlXY 04 = 0 

■ 16A" 1 + 64> ,i -64 — 0 


16^+64^ = 64 
I6X ] 647 1 64 

64 + 64 64 



The equation (2) represent an Ellipse 
From (2) 

<T -4 = a — 2 
h 1 -\ =6 = 1 

Using c 3 =a*-b* =4-1 = 3 =>c=fi 

Now multiplying equation (i) by V^and then adding in (ii) we have 

SX~&Y=2&x 

X+fjy^2y 


IA'- 2{V3.t+y) = X 

Now from (i) Y = fix-lx 

=> Y= 73 


v3.r + y 


-Hx + y ' 2 X _ 3* ■Jly- 4.t 

2 j~ * _ 2 


> Y - 


\ 

\Z3.v 1 x 


Centre X -0 t=o 

= s/5.t+y~ 0 V5y-jr = 0 


= x -0 y= 0 

= Centre in xy system is (0,0) 

Foci,y = ±^ , r = o 

fix + y = +2^/i ^Jly-x-O 
Put x^fiym fix + y =2^3 we have 

fi(fi,v) +y - ifi => 4y = ifs = y *= ~ 
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and X = J 3 


2 


= =>x = - 


-3 


So the foci of the ellipse in xY-system 


are 

f 2 75] 

—3 


t*'*i 

, 2 ‘ 2 ; 


Vertices 
X = ±2, y = 0 

^ 'Jix+y _ 
=? 2~ 
^>V3jf +>’ = ±4 


= ±2 




= 0 


2 

x~Sy 

Putting in V3x + y = 4 we get, 

■^('/3>')+>’ = 4 =>4>> = 4 => >* = 1 

and jc = V3( -I> => .r = -V3 

Thus vertices of the ellipse In xy plane are (V3,i). 1) 

Major Axis of {2} is Y = 0 

,,^LS=o=>A t+ ,-(> 


t£. 


Eccentricity: e = £ 

a 

s 

l£ - ,e= T 

Directrices of (2) are x = *— 

e* 

+ y ± 4v5 ± 4 

2 “ 3 " 3 V? 

4 


■ yjix +y = ±-JL : 


■ 3x+V3^±8 


Thus the equations of directrices in xy plane are 3*+i/3 =±8 
(vi) 4a 1 -4xy + Ty* + 12x +6y -9 = 0 (i) 

If 0 is the angle of rotation to eliminate the xy-term. Then 
2 h -4 -4_ 4 

a-6 4-7 -3 3 

ITanO 4 TanO 2 

1 


VariW - • 


i - Tan'-O 3 I Tun 2 0 

■yraitO =210- ffurO) 

3TanO = 2-2Tort l O 
‘2W0+3Ton0-2 = 0 
• ITarfO + WanO Tan 0 2 = 0 
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2 TanQtfanQ + 2) - UTanO -j- 2) - 0 
^ {TanO + 2){2TcmO - 1) = 0 
~>Tantf i 2 = 0 or 2Tan&-]~Q 


TanO - “2 


7 =■ — 

2 


Since 0<&<90" 

Tanft = - 2 is not admissible. 

1 = ) 
CosO 2 


Now 7^=- 


-> 2 SinO = Cos# 4S/rc J 0 = Coj 2 £? 

- 1 - Sin 2 0 =? 5Sin 2 0 = 1 


SinO - — L 

and 

2 

Co&O — 

S« v5 




Equations of transformation are 
2 X-Y 

IT 

X± 2Y 


x — XCosO - YSinQ - - 
V p - XSinfl + YCosO — - 


& 


=>x = ^ 2x - y = Jsx 

$ 


X + 2Y 


& 


X + 2 Y = j5y 


to 

00 


Putting the values of x & y in (1) we have 

2 A" 3 + 3 AY 2>' 3 "| 


2A’->' 

s 

/ 4X--4X Y t Y- 


2X rl JX\2Y 

; +6 — -=r- 

J l Js 




]- 9 = 0 


-4 


+ 7 


X-+4XY+4 r 


H 


(2jr-n+ 


(A" -+ 2Y)-9 = Q 


Ts 

1 6A" 1 - 1 6XY +4Y‘ =iX 1 -l2XY+SY'+7X 1 + 2SXr+28Y 1 H-J2^C2X-Y)f 
6-j5(X + 2Y)-4$ = 0 

-=> 1 5 A' 1 i 40 Y 1 l 24v5A" 12^5 J 6Sx t l2>/5r 45 = 0 
ISA' 1 +40)^ +30./5 A'- 45 = 0 

_>.V 3 +2>/5A+-jr J -3 = 0 
r> A' 3 +2>l5X+S + *-Y i -3+5 
(X + yfSf+jY 1 
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S 3 

Which is an Ellipse 
From (2) 

a 1 - 8 => a = 2 V2 
b*= 3 => b=Ji 


( 2 ) 


From (i) and (ii) 

2x+y 


a r=; 


V? 


7 = 


2>> — jr 

Vs 


Using c 1 =o J -i s 

=8—3 = 5 =>c = Vs 


Eccentricity 


c _ -J5 
a ijl 



Centre of (2) is 


* + ^5=0 & r-0 


^*=-V5 ^=0 

Vs 

i -~Vs * = 2>> 

=> 2x+.y = -5 

Using m 2* + >>--5 

2(2 i y) + ,v--5 => 5,v = -5 =>>>=- 1 

and jt = 2(-1) => jc = —2 

.-.Centre of the ellipse in xy plane is (-2,-1) 

Foci of (2} are 

*+Vs=.±Vs & 

=> jr=-V5±Vs 2>-*=o 

x = 2y 

2x+ v --5 ±5 
2jt+> 1 - 0, 2.\ + ^ = -10 
Using x = 2y in 2jf+,y = -10 
ar = 0 y=Q 


Putting jr = 2y in 2x + y = - 1 0 we get 
2{2y)iy= 10 > Sy= 10 -> .v= -2| 

and x - 2(-2) 


x = -4 


Thus foci of ellipse (2) in xy-syslem are (0,0) , (4, 2) 


CONIC SECT10M 
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Vertices are 

.v » ,/$ *±2^2 , r- o 

u*. s X = ^B±2-J2 , 2y ~-=0 

V5 

. r 2>- 

Putting *-2y w 2x + y = -5 + 2 VlO 

We gel 2(2 >') + y = ^5 + 2i/lt) r^5 > --5 + 24o 

. 2i/io . [« 

V~-'l + 


IS " u \^ and 


x=2 


I -+ . 


, IHI 

Again putting .r = 2y w 2.v+jy = -5-2>/t0 
5;- - 5-2VT0 •> y= l and 


x ~ 2 


/n 


-2-.“ 


v y ' 

Thus foci of the ellipse in xy plane are 

(«■£ 

Major axis of ellipse (2) is 


r-0 


2y-* 


= 0 => x-2.v = 0 


. , Major axis in xy-plane is r-2y = 0 
Minor axis of ellipse (2) is 

X -0 -> 2 -^ 0 -=> 2 x + >» - 0 

Major axis is in xy-pfane is 

2,v + v = 0 
Directrices 

t + ^- ± _^ ± bL 


5 

2 


:> Z 7' V lV5=±^. 8 =±- S 
v5 $ 

=> 2x+y+$ =■ ±8 

^ 2.r+ # v~-5±8 

2ar+j' = 3, 2x±ym — 13 

Are the directrices in the xy-plane. 


CONIC SECTION 

X 



IP 


1 
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TEST YOUR SKILLS Marks 100 


OBJECTIVE 

Q.No.l Given below are a few possible answers to each statement of which one is correct, 
identify the correct one, (20) 

1. The size of the circle depends on how near the plane is the vertex of the 

(a) Triangle (b) Rectangle 

(c) Cone . (d) None of these 

2. The Greek mathematician Apollonius discovered many intersecting properties of the 

(a) Straight line (b) Plane 

(c) Conic sections (d) None of these 

3. The theory of conics plays an important role in modern 

(a) Physics (b) Calculus 

(c) Space mechanics (d) None of these 

4. If c(h, k) is the centre and r is the radius of a circle then equation of the circle is 



(a) (x + h) 1 + {y + k) 2 = r 2 

(b) 

[X“ hf + (y- kf = r 2 


(c) {x-h) + (y~k) = r 

(d) 

(x + h) + (y + k ) = r 

5, 

A circle with radius r = 1 is called 
(a) Point circle 

(b) 

Standard form 


(c) Genera! form 

(d) 

Unit circle 

6. 

A circle x 1 + / + 2gx + 2fy + c = 0 is centred i 

at 



(a) (fl,/) 

(b) 

(Ac) 


(c) (-g, -f) 

id) 

(9. c) 

7. 

Centre of the circle x 2 + y 2 - 6x + 4y + 13 = 0 is 



(a) (3, 2) 

(b) 

(3, -2} 


(c) (-3, -2) 

(d) 

( 3,2) 

8. 

A chord which contain the centre of the circle is 

called a 


(a) Radius 

(b) 

Chord 


(c) Diameter 

(d) 

None of these 

9. 

The line y * mx + c is tangent to the circle x 2 


= a 1 if c = 


(a) $myj\+a 2 

ib) 

±m-J\ ~a~ 


(c) ±ajl— m 1 

(d) 

±aV 1 + m 2 


10, The equation of normal to the circle x 2 + y 2 = o J at P(x 1( yj is 
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(a) XV, - vy, =a- 

|b) xx l =yy f 

(c) xv, +■ vy, = u~ 

(d) xy, = yx, 

11. For a conic the fixed line t is called a 

(a) Eccentricity 

(b) Directrix 

{cj Focus 

(d) Vertex 

12. Parametric equations of the parabola jr 1 = 4 ax are 

(a) -V - m, y ~ 2 a 

(b) x^ar,y 

(c) t - at, y = 2at 

Q. 

* 

II 

a 

M 

h 

j^ 2 y 2 

13. If equation of ellipse is 

= 1 then directrices are 

(a) V = ±- 

<b) -t-±4 

e 

<?* 

(C) y=±~ 

(d) y=±A- 

(? 

. 

If 2 y 2 

14. If equation of ellipse is I? + H 

o a 

= 1 then vertices are 

(a) [ . ^a) 

(b) (+0, 0) 

(c) (±o, t>) 

(d) io,±b) 

y 2 


15. If equation of ellipse is £5 + ^5 = 

= 1 then centre is 

ta) (0, 0) 

(b) {a, b) 

(c) U>, o) 

(d) (-o,-fe) 

16. End points of the major axis of an ellipse are called its 

(a) Centre 

(b) Foci 

(c) Vertices 

{d} Co-vertices 

y 

17. If equation of hyperbola is ~- 

X 

1 then fod are 

(a> (0, +c) 

(b) (±c, 0) 

(c) (+o. 0) 

(d) (0, ±b) 

18. If the equation of hyperbola is 

x 2 / 

g 2 - ^i = 1 then vertices are 

(a) (+a. 0} 

(b) (0, +o) 

(c) (0, +b) 

{d) (±6, 0) 
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19, A second degree equation: ax 2 + Ihxy + by 1 + Igx + 2fy + c = 0 represents parabola If 

(a) h 1 -ab=Q (b> hr -ab>0 

(c) if -ub< 0 (d) None of these 

20. If the distance of any point on the curve from any of the two lines approaches zero 
then it is called 

(a) Axis (b) Dlrectrics 

(c) Asymptotes (d) None of these 


SECTION I 

SUBJECTIVE 

Attempt any 25 (twenty five) short question from Question 2,3 and 4, at least 12 short questions 
from question 2, 12 short question from question 3 and 13 short question from question 4. All 
question carry equal marks. , (25x2=50) 

2 

j. What is the general form of eq, of a circle’ Also find its centre and radius. 

II. Find the eq. of a circle whose centre is a* [5, -2) & radius is 4. 

iii. Find centre and radius of the circle 

4x* + 4/-Ex + 12y- 25 = 0 

tv. Write the eq. of tangent and normal to the circle x2 + y2 + 2gx + 2 fy+c= 0 at the pt|xl, yl) 

v. What is the condition that the pt. (x,, yO lies outside, on or inside the circle? 
x 2 + y* + 2gx + 2fy + c = 0 

vi. Determine whether the pt. (-5, 6) lies outside, on or inside the circle 
x i + / + 4x-6y-12 = 0 

vii. Write the condition that the line y = mx + c should be tangent to the circle = 

{7 J . Also write the eq. of tangent 

viil. Find the length of the tangent from the pt. P( 5, 10) to the circle 

5x‘ ! + 5y i + 14x+ 12y-10 = 0 

ix. Check the position of the pt(-5, 6) with respect to the circle x"' + / = 81 

x. Define conic section & what the value of e when it will represent parallel, ellipse 

hyperbola. 

xi. What are the parametric eqs of the parabola y 2 = 4ox 

xii. Under what condition the eq, ox J + by 2 + 2gx + 2fy + c = 0 represents a parabola? 
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Q.No. 3 

Find focus, directrix of the parabola:^ - -16 y 
Find the eq. of parabola whose focus is F(-3, 1) & directrix x = 3 


CONIC SECTION 


I. 

n. 

m 


IV. 

V, 

VL 

viif. 

IK, 

X. 

XI, 

xil. 

Q.Ato.4 

L 

if. 

Hi. 

iv. 


VI. 


vH. 


Find an eq. of the parabola having focus at the origin & directrix parallel to (i) 
x axiis, (ii) y-axis 

Show that the ordinate at any pt. p of the parabola is a mean proportional between 
the length of latus sectum and the abscissa of p. 

Find an eq. of the ellipse having centre at (0, 0), focus (0, -3) and one vertex at (0, 4). 

Prove that length of L.R, of the ellipse + = | is — 

a b 1 a 

Define hyperbola. 

What are parametric eqs of an ellipse? and What is the parametric eq. of a 

hyperbola? 

What are the eqs of the directrices of an ellipse when major axis is along x-axis? 

What are the eqs of the directrices of a hyperbola when transverse axis is along x-axis? 

Find an eq. of the hyperbola where foci are (+4, 0) & vertex are (+2, 0). 

• 2 ,2 

Find eccentricity, vertices & foci of the parabola' — = i 

16 19 

Find the eq. of the hyperbola whose focus (6, 0), vertex {4, 0) centre [0, 0), 

- . J 

Write the eq, of tangent & normal to = f at the pt (x lt y 3 ). 

of tr 

2 2 - 

Write the eq. of tangent & normal to hyperbola to %■ - — - at the pt (x, y,J 

a b' 

Find the condition that we line y = mx + c should be tangent to the parabola / = 4ox 
& also find eq, of tangent. 

Find the condition that the line y = mx + c should be tangent to the ellipse 

v v" 

— t--rr = l Also find eq. of tangent. 

tr b‘ 

Find the condition that the line y = mx + c should be tangent to the hyperbola 

.r’ V s 

— = 1 . Also find eq. of tangent, 

a' b m 

find the conditions that the 2nd degree eq. of the form Ax 2 + By 2 + Ox + /)/+ ('= 0 
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represent a circle, ellipse, hyperbola or a parabola. 

viii. Find the conditions that the most general eq. of 2nd degree 

ax + 2 kxy + by' + 2g.\ I 2fy + c - 0 represent a circle or ellipse, parabola, 
hyperbola. 

ix. Find vertex & centre of the ellipse 9 jt + y 1 - 18 

x. Find eccentricity & directrices of x 2 + 4/ = 16 

i y 4. ?)’ h-- 2) : 

xi. Find centre & axis of the ellipse ' " + — 7- = 1 

9 16 

xii. Find semi major & minor axis of the ellipse 4x 2 + 7/ - 36 

xiii. Find eccentricity of the hyperbola 2Sx l - 16y‘ - 400 


SECTION II 

Attempt any 3 (three) questions. (3x10=30) 

Q.No.5 

(a) Show the circles, x 2 V+2x-8=0 and xV"6x+6y-46=0 touch internally 

(b) Find the co-ordinates of the points of intersection of the line 2x+y=5 and the circle 
x ? +y 7 +2x-9=0. Also Find the length of the intercepted chord 

Q.N0.6 

(a) Find the length of the chord cut off from the line 2x+3y=13 by the circle x ? +y*=26 

(b) Prove that perpendicular dropped from the centre of the circle on a chord bisects 
the chord. 

Q.No.7 

(a) Find equation of the circles of radius 2 and tangent to the line x-y-4=0 at A(l,-3) 

(b) Prove that normal lines of a circle pass through the centre of the circle. 

Q.N0.8 

(a) A parabolic arch has a 100 m base and height 25 m. find the height of the arch at 
the point 30m from the centre of the base. 

jc 1 y 1 2b 1 

lb) Prove that the lactusrectum of the ellipse. — — r = 1 « ■ 

a b‘ a 

Q.No.9 

(a) Find any point on a hyperbola the difference of its distances from the points (2.2) 
and (10.2) is 6. Find an equation of the hyperbola. 

(b) Find equation of the tangent and normal to y J =4ax 
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1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18 . 
19. 


(Lhr - 2008) 


Previous Board Questions 


Define a circle? 

What is the centre of the circle? 

Find an equation of circle with centre at (5, - 2) and radius 4? 

(Lhr - 2007, 2008, 2009) 

Fmd an equation of circle with centre at ( v2, - 3^3 ) and radius 2^2 . 

Find the centre and radius. ^ FSCi 2009 ) 

What aretll £ + *£ 7 ^ ' 10 = ° (Lhr - 2009, Fsd - 2009, 

What are the parametric equations of circle x 2 + y 7 - r 2 .? 

r (Mtn - 2009) 

Find an equation of circle with ends of diameter at (-3, 2) and (5, - 6).? 

u /rltar , . . (Grw - 2005, Lhr - 2008, Mtn — 2009) 

te standard equation of the parabola with x - axis as its axis? 

c . . ... .... (Mirpur-2009, 

Find the vertex and focus of parabola x 2 - 4x - 8y + 4 = 0? 

. t {Lhr-2006, 2008, Fsd -20091 

What do you mean by major and minor axes of ellipse? 

Define hyperbole? 

Find the centre and equations of directrices of the hyperbola 

16 9 ' (Mirpur-2009) 

Find the equation of hyperbola with centre (0, 0), focus (6, 0) and vertex (4. 0)? 

(Lahore -2007, 2008) 

Check the position of point (5, 6) with respect to circle x 2 + y 2 = 81 . 

E . A¥ . , , (Lahore -2010) Group -I 

nd the equation of parabola having focus at (0, 0) and directrix y = 2. 

(Lahore - 2010) Group - | 

Find the equation of the normal to the circle x 2 + y 2 *= 25 at (4, 3}. 

Prove analytically that the line joining the centre of a circle' to^e mid^nf of its 
chord is perpendicular to the chord, 

{Lahore — 2010) Group - 1| 

Check the position of the point (5, 6, with respect to the circle x 2 + y 2 = 64. 

c . . (Gujranwala - 2010) 

Find an equation of parabola with focus at (-3, 1) and directrix x = -3. 

(Gujranwala -2C10) 



www.iqbalkalmati.blogspot.com : *'/ 





www.iqbalkalmati.blog3pot.com 


COLLEGE MATHEMATICS-!! 


VECTORS 


Vectors 



Definitions 


A physical quantity which is defined only by its magnitude. 

5 A physical quantity defined by its magnitude and direction also. 

Absolute value of vector is called magnitude or 


Magnitude or Length or Norm: 


length or Norm |A0| 

. v 

A vector whose magnitude is unity or 1, v - j v | 


Unit Vector: 


Equal Vectors: 


Two vectors AB and CD are equal if they have same magnitude and 


— > 


direction |A8| = |CD| 

Two vectors are parallel if and only if they are non-zero scalar 
multiple of each other a - Xb 


Triangular Law: 


-> > 

If AB and BC are two sides of triangle then 


Position Vector: 


Zero Vector: 


Direction angles and Direction Cosines: 


AB + BC = AC is called triangular law. 

The vector of whose initial point is the origin 0 terminal point is P. 
If magnitude of a vector is zero then it is called zero vector. 

Let r = x[ + yi + tk be non-zero vector and 
u, fi, y arq angle formed between r and H k respectively then ot, (3, y are Direction 
angles and cosu, sosp, cosy are Direction Cosines. 

if y and v are non-zero vectors in a plane with same initial 
tine then their dot product is y. V* |y| |y| cosO 

If u & v are non zero vectors then 

U X v = Ou\ \v\ StnO) ft (Sargodha 20081 
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11 . 

12 . 
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14. 

15. 

16. 

17. 

18. 

19. 

20 . 

21 , 

22 . 

24. 
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Important Formulae 


VECTORS 


Vector = AB or U 
Magnitude = | AB | 


2 . 

4. 


Triangular Law of addition AS + BC = AC 
* — ^ — ► 

Equal Vectors JAB J = | CD | 7. 

Ratio Formula r = + g. 


p + q 


* 1 . 1 
y 

X 


Scalar = AB or U or |AB| 

. A v 

Unit Vector = V = ; t 
- 1*1 


Position Vector = OP 
Direction angles a, p, y 


Direction Cosines cos a = - , Cosp = - , Cos y = ~ 

Tri:- 1 -- can be direction angle if Cos^a + Cos^p + Cos^y = 1 

Sca.ar product or Dot product of u and vu.V= |u| |v| CosO 

Perpendicular u y = 0 

Parallel u = Xv or u x y = 0 

Vector product or Cross Product = ux y = |u| |y| SinGfl 

i i k 


X V " fltf nsf 


U X V - 


U 1 u 2 w 3 
1/1 v 2 v 3 


, where 


u=u, i + u 7 l+u 3 k 
v^=V^L+v z l+v 3 k 


'&( j/f 


Area of parallel gram ABCD - JAB ■ AC| 
'1 — ► — + 

Area of Triangle ABC = ~ | AB * AC[ 

Volume of parallelepiped - u . v>w 
Uj v, w are coplanar if a . v x w = 0 

1 

Volume of Tetrahedron - 7 (u ^ x w) 


U . V x W — 


=£8. 



23. 

Moment of Force = 

rxF 

u i 

»2 

“3 




n 

v 2 

v 3 

25. 

uvxw-v.wxu 

= w 

w i 

w 2 

w 3 
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VECTORS 


Exercise 7.1 


1. (i) P(2,3), Q(6,-2) 

PQ = (6 - 2)( + (-2-3)/ = 4/ - 5/ 
(ii) mS),Q(-!,-6) 


I 


PQ *(-1-0)/+ (-6 - 5)1 = — / - 1 IJ 

2. (i) u~2l~7i . 

|»| = >/t2) 2 + C-7>- = 74 + 49 = 753 

(ii) « = /+/ 

=> H = = V 2 

(iii) ij = [3,-4] (Sargodha 2009) 

= 3/—4/ 

Then |w| - Jo) 2 + (—4)“ = 79 + 16 - 725 - 5 (always + ve) 

3. (i) it = 2/ — 7/, v = / - 6/, w = -/ + / (Sargodha 2011) 

u +£-w- (2/ - 7 J) + ({' - 6/ ) - (-/ + j) 

= 4/ -14/ 

(ii) 2u-3v + 4w = 2(2/ -7/)-3(/-6/) + {-/ + /) 

4/-14/— 3i + 18/ -f +j = Or + 5^ 

I 1 1 I 

2 “ 2 " 2“ 2 - 

- ~(2f _ 7y rl-tj -( +/) - ~(2i- 12/) =*-6/ 

4. ,4(1, -1), 5(2,0), C(-i,3), D(-2 t 2) 


AB =(2,-l)/ + (Q -(-!))/=( +/ 

— > 

CD =(-2, +1)/ + (2 - 3)/ = / - / 

— y — y 

AB+CD = ([ + J) + (-1 -/) = /+/-/-/ = 0( + 0/ = O 

-4* — ► 

AB = 4/ -2 /", 5(-2.5), AO = ?, 0(0,0) (tfrrg'/n) (Sargodha 2010) 
— > — ^ — > — > 

A O = .4 5+ BO and BO = (0 + 2 )i + (0 - 5 )/ 

4/-2/+2/-5/ - 2/ - 5/ 
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= 6 /— ?/ 

6. (i) v = 2i-j {Sargodha 2009, Lahore 2010) 

|v| =■ V(2) 2 + (-1) 3 = 74+1 = V5 

u 2/ - j i 

Then = = 

|v| S v5 

i . s . M 

v = —i H / (Sargodha 2008,10, Lahore 2010) 

" 2' 2 - 


(ii) 


Then ivl = J| * 


X 1 




■J 


fV5 

^ 2 ) 




I 

1’ _ 2' + 2 - I . . V3 , 

HT 1 


=— i + — j 
2 ' 2 - 


(iii) r = — 


73 . 1 . 


r = r y 

2 2 - 


Then v = 


. ( 

S. 1 . 


iJ-JR-fi- 


* v 2 ~ 2- 73 . 1 . 

-"If — i ~ = ~ l ~ 2 - 


W-T..V) 


7. (i) Suppose D(x.y) then in ABCD 
Parallelogram aH is parallel. 


to DC So 
-> > 
AU^VC 




So 2i+4y -(l-.v)/+(6— >>)7 


where 

2)i_+ (0 -M))7 = 2i t 4j 
DC = (1 - .r)( + ( 6 - y) j 


=> 2 - (l-*) & 4 = (&->') 
or 2-1-.V 2= y 

=t> ,v = 1 & y ■ = 2 

So £*(-[, 2)fe required point. 


ClWj 
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— y 

(ii) ADBC is Parallelogram so AD is 

to CBm AD-CB 


ft I.4J 



A ( t - 4) 




So (.t-2)/ + O' + 4)7 = (4-l)i+(0-6)y 
(.r — 2)[ + (>’ + 4)y = 2j - 3r = 6j => x - 2 - 3 & v+ 4 = -4 
So Z)(5,-1Q) =>.v = 5 & .y = -10 


8. (i) Suppose A(x,y), then ABCD is 

Parallelogram is required point 
^ — > — > — ► — > 

so AB is parallel to DC so AB-DC 

( 4-x)i H \ —y)j =(-2+8)/+{3-0)y=>(4-x)r+(l =6i+3j 
=> 4 - .r - 0 & l — j/ = 3 =>-.t = 6-4 & ->> = 3-1 
=> - x - 2 & - y = 2 => x = -2 & y = -2 
So /((-2,-2)is required point. 


4*.y> 


(ii) Suppose £(.v,y>) ts required point ^Eis 


M-H.O) 


4-2. -2) 


to DB SO AE'DB 

(v - (-2))/ + (>.' ~(-2))j = (4 -(-8))/ + (1 -O)/ 

(.v + 2)/' + (>■ + 2)j = (4 + 8)/ + j=> (,v + 2 )/ + (y + 2)7 = 1 2i + j 
So x + 2 = 1 2 & ^ + 2 = 1 .Vo x = 1 0 & y= t 
So A'(l 0, 1) is required point. 

9. Suppose / , (jc, v),( 0(0,0) origin ) A = (-3,7), 5(1,0) 

— > — ^ 

Given Or = AB 

u-0>i+O'-0)y=(i+3)/+(0-7)/ 
x‘+y£ = 4/-7y».v = 4 & y = - 7 

So point is ^(4, -7) 

¥ 

10. AB — 4(0,0), B(a,o), C(b,c ), D(h-a,c) (Sargodha 2010) 

— ^ 

DC = (b- (b - a))/ + (c - c)j = (if- a)l + 0y 

— ^ ^ 

- cf/ 4/i = ZJC ,vo 45/s parallel to DC 

~ “> 

Mow AD =(b-a- 0 )/ + (c- 0)./ = (b - «)/ + ty" 


v/crmpc 

» feV t vity 




O-ai J 



B0 t n 


, mu 



a-v.v> 
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-> 

BC (b - a)[ + (c-0 ) j - (b -a)i_ + c j 

-> 

AD- BC so ADis parallel 10 BC 
^ ) 

AB is parallel to DC & BC is parallel to AD so ABCD is parallelogram 

► — ► 

11. Suppose A(x,y ) and given £(1,2), C(-2,5), />(4, 11) so AB = DC 

(1 - x)i + (2 - y)j - (4 - (-2))/ + (11 - 5)v 

(1 -x)r+{2— y)j -(4 + 2)i + 6j => (l-jr)i+ (2 ->')_/ = 6/ + 6/ 

=? I — ,v - 6 & 2 — >• - 6 - x - 6 - 1 & — y-6-2 

—.v - 5 & - 4 => j; - -5 & y = -4 

So A( -5. -4) is required point. 


12 . 


13. 


14. 


Suppose 

a is p.v of C so a = 2/ - 3/ 
b is p.v of D so b - 3/ + 2 j 
r is p.v of point P which divides it into ratio 4 : 3 or p\q so 
qq + pb 3(2/ - 3 j) 4 4(3/ 4 If) 


r = 


p + q 


4 + 3 



6/ -y + 12/ + 8/ 18. I . 

r = — • — — / / 

7 7 ' 1- 

a is p.v of C so a = 5j 

h is p.v of D so b-4i_ + j 

P'-q = 2:5 

qq + bp 5(5_/) + 2(4/+ /) 
p + q 5 + 3 

25jr+8/ + 2y S. 27 . 


r - 



r = ■ 


- =—l+—J 
7 * 7 ~ 


Suppose that « , A, c are position vectors of 
A, B, C respectively (Sgd 2010) 

Then pv of D = 

p.v p/ b - — — = 


Hal 
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BC^OC-OB^c-b & DE = OE-OD = 
= I(a + c-£'-6) 

1 t 

DE~-(c-b)^-BC 

2 2 

— ► j "4 

So DE — — BC Hence proved. 


a+c_ ' 0+6 ^ 

~rr) 


IS. Suppose that a, b, c, d are position vectors of A, 8, C,D respectively then 

^ (Fsd 2011, Sgd 2012 ) 


pv of E = 
pv of F = 
pv of G- 


a + b 


2 , 
b + c 
~2~ 
l' + d 




M) 


f IT 

pv oj H = — 


—> 


> — > 


EF = OF OE = 


b t 


c 


f r , 


a + b 


-b-+c — tt ~b 


c-a 


V, 2 / 

FG - OG OF - - + - ^ *: + d-b-e d-b 


2 , 


//g = 6c, 

2 ^ 2 J 2 2 

£7/ = = g + _ilzi 

2 1 2 J 2 2 

— ^ ^ > 

/:7'' - FIG => EF is parallel to HG 

^ ^ y y 

FG = EH => FG is parallel to EH 
So EFGU is parallelogram. 


c Id 
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COLLEGE MATHEMATICS-1 1 


489 


VECTORS 


Theorem: Prove that Cos 2 a + Cos 2 p + Cus'y — 1 
Proof: Suppose a vector r s.t 

L = X L+: Vl + zk & [ r| = ^[x 2 + y 1 + z 2 

or r = +z‘ 

=w • r =x +y’+z > I 

In a right triangle GAP 

x 

Cosa — Similarly 

r 

„ y z 

Cos /3 - ~ & Cosy = 

r r 



{Sargodha 2009,11) 


So CotH+totfi+Cegr *■* 

r\ r r 1 r 2 

Hence proved that Cos 2 a + Cos 1 (3 + Cos 2 y = 1 
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COLLEGE MATHEMATICS- 


VECTORS 


Exercise 7.2 


1. (t) ,4(2,5), *(-!,!), C<2, -6) 

48 = (- 1 2)/ t (1-5)/= -3/- 4/ 

— ► — ^ 

(it) 2AB-CB 
— > 

Now A B = (- 1 - 2 )/ + ( 1 - 5 ) / = —3/ - 4/ 

— y 

OS - (-! - 2)/+ (1 + 6)j - -3/ + 7j 
— > 

Then 2 AB-CB = 2(-3/~ 4/) (3/ + 7/) 

= -(.1-8; + 3/ - 7/ = 3/ - 1 5^ 

— > — > 

(iii) 

-f 

Now Cfl = (-1 -2)i+ (1 + 6)/*= -3/ + 7/ 

— ^ 

C/f = (2 -2)/ + (5 + 6)^01 + 11; 

— > 

2 CIS- CA - 2(-3i + lj) - i 1 1 = -6/ + 14/ - 1 1/ = 6/ + 3/ 

2. (i) u = l + 2j~ k, v = 3[-2j + 2A , w = 5/ - / -f 3A 

» » 2v i H' = (/ + 2 / - A ) + 2(3 i - 2/ +2 * ) + (5/ - j + 3A) 

= / +■ 2/ - A + 6/ - 4J + 4k + 5/ - / + 3A = 1 2i - 3 j + 6k 

(ii) v * 3 h; = 3/ - 2y + 2k - 3(5/ - j + 3^) = 3/ - 2j + 2k - 1 5/ + 3/ - 9 A (Sgd 2009) 

= !2/4/-7A 

(iii) 3v 4 w> = 3(3/ - 2j + 2k) + 5/ - j + 3A = 9/- 6j + 6k + 5/ - j + 3A 

3v 4 u; = 1 4/ - 7 j 4 9 A 

|3i’+vt‘[ = ^/(14) : +( if + (9) J = s^96 + 49T8l = >/326 

3. (i) v=2/ + 3/ + 4A 

Magnitude =[v| = J{2) : +(3)’ + (4)~ = v4 + 9+16 = >/29 

_ 2 3 4 

Direction of Cosines are Cosa — - S 'osfl - -~^=,Cusy = 


JF>' 


J29 


J29 
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COLLEGE MATHEMATICS— II 


(nj 


(iii) 


4. 


v=[~j-k 

Magnitude -jv) = >/(l) 2 +(-l ) J +(-i) 2 = Vi + 1 + ] = V3 
Direction of Cosines are Cosa - — , Cos 3 = — i C'ovy - — 

V3 V3 V3 

v — 4/ - S_/ 

Magnitude = jvj - ^"+(-5)* = Vt6^25 ^4! 

4 

Direction of Cosines are Cosa - X'osfi- 


'ai + (a+l)j+2k\ = 3 


VECTOR S 


(JC 1 ^ rfX 1 -*- J + 2.o<- ^ 

r 1 t 2 ^ -/ jj- 

ur Ja 2 +(a +1) 3 + (2) i -3^> Vscr 2 + 2cr + 5 = 3 
Squaring both side 
2a'-h2a i 5-9 

2tr+2a + 5-9-0 or 2a' -t- 2a -4 - 0 + 6ya 2 +a-2 — 0 

a +2a — a— 2-0 or a(a + 2)— l(a+2) = 0 or (a + 2)(a-l) = 0 - 0 
a + 2=0 or a-l»0 => a - -2 or a - 1 


6 . 


v = i + 2J - k 

Then \v\=y[(lf f(2) J +{-l) J = Vi + 4 + 1 = V6 

v /+27— A 1 2 1 

Unit vertices == — -~-=i + / — — i- 

M VS ! V6 Z V6 S 


" = 3/“ [- 4*, A = 2i - 4/ - 2A, e = [ + 2j~ k, (Sgd 2008, Lahore 2010) 

3o ^ - 2b + 4c - 3(3/- / - 4k ) - 2(2/ - 4 J - 5k) + 4(r + 2y - i) 

= *>' - 37 - 12* + 4/ + Ky + 6* + 4/ + 8 j - 4k 
= 17f+13y-10A 

|3a-2|+4t-) = 70^? , " (13) ; +(-10)f -V289+ 169+700 - V558 
3o-26 + 4c 1 7/ + 1 3 / - 1 0£ 


Unit vecior= 


|3g - 2b +%| VS5 8 

17 . n . io 


VSSS^VSSI^ V558 


7 -- 
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COLLEGE MATHEMATICS-11 WiVY-M 

7. (I) magnitude =4 a v = 2/-3y + 6A (Sargodha 2008, 09) 

jv;| = N /(2) 2 +(-3) I + (6) I = V4 + 9 + 36=>/49 = 7 


VECTORS 


* v 2( - 3y + 6A 

- = M = 7 


(2/-3y+6A) 8. 12. 24, 

Required vector = 4x “ + — A 

7 7 7 -7 

(ii) Magnitude = 2 & v = -[ + j + k_ 


v| - 7<- 1) 2 + (l) 2 + (t) 2 = Vl + 1 +1 = V3 


^ y ^ 

s= iT'"T" 


2x(-i>y + A) -2. 2 2 . 

Required vector = =-^/+-^-y +^A 


.-LB = » = 2/ + 3y + 4A , BC = v = -/+3y-A,,4C=H; = i + 6y4-zA, 

(GuJ 2010, Sgd 2011) 

If h.v,u; represent sfdes of triangle then M + v = vv 
or (2/ + 3y + 4A) + (-/ + 3y - A) - (/ + 6y t- zk) 
or 2i+3j +4k-i+3j-k=i+6j+ik 
or r + 6 / + f + 6 j 4- zk => z = 3 

Position vector of A is OA = 2[- j + k 
— ► 

Position vector of B is OB - 3/4- j 

— y 

Position vector of C is OC ■= 2[ + 4y - 2k 

. 

— > 

Position vector of D is OD -~[-2 y + A 
— > — > 

.4B - OB- (7/1 =3/ +y -(2/-y + A) = 3/ + y - 2/ + y - A = [ + 2j -A 
— ^ ^ — ► 

CD -OD-OC = -/-2y + A -(2/ + 4y-2A) 

— > 

CD = -/ -2/ + A - 2/ - 4 7 + 2A 


\ 
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COLLEGE MATHEMATICS-1 1 


VECTORS 


CD - 3/ - 6/+ 3 k = -3(7 + 

- — > 

CL > = -3AB 

Hence /i# is parallel to CD 
10. (i) r=2/-4_/ + 4A 

-- |v| - V(2) 2 +(-4) 2 +(4) J - V4 + 16 + 16 -v'36-6 
■v_ v 2/-4/ + 4A 
Jvl 6 




(ii) 


(iii) 


(iv) 


Required vector -2-x 


f 2/ -4y + 4A ^ 

( 2/ - 4 j + 4A ^ 

v j 

1 3 J 


Same direction 


-(2/ - 4y + 4k) -2/ + 4/ - 4A 


3 

V = t'K 1 

( t ~ y + 4A ) - £■(«/ + 9y - ! 2A) 

J -3 / + 4A = «c?j + 9c j - 1 2cA 

£tc = l - — > / & - 3 = 9c 
Put c /« / 

r-n 


opposite direction 


"C =■ 


-1 


a 


— I u = — 3 , c = — 


l J 

r^i-2y + 3A 

*1-7(1 )- +.(-2) : +(3r *= Vi+ 4 T 9 - yi4 


v / — 2y + 3A 

* 14 ~ Vi4 

Required vector in opposite direction 
^ 5 x(-l)(j- 2J+3A) **5 10 15 

Vm ~^ L+ 7^-~Ti- 

II - cv 

^-y + 4A = r(«;+/ Jj /-2ii 

3/ - i 1 4k - aci + be j - 2 ck 
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COLLEGE MATHEMATICS-II 


VECTORS 


ac = 3 


Solving 111 
Put value of c in I 


c= -2 
-3 


bc=~ 1- 


-7; 


-2c- 4- 


-W 


o(-2) = 3 => « = — 

Put value of c in II 

/>(-2) = -1 => b - — 

2 

ll. 0) v-3i_-j + 2k 

= |v| = V(3) 2 + (-I) I M2f = V9 + 1+4 - Vl4 

3-12 

Direction Cosines are Cosa - , Cos 8 - —j= , Cosy = —t= 

Vl4 V14 Vl4 

m ) v = 6/ - 2j + A (Gujrawala 2010} 

Is) = V(6f+^2) 2 + (l) 3 ~ i/36+ 4+1 =V41 

6 “2 1 
Direction Cosines are Cojra = ■ ■ , — ,Coi/? - r — ,CtJA 7 ' - 


V4l' 


v/41 


V4l 


-► 

(iii) />{? = (l-2)7+(3-l)7 + (l~5)* =-1 + 27-4* jP(2, 1,5) 0(1,3,1) 


PQ 


= >/(-!)* + (2) 1 +(-4) 1 =Vl + 4 + 16 = -s/2l 


— - -12-4 

Direction Cosines are Coja = ~j^ , Cos {3 = , Cosy = -j==r 


12. (i) Here Q - 45° ,/? - 45",/ = 60 e 

Then Cos 1 a + Cos' p + Cos 2 y - Cos 2 45" + Car 45“ + Cos 2 6 0 

V ( i V 1 y 


m 


_L 1 f 1 
V2J + iw + 


v 


1 1 1 2+2+1 5 , 

=-+—+-= =-*i 

2 2 4 4 4 

So given triples are not direction angles. 

Here 

Then Cos 2 a + Cos 2 /?+ Cos 1 y = Cor 3 O' 1 + Cos 2 45" + Cor 60” 
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COLLEGE MATHEMATICS— II 


VECTORS 


(iii) 


'VT 

iii 

'tfiY 

2 J 


UJ 


3 11 

=—+-+—= 

4 2 4 


3+2+1 6 


3 . 

=— * 1 
2 


4 4 

So given triples are not directions angles. 

Here « = 45*, 0 = 60 ’, r = 60 ' 

Then Cos 2 a + Cos 1 ft + Cos 7 / = Cos 1 45° + Cos 2 60" + Cos 2 6 0° 

2 > 

‘2 




I 1 2+1+1 4 , 

— +- = = - = l 

4 4 4 4 


Here given triples is directions angles. 



3a' 

6& 



2. 

Jl 

z 

i 

JT 

<>-S 

4 

J 

z 

/ 

-/r 

Tax’ 



I 
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Prove that 


496 


Exercise 7.3 


(/■ Vco 


VECTORS 


U. v - T-M (Sargodha 2008} 
i/.v = |»l|v[cosO c 

= Hbl cos(-0) Q e i^’ C 
=|v||w| cos 0 

m,v*=v . « Hence proved. 

Example No.9: Prove that /?) — Cos a Cos [3 +Sina Sinfi (Sgd 2011, Lhr 2010) 

— ^ — ¥ 

Proof: Let 0,4 and OH be iwo unit vectors. 

Then OA = Casa i + Sina i 



— r 

and OB — Cosfi [ + Sinfi j 

Note 

— > 
04 


— ^ 

OB 

= 1 








We know that 


1 ->| 

-> 

a*i 



C av(cr -fi) 


<■ •* 



or (C'o.vqt/ + Sina /).{ Cos pi + Sinfi j) - 
Cover Ow/f + Sina Sin p - Cos(a -fi) 
or C '<>\{a - /?) = Cosa Coup + Sina Sin (3 y 

Hence proved. 

1. (t) tf = 3/ + /-A & v ~2.i - j + k (Sargodha 2008,11) 

u,v - (3r + /-A) . (2/-y + A) = 3(2) + (l)(-l) + (-I)(l) 

‘•-<5-1 -1 = 4 


t' 


LI = Vc 3 r+a) ? =V 9 +] + i =VTT 

I v| = ^(2) 2 +(-!)- +(1)- - v4+ 1 + 1 = V6 

«=iL=‘ 4 4 4 


- s iu/ ( /y /^ 6 


u-v 

c.^ 


5 


00 


|m|.|v! VuVfi VI 1x6 V66 

ti-i- 3/+ 4A , r = 4r - y 4- 3A 
».'- = (/-3y+4A).(4/-y + 3A) =(1X4)1 (-3)(-l) + 4(3) 
= 44- 3 + 12=19 

v /U)UKv)M(4r = ^1+9+16=^26 
y = ^(4)- +(-!)■+ (3) : = Vl6 + 1 + 9 = ^26 
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COLLEGE MATHEMATICS-11 


VECTORS 


U V 

CosO = -=-^- - 


19 


19 


19 


(ill) 


|«| -|v| ~ V26 V26 ~ ^/26)’ = 26 

« = [-3,5] = -3/ + 5y & v = [6,-2] = 6/-2y (Gujrawala 2010) 

» v = (-3/ + 5j) . (6/ - 2y) = (-3)(6) + (5)(-2) =*— 18-10 = — 28 

fe| = V(-3) 2 +(5) 2 =V9+2l=V34 

|v| = V(6) 2 + (-2) 2 = V36~+ 4 = V40 

-28 -28 


rVnV? - - _ 

fel -U V34V40 ~ V7x2x2x2x2x5 


-28 


-7 


(iv) 


2x2Vl7xS ~ 4^85 ~ V85 

H = [2 t -3,l]=2/-3y + A, v = [2,4,l] = 2/ + 4/ + A 
» - Z “ (2/ - 3/ + A) . (2/ + 4y + k) = 2(2) + (-3)(4) = +(1)(1) = 4 - 1 2 + 1 = -7 

y = Vf 2 ) 3 + (-3) J + (l) 2 = V4 + 9 + 1 = Vh 
H = 7(2)’ + (4) 2 +(1) 3 = V4+16 + 1 =V2l 


/i “ • v 

C<M0 = — = ■ 


-7 


-7 


-7 


y -H VmV 21 Vl 4x 2] V2 x 7 x 7x3 

-7 -r 1 
7V2V3 ?V6 ” V6 

2. (i) a = i_-k,b = j + k (Sargodha 2010,11) 

|s| = \/(l)‘ +(-!)“ = VT+ ! = V2 = (r-A).{ / + A) = 0 + 0 + f-l)(l) =.-1 

l*l-V(i) ! +(i) ! = Vi+T=>/2 jiii* ’ v 

V ; 1 - I' nl " 


Projection of a along b = 

“ |*| V2 

Projection of 6 along a = = —L 

” M V2 



(») 


o=3/ + y-A, b = 2[~j+k 


(Sargodha 2009,12) 


-A).(-2/-y + A) = 3(-2) + (l)(l) + 1- 1 = -8 

| fi ( - a /{ 3) 2 + ( l) a + (- 1) 2 = V 9 + 1 +T = vrr 

y =V(^2) 2 + h) 3 •f0)-=v4+i+i=v6 
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VECTORS 


h 


3. 0) 


(»} 


Projection of a along .b = 
Projection of h along a - 


a.b _ -8 
ab -8 

k| ~ >/TT 


ii = 2a i + j - A, v = i + a j + 4A , u & v are perpendicular if h .p - 0 
Or (2a[ + j~k) {[ + aj + 4k) — 0 (Sgd 2010, Lhr 2010) 

Or ( 2a XD+ (!)(«) + HX4) = 0 ^ 2a+a-4 = 0 


4 

3a 4-0 3a - 4 => a - — 

3 

u = ai + 2aj - k, v = / + a j + 3A , u & v are perpendicular if M ,P = 0 

Or (a/ + 2a y-A).(/ + ay+3A) — 0 

(a)(1) + ('2a)(a) + C — 1)(3) = 0 => a + 2a : -3 = G 
2a* +a-3 — 0 or 2a~ +3a -2a -3 = 0 
Or a(2a + 3)-l(2a + 3) = 0=> (2a +3)(a -1) -0 


2a + 3 = 0 or a -1 = 0 


=> a = — or a — 1 
2 


4. A(I,-1,0), H(-2,2,I) C(0,2 t z)3fe perpendicular If u .v = 0 

> 

Now AB — (“2 — l)/ + (2 + 1)7 + (t — 0)k — —3 1 + 3 7 + A 

Ctf = (-2 - 0)/ + (2 - 2 y + (i-z)k = -2[ + O7 + (1 - s)k 

— ^ 

.4(7 = (0 — 1)/ + (2 + 1)7 + ( r — 0)A = — / + 3 j + zk 
. Since right angle is at C so 

■ * — > p. 

AC.CB =Q * r 

Or (“2/+(I-z)£’) . (-i + 37 + z£) = 0 

2(]) + (l-2)(2) = 0 0/ - 2-Z I +Z = 0 

'X' by -1 

z 2 — z-2 = 0 or s 2 -2-3 + z -2 = 0 
z(z-2) + l(z-2) = 0 or (z-2)(z + l) = 0 
z 2 = 0 or 2 + 1 = 0 => z = 2 or z = -\ 
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COLLEGE MATHEMATICS-11 

Sjp- Suppose v - V, / + v,j + v 3 k 

Then v . / = 0 => (v } i + v 2 / + v,k) ./ =0 v, - 0 

V • J ~ 0 => (v, / +■ v,y + v 2 g) J = 0 v, = 0 

v.k-G (i'| / -#- v-j j + v 3 k) ,£ - 0 v s = G 

5o V = 0/ i i)j + Ok + 0 (Null Vector) 


VECTORS 


(Sargodha 2011) 


6^(i) a = 3/ 2j+ k, b = i~3i + 5k,c = 2[ + j-^k_, (Sargodha 2009) 

Now h i c = /-3y +5k + 2i + [-4k = 3f-2y + * ; 

b+c-u 

So a, h, c are sides of triangle 

Now a , c~( 3/-2 /+ k). (2 / + j 4£) 

- 3(2) + (-2)(I) + ()| - 4) = 6-2 — 4 = 6 — 6-0 

Side o a nd r are perpendicular and a. h, rare sides of triangle so given sides are of 
right vtfangle. ' 

(ii) #>(1,3,2), £(4*1,4). R (6,5,5) 

i’Q = H — !)/ + <! -3)j + (4~2)k = 3i~2J + 2k 

<JH = (6 —4)/ + (5 - l)y +(5 - 4 )-k- 2/ +4y + * 

PR =?(6 — 1)/ + (5-3)/ + (5-2)£ = 5/ + 2/ +3A 
— — 

Pen QR = 3/ - 2/ + 2k + 2/ + 4/ + * 

= 5/ + 2J+3k = AC 
Hence A , B, C is triangle 

Also PQ. QR^Oi-2j + 2k).{2i + 4J + k) 

- 3(2) i ( -2)(4) + 2(l) = 6-8+2=8-8=0 
Both conditions are satisfied so PQR are vertices of right triangle. 
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COLLEGE MATHEMATICS-11 
Q 7 A M is mid point of hypotenuse 

w 


VECTORS 




A 


!)> 


■X 


a b\ 

Now Co-ordinate of M are M I — , — J 

^ = [r 0 Mr°)H !+ ^ 

t-\i 


BiO.bi) 



Mil) 

( 0 , 0)0 




— > 
AM 


If a y fbf_ P”Z_ I7TF !77b[ 

% 2) + UJ V 4 + 4 4 \ 2 




— ^ 
HM 

s ri 

II 

i+i 

OM 

•m 


AA1 

= AM = 

= ax/ 


Hence proved. 

Suppose a. b, c are position vectors of A, B, 

b-c 

Position vector of D. OD - - — — 


£7 - C 

Position vector of E, OE ~ ' — = 

2 

0 l 

Position vector of /■*, OF - ILLt. 



.4 

/ 


/ 

\ * 


Af?) 




m 


im 


t'i£) 


/ifl = 0/1 =£-& BC-QC-OB -c-b, CA = 04- OC = a-c 

— > 4jJ"**^* — > — * 

Now OD is perpendicular to BC so OD . I3C = 0 


Or 


(*?H- 


0 (c ■+ h)(c b) - 0 => c~ - /r ~ 0 


OE is X ar to CA so OE .CA - 0 

0 (q + c)(£{ - c) = 0 => a 1 - c : = 0 


M r ]<«- £ )= 1 


/ tj 

SPu b> r 

(//) 
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COLLEGE MATHEMATICS-11 
Adding / & 11 

«** -b 2 = 0 
a" - b 2 - 0 

Or(a-b)(a+b) = 0 or (^A)f^±£j = o 

— > 

=> /1 5 w perpendicular to OF Hence proved. 


VECTORS 


6? 


£ 


«, 6, c are p.v of A, B, C 

— * 

AD is parallel to A so AD-xa 

O/i =m OZUA OC = c 

* — > 

.1/7 /> X«r /o tfC .vo 

y • (c—b) = 0=»a,(c—b) = 0 

or u.v-a.b = 0 => a . c -«./]- 


(Sgd 2010, Fsd 2011) 


*{«) 


->/ 



#£ i.v perpendiculur to OB so BE = h 

Altitude BE is to CA so b .(a- c) = 0 
=> b • a-ix*=0 . a = £ . c =>a .b=b,c 

Comparing 1 & !I a .c- b,c b . c a . c = 0 
. > -> 

{b-a).c = 0 .vo AB is X or to Altitude CF , . a,/ c . . 

Hence Proved. ^ ^ / 

Take any point P(x y y) on sem^ircie. Also /l(-a.O) and B(a, 0) are ends of Diameter. * 

Now -IX. BP = [(x~ (-a))i + (y- 0); ] . [(* ~ a )i + {y -.<))>] 

= [(.T + «)f + >7'] . [(x-«)/ + yjj ^(x-f a)(x-a) + y' p { k >) 

2 2 ■> i 3 •* 

= x - a + y ■= x~ + y - 

We know in circle x 2 + y 1 = r 7 - a 2 so 

—■ * —> a i — > — > 

AP . BP = <f " - if 1 = OSo AP, is perpendicular to BP 

Hence proved. 



Angle between AP & BP is of 90” 


. ( - A j (i <^ 1 

w/ v)X\ 
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COLLEGE MATHEMATICS-1 1 


VECTORS 


0? Cos (a + P) = CosaCosp - Sina Sin p Suppose OA and OB are unit vectors. 

then OA - Cosa [ + Sina j 
— > 

OB - Cos Pi + Sinpj 

Cos(ct + P) 


—> -A 

— ► 

— * 

OA . OB = 

OA . 

OB 





(Cosa[ + Sina j ) . {Cos pi- Sin p j) 

= l . Cos(a + P) 

CosaCosp - Sina Sin p - Cos{a + p ) 

Or Cos(a+p) - CosaCosp -Sina Si nap 

(i) b = c CosA + a Cos 

— > — > — > , 

In any triangle AB+ BA+ CA = 0 or q + b+cor b — q+c 
'X' Dot product by b 
-b - b- b .a + b . c 

-b 3 ~ |A| \q\ Cos(n - c) + jfi[ |cj Cos (71 -A) Note : Cos (a -A)- -CosA 

-tp - ab(-Cosc) + bc(-CosA) = -abCosc - bcCosA 
both sides by -b 

h - cCosA i aCosc Hence Proved. 


(ii) c = a CosB + bCosA 
— > — > 

In any triangle AB+BA+CA- 0 


or q+b + c = 0 ^£, 

or - c = 0 + b 
Taking Dot product by c 
—c , c = c. q+c .b 

- c 2 = ] c\ [«| Cos(k - B ) + cbCos(x -A) 
-c 1 - ca(-CosB) -t- cb(-CosA) 

-c 1 =-a cCosB—bc CosA 
4 - by -c 

c = aCosB + bCosA 
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COLLEGE MATHEMATICS-11 


VECTORS 


(tit) We know that In any triangle AB+ HC+ CA = 0 

or a+bAc—O 

ur-h = (q + c) .. (/) 

Taking dot product by -h 

-b. (b) = (q + cU-!>) 

b. b - (er + c)\q + c) Use - I 

b~ = a. q + a. c + c.a + c.c 

b' — a 1 i-2a.c tc 3 

b 1 = cf + c ? + 2 |a| j c | Cos(x - H) 

b 1 - a 1 + c* + 2 ac(-Cosfl) 
b 3 = a +c 2 - 2acCosp 


(Sargodha 2009} 


(iw> c 3 = a 1 + b 1 - lab Co\C 

— ^ ^ 

We know that in any triangle AB+ BC+ CA- 0 
or u + b + c = 0 

' £ = v + b U) 

Taking dot product by ~c 

-£■(£) = (£ + &)■ ("£) 

U ={q+ b)(q + b) Use -I 

c l —q. a + qh + b.a + b.b 
c' -u' + 2 q.b A-b 1 ( a .b— b .a ) 

c 3 - a' +b 2 + 2 |a||6|Cos{jr-c) 
c 1 = a 1 a- b 1 +2ab{-Cos€) 

c*= a"* +b 2 -labCoSC 

Hence proved. 



£ > 


^Z 



V 


f „ . 

-tffS N A 

$ 

v i ^ 

'V 




- w 
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COLLEGE MATHEMATICS-!! 


VECTORS 


= i(l 1) - j(2 + 1 ) + A(-2 - 1) = ij - 34 


= /0-l)-/(-l-2>+i(i+2) = 3i+3* 


1. (I) a = 2i + j-k & b = i- l + k 

ilk 

qxb = 2 J -1 
1 -1 1 

jfc / ij 
= 1-1 1 
2 I -1| 

N °w 2-(" * b) = (2/+/ -4), (-37—3*) = (l)(3) + (-l)(-3) = -3+3 = 0 

So a & axb are perpendicular 

b.(a xb) = U-j + 4).{ -3 J - 34) = (- 1 )(-3) + (l)(-3) = 3-3 = 0 
b & axb are perpendicular 

b.(b x a) = (/- j + 4).(3y + 34) * (1)(3) + H)(3, = 3-3 = 0 
b &. hx a are perpendicular 
a.(b xa) = (21 + j 4).(3 j + 34) = 3 - 3 = 0 
a&bxa are perpendicular. 


(ii) a = i + j &b = [-j 

l j ij 

axb=l 1 0 

l -I 0 

i J * 

bxq= 1 -1 0 

4 1 0 

ii.(ax£) = (/ + y) .(-24) (-24) = -2(0) + .-2(0) =0 
b.(axb) ~ (i-J)(2k)= 2(0) +2(0) - 0 
a.{4 x a ) = (/ + y) . 24, = 2(0) + 2(0) = 0 
A.(ixd) = (/ y). 24 = 2(0) -2(0) = 0-0 = 0 

Hence all above are lar so proved. 


= £(0 - 0 ) - ,/(0 - 0 ) + 4(- 1 - 1 ) = -24 


=i(0-0) -y(0-0)+ 4(1 + 1 ) = 24 
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COLLEGE MATHEMATICS-! I 


(Hi) a = 3[-2j + k& 6 = i_ + j 

i J 1 

a x b — 3 - 2 1 

I 1 1 

i £ k 

6x«= 1 1 0 

3-2 1 


(Lahore 2010) 

= i(0-i)-y^-]) + *(3+z) =-/+/+ 5* 
= /(l + 0)-7(l-0) + i(-2-3) = /-y-5A 


(iv) 


i. « . («x*) = (3r-2y + *).(-/+ y + 5A) - -3 - 2 + 5 = 0 
Hence a &. axb are perpendicular 
H. d ■ (bxa) -m-2j+k)&~J~ 5A) = 3 + 2 -5 = 0 
Hence o & />xu are perpendicular 
Hi. £ . {«*£) = (f + y}.(-i + y + 5A) = -l + l + 0 = 0 
Hence b & £ixb are perpendicular 
iv. ft . l£xg) = {i + l).U-J^5k) = 1-1-0 = 0 
Hence b & bxa are perpendicular 
ii ~ -4/ + / — 2A & A = 2/ + y + A (Sargodha 2009) 


</x£> - 


6xc; = 


1 

- 4 

2 

[ 

2 

~4 


l i 

1 -2 

1 1 

J * 

I I 

1 -2 


- r(l + 2)-y(-4 +4) + A(-4 - 2) - 3/ - f) j - 6A 
= !(“2-l)-;M+ 4) + A(2 + 4) — 3r — Oy h fiA 


VECTORS 


i. a , («x& = (-4/+y-2*).(3/-0y-6A) = -12-0 + 12 = 0 

Hence a & axb are perpendicular 

H- b .(tfx£) = (2/ + y + A).(J/-«y-6A) = 6-0-6 = 0 

Hence A & uxli are perpendicular 

iii. a . (£xr/) = (2f + j + A).(-3/ - Oy + 6A) = 6 - 0 + 6 = 0 
Hence a & bxa are perpendicular 

iv. b . (6xff) = (2/+y + A).(-3/-0y + 6A) = -6-0 + 6 = 0 

Hence t> & bxa are perpendicular 
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COLLEGE MATHEMATICS-11 EflEl 

2. (i> u = 2[-6j-3k, b-4i + 3j-k (Sargodha 2011, Guj 2010) 

~j i 


VECTORS 


(*•) 


a x b = 


2 -6 -3 
4 3-1 


= /(6 + 9) - -2 + 1 2 ) + *( 6 + 24) = 1 5/ 107 + 30* 


\a X b\ = y[( 1 5 ) : + (- 1 0>* + (30) : - 7225 + 100 + 900 = 7l 225 - 35 
a x 6 15/— 10/ +30* 3 2 6 


Required unit vector = 


- — /-— y H — A 
V 7- 7 


a x 6[ 35 

Now |o| = ^/( 2) 2 + (-6)’ + (-3)’ = 74 + 36 + 9 = 749 = 7 
|A| = \/t 4 ) J +(5)'+(-l) : =Vl6 + 9+l=V26 

W I M ^ 


f /jTj 




SinO - 


|s*6| _ 35 5 


ft 7 / 

ef # T Jr*W /r(xv/ 

= /(-4-3)-7(-4+2)+ A(3 + 2) = -7/ + 2./ + 5* 


|#| 7/26 726 

rt = -/ - y - A, * = 2/ - 3y + 4A 

i y * 

qxb= -] -1 

2.-3 4 

|a x ^| = V(-7)'+(2) ? +{5) ! = 749+4+25 = 778 

-7/ + 2/ +5* -7 2 5 

Required unit vector= — ==/ H — ■= i + — == k 

778 778' 778" 778'“ 

Now |s| = V(~l) 2 + ^ 1 ) 2+ <" 1 )' 

|£| ~\j{2) 7 +(-3) 2 +(4) J =74+9+16 =729 

p . „ |s*£| 778 /26 

im# - Vttt = ^ ~ J — 

|ap| 73729 V 29 


- {(4 - 4) - _/(— 4 + 4) + *(2 - 2) = 0/ - Oy + 0 


(Hi) a = 2i-2J + 4k,b = ~i + j-2k 

i I i 

a x b = 2 -2 4 

-1 1 -2 

= 0 or /Vi/// Vector 
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COLLEGE MATHEMATICS-11 
(iv) ff = / + j, b = i- j 

j k 


ax h — 


I 1 
1 -l 


(Sargodha 2012) 

= /to + 0) -j( 0 - 0) + ft(-l - 1) = 0/ - 0 j 


a x b\ - > /(0) : + (0) 3 + 1-2) 2 =V4=2 


Required unit vector = 

Now |<l| = v '(l) ; +(l)’ = si2 


axh -2ft 


• — k 


SinQ — 


|r/xi| 




Idl^l V2 xV2 2 

3. (i) W0,0), 0(2, 3, 2), /?(— 1,1,4) 

— y 

PQ = (2- 0)1 h (3 - G)y + (2 - 0)ft - 2/+ 3y + 2ft 

/■»/e =■ (-1 -0)/ + ci- 0)y + (4 - o)* - -/ + / + 4ft 

i j ft 

> -> - 

1>Q*PR= 2 3 2 

~I I 4 


AtC » j 


= id 2 -2) -y(8 + 2) i ft(2 + 3)-10/ 


(ii) 


/ J 0 X / J tf J - /(10) : + (10)’ + (5) - Vl00 + 100 + 25 - V225 

1 I -r • -I 

Now Area of triangle P(JR - — \!*Q x /Vf 

J— 

1 15 

- — (i 5) = ^ Sq Units. 

PCI, -1,-1), 0(2, 0,-1), tf<0,2, 1) 

— y 

iv ~( 2 t )/ + (o + ] )y + (— i + i)ft - / 1 j 
— ^ 

/7( — (0- 1}/ + (2 t !)_/ + (] + ])* =-<>3/ I 2ft 
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4 * ifu^l 

- 1 0 / + 5ft 
15 
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COLLEGE MATHEMATICS-11 


VECTORS 


> — > 

PQx PR = 


PQx PR 


i i a 
l i o 
-13 2 


= i(2 - 0) - j(2 - 0) + A(3 + 1) = 2/ - 2 / + 4A 


= )l(2) 2 + (-2)*+(4) a =V4+4 + I6 = >^4=72x2x6=2^6 


Now Area of triangle /’(T/? 


^ 

PQ x PR = — — -~ sj 6 Sq. Units, 


£ 4. (!) 4(0, 0,0), £(1,2,3), C(2,-I,l) Z>,(3,1,4) 

^ = tl-0)i+C2-0)y+(3-0)^ = f + 2y+3A 


(Sargodha 2012) 


(nj 


(i»> 


AC =‘(2 - G)i + (-1 - 0)/ + (1 - 0)£ - -2/ -y + A 

1 J k 
-> _» - 

4Z?x4C = 1 2 3 

2 -1 1 


= /(2 + 3)-/(l-6)+A(-l-4) = 5/ + 5y-5* 


AB x 4C 


= \/(5) 2 + ( 5 )- 4- (-5) 2 = V25-I-25 i 25 * V75 = Vox 5x3 - 5VI 


Area of Parallelogram = 


.4/i x AC -5'/3Sq. Units, 

4(1, 2,-1), 5(4,2, -3), C(6,— 5,2) D,(9,-5,0) 

— ^ 

>15 - (4 - 1)/ + (2 - 2); + (-3 + 1)A = 3/ -2 A 

4C = (6 - 1)/ + (-5 - 2)y + (2 + 1)* = 5i -1 j + 3A 

i 7 A 

-> -► - 

45x4C = 3 0-2 

5 -7 3 


= /(0-14)-y(9 + 10)+*(-21-0)«-14/-19y 214 


— ^ ^ 
45 x 4C 


= ^/( 14) 2 +{-19) : + (-21) 2 =Vl96 + 36i + 441=V998 


Area of Parallelogram A BCD — 


AB x AC 


= V?98 Sq. Units. 


4(— 1,1,1), £(- 1 , 2 , 2 ), C(-3,4,-5) Z)(-3,5,-4) 
AB = (-1 + l)r+(2 - 1)/ + (2 - 1)A = Ot + 7 + A 
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COLLEGE MATHEMATICS-!! 


r 

L-c: vVl /y" 


VECTORS 


AC - (-3 +\)i + (4- - i )y + (-5 - 1)* = -11 +3y - bk 
i j i. 


Alix AC = 


o 1 i 

-2 3 —6 


= [(-b - 3) — y (0 + 2J + A(G + 2) = -9[ - 2 / + 2k 


Area of Parallelogram A BCD = \j( 9) +(— 2) +(2 )~ =-J&9 
5.^(1) « = Si -y + A , v = y — 5A, w = — 15f + 3 j - 3A, 

w. V = (5i-y ■ +*)<y— SAj - (-1XD + (I)(-5) --1-5--6 ^0 

Not Perpendicular 

v. w = (y — 5A)(— 15/+3/ — 3jfc) = (3) + (-5)(-3) -3 + 15 -18*0 
Not perpendicular 

u. w =(5i - / 1 A). (- 1 5/ + 3/ - 3 A)= 5(-l 5) + (-1)(3) + ](-3) - -75 - 3 - 3 - -8 U 0 

Not Perpendicular ^ 


Now w--15/+3y-3A = -3{5/~y + A) ^ ™ . . 

■C/- - ■ ; ^1?:* ',. 




/ 


Vn HI = -3a , * u & w A ^ ye *°'* 

(ii) H = / + 2y-A, v = -/ + y+A, w = ~ [ + nj+— A, 

For parallel 

-jt . . n , -nl+lnj + nk -k .. . 

2 ' “ 2“ 2 2~- 

— ;r 

W — — — — U so u &. w are parallel 

Now for perpendicular 

w. y = (/ + 2y — A)(— /+y + A) - ](-l) + 2(l) i ( - !)(!) = - I t 2 1=0 
For jy &. w no need to check for perpendicular because they are parallel. 

6. ^ ax(b + c) + bx(c + a) + cx(a + b )- 0 (Sargodha 2007, 11) 

L.H.S =gx(6 + c) + 6x(c + r7) + c;x(a + ^) „ 

= axb + qxc + bxv + bxtj + cxq + cxb 

hto t p Cq x h = v -d + 

BuXr=-b^U =_-C 

«r P 

Uten tkxfc 

e - axA 
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COLLEGE MATHEMATICS-1 1 


510 


ff + 6 + t* = 0 (Sargodha 2010) 

Take cross product with a 
£7X(<< + b+c) =£7X0 

nxfl+flx/) + axc = 0 => 0 t axb+axc = Q 
qxb = -qxc qxb~qxc (1) 


Take cross product wtth b 
bx(a + b+c)~ bxQ =$ bxq+hxh i bxc= 0 
Axa-f 0 +bxc=> -a*b + bxc^O 
bxc-qxb (//) 

Combining / and il then qxb~hxc = cxtj 


VECTORS 


8, Sin(a -p) = SinaCosfi - CosaSinfi (Lahore 2010, Sargodha 2012) 


Suppose two unit vectors OA Si OB 
OA = Cosai + Sina j 


OB - Cos Pi_ + Ship j 


> — > 


-> 

We know that OBx OA = 

OB 

OA 


1 j L 

CosP Ship 0 

Cosa Sina 0 


Sin(a - P)k 

( 



= 1,1 Sin(a~P)k 


-> 


— > 

OA 

“ 

OB 




IkcLmseihiiyare 
unit Vector 


/(0 - 0) - 7(0 - 0) + kiSinaCosp - CosaSihP) = Sin{a - p)k 
{SirtaCmp - CosaSinp)k = Sin(a - P)k 
Hence Sin Sin(a - /J)k = SinaCosp - Cosa Ship 



<7.6=0 

=> jsj |6j CosO - 0 
=> CosO = 0 => 0 = Coj' 1 (0) 
0 s 90" 

So q & b are perpendicular 
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COLLEGE MATHEMATICS-!! 

q x b - 0 

~ > |sf J 6 1 SitiO-i 


511 


VECTORS 


=> 9 = Sin ' (0) = 0 


0 ~ 0 . n 


So q&. b are parallel. 

time para " el and P ' rpe " dfcula '- n°t possible so ooe vector should be 


Example 7 of (7.S) (Sargodha 2008) 

The Constant forces 2(-Sj+6k & - f + 2j + k act on a body which is 
displaced from position />(4,-3,2) to 06,1,- 3). Find work done. 

Sol. ^ = 2i-5l + 6k,F 1=t ~i + 2J-k, 

!■ ” ^+^ 2 “ 2/-S/ + 6/:- / t-2_/-A - /-3y +Sk 

Displacement = PQ = (6 - 4)/+ (l + 3)y + (_ 3 + 2)k = 2/ + 4y 
</ = 2/ + 4y-£ 

Work done F . d = ([ - 3y + 5*).(2/ + 4/ - *) 

-2 12-5 = -15 - I5n/, (always +ve) 


Sol. 


Example 2 of (7.5) (Sargodha 2008) 

Prove that A(~3,5,-4). *(-1,1,1), C(-!,2,2), D(-3.4,-5)areCopl„w 

AB = (-1 +3)r + (1 - 5)y + (1+4)* = 2/ -4y + 5* 

— ^ 

AC i + 3)/+(2 -5)y + (2 + 4)A = 2/-3 j + 6k 
— ^ ^ 

= (-3 + 3)/ + (4 -|X/. + (-5 + 4)A = 0/ - y 

2 -4 5l 


AB.ACx AD- 

Hence Coplanar. 


2-3 6 
0 -I -i 


= 2(3 + 6)-(-4)(-2-0) + 5{-2 + 0j = 18-8- ]0 = 0 
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VECTORS 


cm I EGE MATHEMATICS-ii WJIM 

Unseen of (7.5) (Sargodha 2010) . 

Ftndvolumeof parallelepiped u=2[+j-k, v = J“2_/ + 3k\ ]v-[ )_ 

|2 1 ¥-1 


Volume of parallelepiped 


M . VX W = 


1 -2 

1 -7 - 

= 2(8+21)-l(-4-3)+(-l)( -7 + 2) 
= 58+7 + 5 = 70 


Example 5 of (7.5) (Sargodha 2008) 

Proved that 

A(-6i + V + 2f0 ^(3/-2y + 4A),CX5rr7; + 3A) f Z7(-13i+17/-^)are 
coplanar 

— > ■+ 

OA = -6i + 3l+2k 05 = 3»-2/ + 4A 

-> -> 

^C'=5/+7 ; / + 3A OD = -13/+17/ + £ 

Alt = OB-OA= y-2l+4k+6[-3j-2k=9i-5j + k 

AC = OC- OA = 5i +7y + 3k + 6/ -3> - 2A = 1 li + 4j +k 

M) = OD- AD = - 1 3i + 1 7/ -£+ 6/ - 3y - 2k =* -11 + 14/- Ik 
9 -5 2 


. ACx /!£> = 


Hence coplanar. 


11 4 1 

-7 14 - 3 


= 9( 1 2-1 4) - (-5X “33 + 7) + 2(1 54 + 28) 
= -234-130 + 364 = 0 
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COLLEGE MATHEMATICS— ff 


VECTORS 



Theorem 01: 

Prove that u . v x w — 


a, b { c ] 


C /5 

a 


US Htf ^/ V*d ( °)$ tJ$ r p, 


Then v x w — 


a 2 b 2 c 2 

a > % c i 

Proof Suppose u - l+bj + d^c. y ~ a 2 i+b 2 j + c 7 k. w = a : J + />, j + c 3 k. 

i l !l 

i b 2 *~2 /( b i^i """ ^ 2 b i ) ~ ri,c, ) + ^( u 2 b } ^h b i ) 

a 3 A, c 3 

Now « . V X w = <«,£■ + y + C, *).[(*3Cj - c 2 A 3 )/ - (o 2 c, - a 3 c 2 )£ + (a,b. - a A )*)] 

* "l (*2 C 3 ) " *1 (" 2 C J ~ ) + C [ ("A ~ ) (0 

< 1 , 6 , c, 1 

= «I {^cy- C : b . ) - 6, (a 2 c 3 - a 3 c 2 ) + c, (a 2 b, - 0,6, ) ( II ) 


Now - 


£J ? f)j Ci 

°i b i C 3 

Comparing ! Sl U so 

a } 6 , c, 

u . V x W = flj A, Cj 

«3 

Theorem 02: 

Prove that u . vx w~v . wx u - w , u x v 


1/ . v x n» = 


°t A c i 

b 2 C 2 
«3 63 C3 

°2 b 2 C 2 

") c, 

a i b i C 3 

a i b 2 C 2 

a 3 6 , c 3 


Interchanging R t and R, 


a, h c, 


1 "1 u i 

u .VX w = v . W X U >/ 


Interchanging it and R t 
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Now V . W x w = 


a, 6, c, 

"3 


6 3 c. 


fl. 






6, c. 


«t *i 


Interchanging R l and /i. 


a, k 


= (-)(-) 


a, 


It' X (/ = w . ff X V 


b, c 

->// 


Interchanging r, and R } 


Comparing t & J/ we have w . y x jv = y . w x » = w . « x y 

1 . (i) « - 3/ 4- 2A , y = r + 2/ + A , = -y + 4/r 

Volume of parallelepiped = u.yxw 

3 0 2 

= 12 1 
0-14 

= 3(8 + l)-0 + 2(-l-0) = 27-2 = 25 
(If) u = l-4j-k,v = i-j-2k y w = 2i-3/ + k 
Volume of parallelepiped = u.vx*v 

1 -4 -1 
= 1 -^1 -2 

2 -3 1 

= 1<-1 - 6 ) - ( - 4)(1 + 4 ) + (- 11 - 3 + 2 ): 

= -7 + 20+1 = 14 

(iii) u = i - 2j + 3 k , y = 2i-j-k, w = / + k 

Volume of parallelepiped =«.vxh' 

1 -2 3 

= 2-1 -1 

0 1 1 

= ](— 1 +1) -(-2)(2 + 0) + 3(2-0) = 0 + 4 + 6 = 10 
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COLLEGE MATHEMATICS-! I 

2 . 


VECTORS 


* = %-£+$&> b = 4i + 3j-2k_, c=2/ + 5/+* 

3 Jt 5 

= 3(3 + 10) i- 1(4 + 4)+ 5(20 6) = 39 + 8 + 70 = 117 


a.b x c — 


b.c x a - 


c.a x h — 


4 3-2 
2 5 I 
4 3-2 

2 -5 5 

3 -1 5 

2 5 1 

3-15 

4 3-2 
Hence a b'xc — b.cxu—uxb 

3. II - / :/ + 3A, v = -2/ + 3y-4* 1 w ■ = /-3/ + 5A (Sgd 2008,0!+ Guj 2010) 

1 -2 |) 

= 1(15-12) (-2)(-10 + 4) + 3(6 3) = 3-12 + 9-12 12=0 


= 4(25 + l)-3(10-3)-2( 2 — 15) = 104-21 t 34 = 317 


= 2(2 -15)-5(-6 — 20) t I(9 + 4) = -26 + 130 + 13 = 1 17 


u.v x Vf' = 


2 3-4 
1 -3 5 

So given vectors are coplanar. 

4. (i) Find the constant a such that 

i-j + k* i-2/-3 k and 3/ - a j_ + 5k are coplana r 
According to Given condition. 

1—1 1 

= 0 =>1( 1 0 — 3a)- !(-!)( 5 +9) + l(-a + 6) — 0 


I -2 -3 
3 -or 5 


-10-3a + 14 a + 6 = 0 


(ii) 


4 _n c 

or 4 a + 10 = 0 => 4a = 10 a =— ^ a = - 

4 2 

u = [-2aj~k,v=i-j + 2k, w = ai-tj+k 
are coplanar if H.vxw = 0 
1 - 2a - 1 

= 1(-I +2)-(-2a)(l - 2or) +(-!)(-! + e) = o 


SV; 


1 -1 2 

or -V 1 

or - 1 i 2 + 2a - 4ar + 1 -a = 0 

- * — 4cr" + a + 2 = 0 Multiply by (-1) 4a 1 — a— 2-0 
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COLLEGE MATHEMATICS-11 


u = 


Using quadratic formula 

-(-1) ± /(- ])' - 4(4 )( -2) _ 1 ± Vl + 32 _ 1 + >/33 
2(4) 8 8 

(/) 2[x2j.k = 4(/x_/).A = 4A ,A = 4(1) = 4 

<//) 3/ A x ; =? 4/./ » 3(1) = 3 
(;'//) [ ] = A- ./ x £ - k.k = 1 

(/v) [_Uk\ = U * A = t = (■(-/) - -fj = 0 
(6) u.yx iv + t?.w*x a + iv.u xv = 3u. f x vv 


Now « , v x it' = 


®i 6, 


- 2 A 

3 *3 

'a. 


- (-)(-) 


A 

A 

A 

«, 

a, 


A 

A 


6. (i) 


= i;,pH => jf.vx iv = v.vrx » 

Similarly we can prove - vr.wx v = ».v x iv 
= w.v x w = V.1V x u = w.u x v 
Now L.H.S - u.vx ir + v.if xk + wmx v 
- u,v x w + u.v xw + u.v x w 
= 3h.vxm;= R.H.S Hence proved. 

.4(0,1, 2) *(3,2,1) C(l,2,l), 0(5,5, 6) 

AB = (3-0)i + (2- 1)/ + (1- 2)k = 3/ + y- £ 

— > 

AC = {\-Q)i+{2-l)j + Q-2)k = i + j-k 
— > 

AD = (5 - Q)/ + (5 - \)j + (6 - 2)k = 5/ + 4j + 4k 


u - «, i + b ] J + t\ k 
v=o ; /+6 2 y + c 2 £ 

+ h,j I t, k 

Interchanging and & 


Interchanging R, and 

(/) 


"Vi 


(//) * 

& 

O 7 

v 

i. 'to 




>• 


* § 


Ns 


»> 
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VECTORS 


AB.ACx AD~ 


3 I -I 
1 1 -1 

5 4 4 


= 3(4 + 4) — 1(4 + 5) + (— 1)(4 — 5) 


= 24-9+1 = 16 

Volume of tetrahedron - —\aB.AC x 4£>"1 - — - — Sq. Units. 

ft L i ft ^ 


(ii) ^(2,1,8) fl(3,2,9) C( 2,1,4), £>(3,3, 10) (Sargodha 2009 Lahore 2010) 

AJB — (3 — 2}r + (2 — t) / + {9 — 8) A = i + / + k 
— ¥ 

AC s= (2 — 2)/ + (1 - I)y + (4 - 8ji = Of + 0/ = 4A 
> 

AD = < 3-2)/ 4{3-l); + (10-8)A=/ + 2/+2i 


AB.AC\AD = 


1 1 1 

0 0-4 

1 2 2 


= 1(0 + 8) -1(0 + 4) + 1(0 — 0) = 8-4 + 0 = 4 


Volume of 'etrahedron = — 

6 


-* -> 
AB.ACxAD 


/»(3,l,-2), £*,(2,4,6), F=4[ + 3j 


I 2 

= — (4) =— Sq. Units. 
6 ' 3 i 

+ 5 A 


8, 


9. 


</ = 1\I\ = (2 - 3)/ + (4 - l)y + (6 + 2)* = -4 + 3y + U 
Work done- F_. r/ = (4/ + 3j+ 5A ).(—/+ 3y + 8t) 

- 4(-l) + 3(3) + 5(8) = -4 + 9 + 40 = A5N 
/4(1,2,3), £(5,4,1), £,=4/ + ; /-3A, £ r = 3/-y-A 

K-Ei+Il? - 4/ + j - 3A + 3/ - /- k 
= 11- Ak 

— ) * 

J = .-is = (5-l)( + (4-2)y + (I -3)A = 4/ + 2y-2A 

Work done - (7/ -4A).(4( + 2j -2A) 

= 7(4) + (- 4)( 2) = 28 +8 = 36A r 

■4 (5, -5, -7) 5(6,2,-2) 

F,=10/-y+liA />4 i_+Sj + 9k F=-2iAj-9t 

£_F, + £ + £< = 10 i-y + nA+4f + 5y+9A-2r + y-9A =12i + 5y + lU 
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Sectors I 


10 . 


il = <4# = ( 5 — —-2 )_/ } {{ — 3)4 - 4/+ 2 J—2k 1 

Work done F_.d , k 

-(12/ +5/ i \}kHi + 7j+5k) 

= 120) +5(7) + 1 1(5) = 12 + 35 + 55 
= 1 02 5* 67 (given in book) 

Let u = 2[-2j + k ^(1,2,3) H( 5,3,7) 

\u\ = V(2) 1 + C-2) 2 + (1) = V4+ 4 + I = # =3 


li/l 


2Z-2./ + * 

1 


iVoif /•' - 6 .m ■ 


2 -(rx(2/-2/+fc) 


£ = 4/— 4 j +2k 


‘1 ~ AB = (5 - i)/+(3 - 2)y+ (7 - 3)* = 4/+ 7 ' + 4* 
Work done F.d * 

= < 4f - 47 + 2k ).(4/ + 7 + 4 £) 

= 4(4) + -4(1) + 2(4) 

= 16-4 + 8 = 20 

11. F = 3i + 2[-4k A(\, -1,2) if(2,-I,3) 

— ^ 

£ = /«=(]- 2)/-(-I + 1)7 f (2-3 )k = -[-k 

Moment of Force = hi — rxF 

L j h 


-1 

3 


0 -1 
2 -4 


12 . 


= it 0 + 2) - 7(4 + 3) + k(- 2 0) = 2/ - 77 - 2* 

£ = 4/-3A /l(2,-2,5) fl(t,- 3 ,I) 

=(2-1)/ -(-2 + 3)7 +(5-I)A=i + 7+4A 
Moment of Force = M = r x F 

i J k 

1 1 4 

4 0-3 

- i( — 3 - 0) - 7 (-3 - 1 6) + k(0 - 4) = -3/ + 1 97 - 4ft 


(Sargodha 2009] 
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COLLEGE MATHEMATICS- 1 1 

13. F = 2l + j-3k A(l-2, 1) B( 2, (I, -2) [Sargodha 2011 ) 

- = BA =(l-2)i + (~2-Q)j + (l f 2)A = -/- 2y + 3* 

Moment of Force - A/ ~rxF 
L J *| 

-1 -2 3 

l 1 -3 

— /(6-3)-y(3-6) + 4{r-l + 4) 

= 3/ + 3j + 3k 

I 

2j -' H = 3, - + V ^ £ = Sf + », ^(1,1,1) /»(2,0,I) 

±>/y+/%+^ 

- / - 2/ + 3/ + 2 J~k+ 5i+2k -9i + k 

— > 

Moment - M - rxF 

l l Al 

t -1 0 

9 0 1 

= /(-l-{))-y(1^0) + A(0 + 9) 

= -f-/+ 9k 

15. F=7i + 4j-3k r(1,-2,3) 0(2,1 ,1) 

C-0/ > -(l-2)/ + (-2 - 1)/ + (3 - })k = i - 3j + 2k 
Moment of Force - M =rxF 

L l *i 

N : -3 2 

7 4 -3 

= 1(9 - 8) - y(3 -14)+ A(^-4 + 21) 

-/+U/+17A 


VECTORS 


(Sargodha 2008) 
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VECTORS 


TEST YOUR SKILLS 


Marks 100 


OBJECTIVE 

Q.No.l Given below are a few possible answers to each statement of which one is 

correct, identify the correct one. (20J 

1. A physical quantity that can be specified by a number along with unit is called a 

(a) Vector dfaf' Scalar 

(c) Constant (d) Variable 

2. A physical quantity that possess both magnitude and direction is called a 

(a) Scalar ‘ (b) Variable 

{c> Constant 'JAY' Vector 

3. A unit vector is defined as a vector whose magnitude is 

(a) Zero d* if Unity 

(c) More than 1 (d) Less than 1 

4. If terminal point B of vector AB coincides with its initial point A then it is called 

(a) Unit vector (b) Zero vector 

(c) Null vector Udf Both (b) & (c) 

5. The vector, whose initial point is the origin O r whose terminal point is P i.e., OP 
is called 

(a) Unit vector (b) Null vector 

Position vector (d) Scalar 

6. Magnitude of the vector xi+ y[ is 

,2 


£ 


x i y 



(b) Cos a Cos p + Cos y - 0 
\dd^"Cos ; a + Cos 7 p + Cos 7 y = 1 


(b) 

JA) 


q -b 
b . a 


(a) 

x 7 -/ 

7. If cos tt, cos P, cos y are direction cosines of a vector a then 

{a) Cos a Cos y 
(c) Cos a + Cos P + Cos y = 1 

8. Fortwovcctoro&b:a.b = 

{a) o + b 

(c) ob 

9. For unit vector k , k . k * 

(a) 0 

Cc> 2 

10. If the angle 0 between the vectors u & y is it then the vectors are 

(a) Perpendicular (b) Coilinear 

(c) Parallel (d) Both (b) & (c) 

11. If l &i are two unit vectors then / xi = 

(a) 0 (b) 1 

(c) -1 U^T k 

12. Two non zero vectors a Si b are parallel if a x b = 

(a) 1 (b) -1 


( b ) -1 

(df* 1 
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VECTORS 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20 . 


(c) 0 {d) — b x a 

The zero vector is regarded to be parallel to: 

(a) Every vector lb) 

(c) Both (a) & (b) (d) 

if o & b are vectors along two adjacent sides of a parallelogram then area of a 
parallelogram Is 

(a) I a \ . | b | (b) 

(c) ^[axb\ (d) 

If o, 6 & c are three non-zero vectors then scalar triple product of these vectors is 
(a) a.bxc (b) axb.c 

(c) Both (a) & (b) (d) a. b .c 

If Oj b & c are three non-zero vectors then vector triple product of these vectors is 
(a) o,b*c (b) gxfi.c 

(c> axixe (d) Both (aj & (b) 

If three edges of a tetrahedron given as vector & a, b & cthen the volume is 


In some cases 
None of these 


a ■ b 

|rtxb | 


(a) 


3(0 b x cj 


(e) g(o b x r) 

Moment of force F about a point is given by 
(a) Dot product (b) 

(c) Both (a) & (b) (d) 

The vectors lying in the same plane are called 
(a) Collinear vectors (b) 

(c) Coplanar vectors (d) 

Moment of a force about a point is: 

(a) Vector quantity (b) 

(c) Zero (d) 


(b) ^(o .bxt) 

( d ) Jin b x c) 


Cross product 
None of these 

Perpendicular vectors 
Parallel vectors 

Scalar quantily 
None of these 


SECTION I 

SUBJECTIVE 

Attempt any 25 (twenty five) short question from Question 2,3 and 4, of least 12 short questions 
from question 2, 12 short question from question 3 and 13 short question from question 4. All 
question carry equal marks. (25x2=50) 

Q.No. 2 

i. Find a unit vector in the direction of the vector v = i + 2i k 

II. Find a vector of magnitude 4 & is parallel to 2i -3j+ 6k 

HI. Find a so that [ at + (a + l)j + 2k | = 3 

fv. What are direction cosines of y - 2/ 4 3j + 4 k 

v. Find two vectors of length 2 parallel to the vector v = 2r - 4j + 4* 
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VECTORS 


vt. Find the constant a so that the ectors y - t ij + 4* rind w ai + 9/ - 12k are 
parallel. 

vii. Find a and b so that the vectors 3/ - / + 4k and o/ + fy - 2k are parallel. 

viii. Check whether the triple (i) 45®, 45°, 60°, {iij 45 < \ 60®, 60® 
be the direction angles of a single vector. 

ix. Find a vector of length 5 in the direction opposite that of v- / 2j + 3ft 

x. Find a scalar 'a' so that the vectors 2i + ai+ 5k and 3/ + i + ctk are perpendicular, 

xl. If y = + bd * Cik 

v-aii + bd + cj( 

Prove that u.v~ (Oi)(o?) t (f>i)(bjji (c,)[Cj) 
xil. Find the angle between u- 2 i~i + k 

JlH *i 

Q.No. 3 

i. Calculate the projection of a along do - i- k, b = i + k & ithe projection of b along a. 

ii. If visa vector such that v . j - 0 , y.j* 0, v.k - Ofind y. 

iii. Find a vector perpendicular to each of the vector a = 2i t j + k and 
b = 4/ + 2i k 

tv. Find a unit vector perpendicular to p & b 

a ~ 21- 6i - 3k , £=4f+,3i-k 

v. Prove that ax(fitc)+fix(c+fl) + cx(a + fi) = o 

vi. Find the volume of the parallelepiped determined by u = [ * 2[ - k 

v = i~2i + 3k 
W-1-7L 4 k 

vii. Find a so that a [ +£ / 4 j f 3k & 2/ + j - 2 k^are. coplanar. 

viii. If o = 3/ - j + 5k, b - 4/ + 3j - 2k & c = 2t + 5y + k_find o . b*c 

ix. Prove that vectors / - 2/ + 3k, -2/ + 3j - 4k & i - 3j + 5k are coplanar. 

x. Find the value of (i) 2i * 21 , k, (ii) 3 j .kxj, (iii) [k i/J, (iv) \H k) 

xi. Find work done by F - 2/ + 4 j if its pts of application to a bony moves if from 4(1, 1) 
to 0(4, 6) 

xil. A force F =• 7/ + - 3k is applied at P(l, -2, 3} 

Find its moments about the pt Q( 2, 1, 1) 

Q.No. 4 

i. Find a vector from A to the origin where AB - 4/ 2/ & S = ( -2, 5} 

ii. If u = 2i + 3i + k 

y = 4/ + 6 j + 2k 
w = -6 j - Si - 3k 

(a) * Find | u y w J 

(b) Show that u , y & w are parallel to each other. 

iii. If IK ; - 2; - 3j and OD * 3/ + 2/ 

Then find a position vector of a pt which divide it in the ratio of 4 : 3 



_ 
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VECTORS 


V, 

vi. 

vii. 

viii. 

ix. 

x. 

xi. 

xii. 

xiii. 


If OE =5 ±. OF - 4/ 4 'i 

Then find position vector of a pt which divide it In the ratio of 2 • 5 
Define direction cosines & direction angles of a vector. 

What is the geometrical interpretation of u . (v * w) (scalar triple product) 

What conversion can be drawn about o or b? 

Define scalar & cross products of two vectors. 

What is geo metrical interpretation of axb . 

What is null vector? 

What are equal vectors? 

What is position vector of a point? 

Find a, so that |cri + (a + 1) j t 2£|=3.? 

SECTION II 

Attempt any 3 (three) questions. . __- n , 

Q.No.5 l«iu-30j 

(a) If foive F=7i+4|-3k is applied at P(l, -2, 3). Find its moment about the point Q(2 1 1) 

(b) Prove that cos* a +COS 1 ft + cos* y=l H 1 ’ ' 1 

Q.N0.6 

(a) Find the value of a , so that a i + j, i + j + 3k and 2i + h2k are coplanar. 

(b) Find «,e vector from the point A to the origin where AB =4i-2j and B is the point 

Q.No.7 

(a) if a+b+c=0, then prove that axb=bxc=cxa. 

(b) Find a unit vector in the direction of the vector v = -l +~ / 

2 2 J 

Q.N0.8 £ 

(a) Prove that sin( a + p ) = sin or cos fi +cos a sin p 

,b| ^Jeof 3 r 4k ' Wi|+6i+lk rePre ” n ' ' he !ideS ° f a ,ri,n S le - Find «*• 

Q.NO.9 

(a) Prove that in triangle ABC. bW+a^cacosB 

(b) Find area of triangle , determined by the point P, Q and R 
P(1,-1,-1):Q(2, 0, -1): R{0, 2, 2) 
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Previous Board Questions 


vectors 


1 . 

What is null vector? 

(Lhr -2000} 

2. 

What are equal vectors? 

(Mirpur - 2009) 

3. 

What is position vector of a point? 

4. 

Find a, so that \a j_ + (ct + 1)y +2kj = 3. ? 

(Guj - 2007, Lhr - 2008, Fsd - 

5. 

Show that the diagonals of a parallelogram bisect each other? 



(Lhr -2007) 

6. 

What are direction angles of a vector? 

(Mirpur - 2009) 

7. 

Find the value of [kj,j] ? 

(Lhr -2006) 

8. 

Define scalar product? 

(Lhr -2008) 

9. 

Find a vector of length 5 in the direction opposite to v=I*2y +JK? 


*• 

(Mtn-2009) 

10. 

Find the value of 2/ x 3jAk ? 

(Grw-2005) 

11. 

Showthat i.7> < k=1? 

(Grw - 2007) 

12. 

Find if ai + j . i+ l+3k,2i + l-2k? 




(Mtn-2009, Mirpur -2009) 

13. 

What are coplaner vectors? 


14. 

What is unit vector? 


15. 

Find the vector perpendicular to the plane of £ + J and /_■ j_ ■ 



(Faisalabad - 2009) 

16. 

Find a unit vector in the direction of vector 21- 

-i- 

Find a x b when a = [2, 3, 1) and b = [1, 0, 2]. 

(Lahore - 2010) Group - 1 

17. 

(Lahore -2010) Group- 1 


18. Write a unit vector in the direction of the vector - 


2 Z L 


(Lahore - 2010) Group - II 

19. Prove that (vectorially) that cos (a ~ P) = cos P + sin a sin p. 

(Lahore - 2010) Group - It 

20. Find the direction cosines for the vector a = 61 - 2) + k, 

(Gujranwala-2010) 

Zl. Find the cosine of the angle 9 between u and y where u = [-3, 5), 
v - _ 2 ], (Gujranwala - 2010) 
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